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ON THE RIESZ SUMMABILITY OF A FOURIER TYPE 

EXPANSION OF A TWO COMPONENT FUNCTION 

N.K Chakravarty 

Abstract 

A theorem on Riesz Means of order I 20 for a Fourier type series or the F-series 
of a two component function (.f)T differentiated p times, is obtained under a set of 
conditions analogous to that of Fe jer-Lebesgue in ordinary Fourier Series. 

1. Introduction : The theorem. 

Cousider the differential system 
(1.1) dPu/dx+Au= 0 

dv/dx+Av=0 
in the interval [0,T], where a is the eigenval ue parameter. 
Let the solutions (u, v)T of (1.1) satisfy the following boundary conditions: 

At x-0, 

(1.2) a u (0) +a U (0)+as V(0) +a v (0) =0, j= 1,2, where 

i) rank (ay)=2, i=1,2, j=1,2,3,4; 

ii) a aetajs ag4=0, j.k=1,2 
ii) (an, ajm) (0,0), when j=1, n=1, m-3 and when j-2, n=2, m=4; 

and at x=T, 

(1.3) b u(T) + bja u'(T) +bj, V(T)+b,1 v'(a) 0, ,= 1,2, 
iv) b bga-ba ba t+-b,s bz4-ba bgs=0 
v)rank (b)=2, i-1,2, j-1,2,3,4. 

agy, bi are real valued constants independent of the parameter A. 

The eigenvalue problem associated with the system (1.1) along with the boundary conditions (1.2) and (1.3) over the function space L, (0, r) is well-known. (See e. g. Chakravarty [2]. p.135 150). The problem is self-adjoint by the conditions (ii), (iv) on 
a by We call this problem, the E-problem. 
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Let fx)-{f)T possess continuous derivatives upto the order two; or more 
generally, let f (x) be the integral of an absolutely continuous function on (0, 7). It f (x) 
aSiy the boundary conditions (1.2), (1.3), respectively, at x=0, x=, thenT) admits of 
the eigenfunction expansionn 

(1.4) fx)= CVx), O<xSz, 

where C=|(f, Pa) dt, are the Fourier coefficients of f n (x) are the normalized 

cgenvectors corresponding to the eigenvalue A of the E-problem. The series is uniformly 
and absolutely convergent for 0<x<a. 

Let ay, by satisfy additional conditions 
(1.5) bam ajm+bka aja =<, k, j=1, 2, (b,y not all zero), where <u=0, if (m, mg, ni, na) 

are the arrangements (1,2, 3, 4), (2, 1, 4, 3) of (1, 2, 3, 4), j#0 for ot her arrangements. 
In view of the conditions (1.2)-(i), (ii) on ay, it follows from (1.5) that (n bym) (0,0), when =1, n=1, m=3, and when j=2, n=2, m=4. 

Put D- a D.*| a, |,i-1, 2, 
and D.T|a |a |*1 a-a |>0 
where a=(ajl , aja, aja, aa) with usual norm | a, |* and inner product (a ag). 

If 

ag COS nx +a1 sin nx 
, aa COS nx + ag Sin nx 

(1.6) C (x,n)= 

where n is a positive integer, then it can be easily verified that 

(1.7) n(X)- D, Ca (x, n)-D, C (x, n) 

is a normalized eigenvector corresponding to the eigenvalue n associated with the E-problem. (Compare Acharyya [1], where eigenvectors in this form occur in a different context.) 
Definition. The series on the right hand side of (1.4) where (x) has the explicit representation (1.7) is defined as the "Fourier type series correspon ding to the two component function f (x)", or shortly, the F-series of our problem. 

Evidently, the F-series is an eigenfunction expansion of a two component function f (x) (with none of its components a classical Fourier series) when f satisfies certain 
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conditions including boundary conditions as above stated. F-series as an eigenfunction 
expansion in used only for mean convergence considerations needed in the context. 

It may be noted that the choice of Y, (x) need not be restricted to the form (1.7). 
In fact, if 

Ky (x, n)= /A COS nx-+B, sin nx\ 
(X, n)= (C cos nx-+D, sin nx) and A, B,, C), D, are suitably restricted, it is 

possible to choose a linear combination of K, (X, n), K, (x, n) and a normalizing constant, 
not so simple as that in (1.7), as the normalized eigenvector for the E-problem. 

The summability problems (including Riesz summability) for the Fourier series of scalar 
functions have been extensively studieds but no such problems involving the F-series 
appear to have been taken up. The standard methods available for the single component 
functions cannot also be readily extended to hold in the present case. 

Levitan and Sargsyan ([5] p. 54-57) obatined for the ordinary Fourier series 
Ff(x)} of f (x) a theorem on the summability of F {f (X)} at x=xo by Riesz means of order 
one to f'(xXo), when () t(x) exists and is continuous at Xo and (i) f (x) is integrable in the neighbourhood of Xo. Their method is considerably different from the available 
ones. They use in their investigation the Tauberian theorem 

Theorem A. Let oa (v) be a function of bounded variation in every finite interval, such that 

(oc V (v)=o (|u| 9%r>0,. ) h() da (V) =0, where 
+ 1 

h)-27 (t) exp (ivt) dt, K is an arbitrary function having bounded (r+2) th 

derivative and K vanishes outside (-¬, c). Then for all s0, 

(1-/uy do= o (1| , as tends to infinity, the passage to the limit 
OC 

being uniform. (See Levitan and Sargsyan ([5], p. 85, Appendix) ). 
In the present note we investigate the problem involving Riesz means of order 1 >0 for a p-times differentiated F-series under a set of conditions satisfied by f (x)= 

(f,f) analogous to those of Fe'jer-Lebesgue for the classical Fourier Series. We note 
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that a series (Ea,, 2b,) is summable (B, A, k) if 2a,, b, are so in the usual sense. (See 

Chandrasekharan and Minakshisundaram [4]). The theorem to be proved is stated as 

follows. 
Theorem 1. 1. Let f(x) be a two component function, p times differentiable on (0, z 

such that 

(1.8) | P (xu)-fP(x) | du=o (t ), r>1, 

as t tends to zero, where xe (X-8, x+ô), xo fixed and >0. 

Then 

(1.8a) (i) lim C1-)d,s () , )-f P)+o(nP-): 

the result holds uniformly for x-8 < x<X+8,. 8>0: Sx, 1) is given by 

S(x,)= C,k ) 
ku 

(1.9) 

ii) The p-times differentiated F-series is summable at X by the Riesz means 

order I tof (x), I>p>0, the result holding uniformly for x-3 < X+ô, 8>0. 

ii) In particular, if f (p (x) e L, (0, ). 1>1, the the result is valid almost 

everywhere in (0, a). 

The second part follows from the first part from definition. The third part is an 

immediate consequence of the second part and the Minkowsky inequality, since (1.8) holds 

for almost all x, if f (p) e L, (0, a, r>1. (See Zygmund [7, p. 237). It is therefore enough 

to establish the first part of the theorem which we do in the following. We follow Levitan 

and Sargsyan [3] indicating steps but emphasizing the parts where we considerably differ. 

Proof of the theorem. Let f, (x)} be a sequence of vectors defined on (0, z) 
2 

satisfying the conditions of validity of the expansion formula (1.4) when (x) is given 

by (1.7). Then 

(2.1) f (x) = C 0yx). C, 0)-(, Vy dt. 
k-0 

the series being absolutely and uniformly convergent for 0<x<T. 

Let ff. (x)} converge to f (X) in the norm of L (0, m). 

As in Levitan and Sargsyan ([5], p. 20-22) let g (x) be a scalar function, satistying 

a bounded 

i)9 (x=9,-x), (ii) g, (X=0 for i x | and (iii) g (x) has 

second derivative. If 6 ( is the Fourier cosine transform of g. (x): 
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(22) (=9, (u) cos u du, 

then $ () is even and 

23) a1), as a tends to infinity. by integration by parts 

lt essily follouws from (1.6) and (1.7) that 

(24) .x+).x-)]=F.) cos nt 

Then from (2.1)-(24). 

(25) x-)+5 (-01s, () dt = } C)s. (x) 

here 

S. )=sc ), n=1, 2. 

The maan convergence consideration pemits us to pass on to the limit under the 

sign of integration on the left hand side of (25) and the same cperation is permissible 

on the right hand side of (25) in view of (23). Therefore from (25) 

(2.0 (d, S (t.m=) rx---)n o, ) ct 

-

where S (x. a) is given by (1.9). 

In view of the finiteness of S[xa) and the relation (2.3, it is possible to differentiate 

the left hand side of (26) with respect to x under tha sign of integration and the same 

process is obviously applicable to the tight hand side. Hence from (2.6), 

(p) 
(27) ) d S - = Jit ixt)+i (-)]e () dt 

-

where x e ( , +) and the superscript p indicates the pth derivative of the 

concerned function. 

Put 

(2.5)()= ( <=|[x)+fP-) cos mt dt 

Then applying tha Parseval theorem for ordinary Fourier Trensform to each component 

of x) and (2.2), it follows that 
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(2.9) d,[s(x, p)-1/a (xv) dh] =-0. 
- oC 0 

since ()and «(x, (u) are each even functions of u, 

It can be easily verified that 

-+1 

IsP (x, U]=O(4®), as tends to infinity, 

also (x) Cy o (1), as u tends to infinity. 

Hence from (2.9) and the Tauberian theorem A, 

(2.10) (1-/4®y d, tsP) (x)- (x,u) du ]=o (uP= 

as tends to infinity uniformly for x-8 < x<Xt+}8. 

By a change in the order of integration, which is easily justifiable, we have 

(2.11) (1-/ d, s(x, 1) 

4 (t) dt(1-/LA) cos vt d 

0 

+2()dt(1-/) cos t dv+ o (u) 

=I +la + o(u as tends to infinity, 

where =f x+t)+fx-t)-2x) 

In. (let us evaluate the inner integral by Watson [6] p.48, formula (3) ), change the 

the variable in the intergral and then utilize the Weber integral (Watson |61, P. 39). 
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By fixing e and making tend to infinity, it follows that I, tends to f ) as tends 

to infinity. 

It follows from (1.8) that 

(2.12) (0) 14(u) | 'du gt 

where e, is a preassigned positive quantity, t being small enough. 

Evaluating the inner integral in I, and then changing u t to t, we have 

LE 

(2.13) ,= 2 Tl+ )z4 t/4) J41 ()/t r dt 

The integral on the right hand side of (2.13) is equal to 

1he +3, say. 
Then 

IAI'<3- (| |7+ | Le | T+ | a | ), r> 1. 

Using the inequality 

1J (2) z | <1/2 T(o+1), v> - }, (VWatson [6] ,p.49) 

and the inequality 
b 

r-1 

(2.14) FI < (b-a) (1f dt 

for a vector 

b 

r-1 

F=) fdt, we have | l<glu 

Since J(2) | <B, for any real value of z>1, where B is a constant, it easily follows 

that 

1a B/, T-D(e-1 )-01). 
To estimate I, we have, by integration by parts, 
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I 2 H() [O(1)-I o(1/p) + r(I+ 4)t o() dt] 

1/1 
=J1+J1etJi3 , say. 

where H()=B/u (1-1/) tends to zero, as u tends to infinity, ifr >1, 1>, 
. Also, by (2.12), Now J tends to zero, as ( tends to infinity, since H(e) does so. 

Jel<e; as u tends to infinity. 
To estimate Jja, we divide the interval of integration (1/4, 1) into sub intervals (1 lu 

and (1, 1) and choose 7 such that for 0t<p, P(t)<G t. Then by familiar arguments 

Jis<, as u tends to infinity, uniformly in Xo-8x>Xo+0, >0. 

Altogether, from (2.13), I, =o (1), as tends to infinity, uniformly in Xo-8<x<X-8, 8>0. 

Hence from (2.11) we obtain (1.8a), valid for I>0, P>0. 

When r=1 in (1,8), (1.8a) follows by an easy adaptation of Hobson ([71, p.567-569) by 

replacing the function Ck(t) by the Bessel function J (). 

The theorem in thus established. 

The author expresses his grateful thanks to Dr. D. K. Ganguli of the Dept. of Pure 

Mathematics, Calcutta University for helpful and constructive criticisms of the manuscript. 
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