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Introduction :

In a paper published in 1929, V. A. Ambarzumyan [1] proved the theorem that if
fAale n =0, 1, 2, ..., be the eigenvalues of the operator

Y+ Q—qy=0 0Sx=wV (0) =y (x) =0,

q (x) a real valued function of x continuous in [0, =], and if A,=n?, then q=0.
This theoram is considered as a first step towards the solution of the inverse problem
associated with the Sturm—Liouville operator.

In the present paper we propose to extend this theorem to the matrix differential
system

(1) Ld = a8

where L = (-—Ds-i—p r ) D=d/dx, p.q, r are real valued functions of
r -D*+q/ ,

x such thatp, q, r are integrable over [0, =] and ¢ — (:Ex;)=(u)
x)/ =\v/'
The boundary conditions to be satisfied by the solutions ¢ of (1.1) are
12) (0 =V (O -0
13 y@=v@) =0
the ‘Neumann boundary conditions’ at x=0 and x—= respectively. The problem (1.1)
along with (1.2) may be called the ‘Neumann boundary value problem’.

Whenp = q = r = 0, the system (1.1) reduces to
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(1.3) Dg LA =0,

where ¢ = (3 ((:8) =('\-:)

When the solutions of (1.3) satisf
'Fourier problem’ corresponding t0 the ‘Neumann
(1:2):

It is easy to verif
by the set {n?}, n=0,1,2,3, ... -

It is noted that equations of the form

Y Y =[v(x) + 6x2P] Y, 0<x<cC
2 s a Hermitian matrix satisfying

y the boundary conditions (1.2) we obtain thg
boundary value problem’ (1.1) ang

y that the eigenvalues for the Fourier problem are precisely given

where V.= [Ivu (X) [
€ 140
S X | V(x) | dx <cc, —e< <6, 0<e<.
0

and P = (8 1) arises from the Schridinger equation for a deuteron (in ground state)

it tensor interaction forces are taken into account [Agranovich and Marchenko—The

inverse problem in Scattering theory, Gordon Breach, NY, 1963, P.71].

2. Asymptotic estimates:

Let the solutions (3) of (1.1) satisfy the general boundary conditions at x=0 and

x=m, ViZ.,
(2.1) a, u(0) + 3, u’ (0) +a;u v (0) + au v' (0) =0
(22) by u (m) + bp U’ (%) +by V () + by V' () =0.
j=1,2, where a,;, b,, are real constants (independent of 1) such that
i) rank (ay) = rank (by) = 2;
ii) 8,8 + 338 = 0,0, k=1,2;
iii) by by — by, byy + bia byy — by bay = 0;
iv) bys 8y + Dys 8 =0,j=12;
v) by a5 + Dudu £0, bya, +bga,=0;i=1, 2
Then the system (1.1) together with the boundary conditions (2.1), (22) and the
conditions (j)—(iv) determines a self adioint eigenvalue problem in [0, #].

Let {A,}, where lim A, = o b i .
{Aa} b , be the eigenvalues of the system (1.1) withthe

boundary conditions (2.1) and (2.2). Then to solve the present problem we exploit the
analysis of Levitan and Gasymov (3, Appendix [, I1) as follows
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. a, a i i lumn of any
Let A be the matrix A = (a:: :1:) and let the ith row and the jth co

matrix M be represented, respectively, by M, or (M), and My, or (M),

— (Ya(x, t)
Put X(x,t) = %; E:: :; r X(0,0):O, and Y(X, t) — YEET(I' t) ’

Y (0,0)=0, where X, Y have absolutely continuous partial derivatives with respect

to x and t.
Then a necessary and sufficient condition that the vector
u(x)

23) 4060 = (you)

X
815 COS 4/\ X+ 85, 8N /A x X(x, t) S(t)

’:(au COS \/A X+ ay, sin 4/A x) + S( Y(x, t) 5(‘)) -
0

where

S(x) = (cps VA x) and X(x,t)S(t) =X;(x.t) cos y/) t-+Xy(x,t) siny/\ t, with a
SN 4/)\ X

similar meaning for Y(x,t) S(t), is a solution of the given differential system (1.1) with
boundary codditions (2.1) at x=0, is that all tha conditions (3.6)—(3.9) of Ray Paladhi
(4, Theorem 1, P. 172—175) are satisfied. One of the conditions explicitly required in our
discussion is the following :

(24) X'(xx)=1/2 Fyy (x), Y'(x.x)=1/2 Fy2 (X),

where

E =(312 PHar ap r+ay, q
a_“_ p+ala r au r+813 q .

Differentiation of (2.3) yields

u’ (x) Za;; COS /A X— a,, Siny/\ x X(x,x) S (x)
(2.5) (v’ (X) )=‘/" ( a;3 COS /A X— a;, siny/\ X)+( Y(x.x) S (x) )

X 7.9 Xx1) S(t)
+S o dt
el t
0 \px Y(x) SO
When A=), is an eigenvalue for the problem (1.1) with (2.1) and (2.2) so that
$#(x,A,) may now represent the corresponding eigenvector, it follows from (2.2) on

el u u’ |
substitution for( % ) 4 ( = ) as given by (2.3) and (2.5), utilization of the relation (iv)

satisfied by a,y , by, and subsequent reductions, that for j=1p29
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(26) [(8) I AT @) 2 (rm) | cO8VAe T

+ [(B,) TAT_ /) (8) TA 17 (B‘)I Q0 (7 m) ] 8in /)7
2% 2% 1% 1%

m
9 BT Cosy/A, t d
—%_S {(Bl) 19” (mt)+ax (Bj)u ol X=m % i
0
m
+S (By) u Quolmt) + -a_.(B,) T Q4o (X t) } siny/\, t dt=0, |
0 2% oX 1% .

m
Xi(x, ) Xa(X, 1)
where B,=(E:; gj:),f?(x-t): YiEX- 1) Y:(X, 1))

and A, A, A,, etc. are as defined before. « as usual stands for
£ _ (%
«; &y +p; By where «= (ﬁ:)ﬁ_ (ﬁz)

From (2.6', as n—cc

(2.7) sin 4/Aa @40 (A “%') =0
Also by adopting the analysis of Titchmarsh (5, P. 19), it is easy to deduce th
\"~>n?. as n tends to infinity [see for example Chakravarty—Q. J. M 18(74), 1968, P. 21gy],
So that a first approximation of ), is given by
v/ A, =n-+0(1/n), as n tends to infinity.
Put
VA = n+afy +1,/n,j=12, where a; are constants independent of n and y,
tends to zero as n tends to infinity, implying that
VA, ~n+ajn.
Then
(2.8) Sin /M 2= (=1)7 (8;--1,)/n+o(n"3)
and cosy/\, #= (—1)"(1+o0(n?).
Also by the Riemann—Lebesgue theorem, the integral terms in (2.6) vanish asn
and therefore A, tends to infinity. Hence from (2.6) by using the relations (2.8), we have

— TSN T i il
a,= ( (B’)z# Al*-l-(Bj) e P (G0 .TE\) [[=(B;) i Al*,]

TNl o
( (B)) o) Am # 0, by the condition (v) on a,;, by;.) )
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Since p, q, r are integrable over [0,x] (or in particular p,q,r are continuous over [0,x]),

it follows by using the relation (2.4) that
14 T .

T T TN, T T} ,
(2.9) a,=[(B:)- A +1/2 S(B’) F (t)d1)]/l— (= (By) A :] i=1,2.
2% 1% 0 1% 1% 1% 1%

The vector with two components a,, a, S0 obtained may be called the ‘boundary
characteristic vector’ of the given problem. In particular, a, may be equal to a..

3. Solution of the problem :

If, (BJ)T AT =0, and if the elements of (B)) T as well as the constants a,, aj,
2% * 1%

assume values independent of each other, it follows from (2.9) that

i 4 1 b1

@3.1) {p dx={adx=[rax—o.
0 0 0

when a,;=0.

0

Let the eigenvalues for the Neumann boundary value problem be given by {n, n
=0,1,2, .... Then the vector (a,a,) is null. Also for the Neumann boundary conditions,

the requirements relating to (B)) T, AT, etc as stated above are satisfied. Therefore in

this case (3.1) holds.
f
Nnow let c, be the Fourier coefficient of a vector f =( f; ),such that f e C' (1),1=[0,7],

and f is absolutely continuous over |, If {(0)=f(x)=0, then from Chakravarty and

Sen Gupta (2, formula (3.2) P,23),

oC ocC
(32) D(f,f)=D(f) > z}hnclﬁzxo ch3=>\o e
n=0 n=0

where
./ T oo
D) ={{ [ [ +f s bdx, P=(
0

The equality in (3.2) holds if and only if f is an eigenvector corresponding to the
eigenvalue ), for the Neumann boundary value problem over [0, x] and now

(3.3) Ao=min (‘D(f.f)l nfu 2)

).r )\B>A0 >0.
r q = =
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the minimum being tzken over all f0e D, satisfying the Neumann boundary
conditi
nditions at x—0 and x=m, where D is the set of all complex-valued vector functiong
contj : - 4 3T -
Ntinuous in [0, =] and having piecewise derivatives in the same interval.

(&
Let fo=( c;) be an arbitrarily chosen non-null constant vector.

f, satisfies the Neumann boundary conditions at x=0 and x==x. Also by utilizing

(3.1), it follows that D(f,)=0. Hence from (3.3), f, is the eigenvector corresponding to

the minimum eigenvalue ‘0’ of the sequence {n%, n=0, 1, 2.3, ... . R (1.7)
PCy+1C, =0, rC,+aC.=0,

leading to p=q=r=0 almost everywhere in [0, x].

We thus obtain the following theorem.

Theorem : A necessary and sufficient condition that the system (1.1) with the boundary
conditions (1.2) reduces to the corresponding Fourier problem ( i.e., the system (1.3) with

boundary conditions (1.2) ) is that the eigenvalues of the given system are characterised
by:{nf}in=0,1::2,3; .. &

Remark

An elaborate and revised version of the present paper is due to appear

in the Proceedings of the Royal Society of Edinburgh, where some of the shortcomings
and ambiguities have been corrected.
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