Jour. Pure Math,
Vol. 5 (1985—86 ), pp. 37—-44

A NOTE ON PAIRWISE SEMIOPEN SETS IN A SUBSPACE
OF A BITOPOLOGICAL SPACE

M. N. MUKHERJEE

ABSTRACT  In this paper, pairwise semiopen and semiclosed sets and their different
properties, especially with regard to subspaces of a bitopological space, have been

studied.

Norman Levine [2] introduced semiopen and sem'iclosed— sets in a toporoéical
space and investigated some of their properties. This paved the way for a very wide
research in this'direction. The corresponding notions were introduced in the more genera-
lized and richer structure of bitopological spaces by S. Bose [1]. It is the purpose of
this paper to make a further study of the concepts of pairwise semiopen, semiclosed sets
and pairwise semiclosure and semiinterior of sets of a bitopological space with special
reference to subspaces.- Such a study turns out to be of immense help ard sometimes
indispensible when study of certain semitopological concepts e. g. semiconnectedness in
bitopological space, is carried out in terms of subspace topology. To make the expo-
sitions self-contained aé fér a‘s brabticable, we quote a few definitions and resul'ts from
[1]1 as follows. By (X, T,, T,) or simply by X we shall mean a bitopological space.
A subset A of (X, T,, T,) will be called (1,2 )-semiopen [1] in X, written as (1,2 )-
SO( X), if- there exists a T, open set B such that BCAC T,-cIB (T,-cIB denotes
the T,-closure of B in X ). Similarly, sets which are ( 2, 1 )-semiopen in X are defined. A
( X ) is called ( i, j )-semiclosed ( in short, (i, j)-Scl ( X)) if X-A isij -SO ( X ) where
i, j =1,2andi s j. The set of all subsets that are (i, j )-semiopen ( semiclosed ) in X
will be denoted by (Ts, T;)-SO (X ) (respectively by (T,,T;)-SCl (X)), fori,j —1,
2 andi # j. The subset A of X is called pairwise semiopen or simply p. s. 0. ( pairwise
semi-closed or simply p.s.cl.) in X [1] if A is (1,2)-SO(x ) and (2,1)-SO (X)
( respectively, (1,2 )-SCI ( X ) and (2,1)-SCI (X)).
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It has been shown in (1] that a set in (X, T,,T;) may be somiopen in both
(X, T,) and ( X, Ty) butis neither (1,2)-SO(X) noris (2,1)-80(X) Also a set
may be p, s. 0. without being either T, or T, semiopen, Obviously every T,-open
set in (X, Ty, Ty)is iSO (X) forl,j =1,2and i % ], but the converse is false,
Though the union of any collection of sets, each of which is (i,])-SO(X). Is also so,
the intersection of even two sets that are ( i, i)-SO( X) . may not be (i, )-80(X) (|
= 1,2 andi #j). Thisis seen from the following example. :

EXAMPLE 1 LetX = {a,bc d}, T, = {X,m,{al,{b.C}.{a,b.c}}and T
={X,g, (a}, {bd}, {ac}l, {a,b,dl}- Then ( T,. Ta)—SO(X)=
{x,g, (a}, {bc}, {abec},fac), (bedl }and(n.-‘rl)rso(x)._:

{x, 5 {a} (b d}.{ac} {abd}. (ad} {abc)iacd} {bed) }

Now, { b,c}, {a ¢} are(1,2)—SO(X)but{b,c}ﬂ{a,CZ = { ¢} is not so,
though {b,c} ¢ T, Again {a, c,d} and {b,c,d} are ( 2,1)-SO( X ) but thej
interesection i.e., {c,d} isnot (2,1 )=S0 (X).

Theorem 1 In a bitopological space (X, Ty T,) if Ais (1,2)-SO(X) and B « T,NT,
then A N Bis (1, 2)-SO(X).

Proof. There is T,-open setV such thatVC AC T,-clV. Since B is T -open,
we have T,-cl V | BC Ty-cl (VN B).

Thus VN BC A NBC TgclVN BC T,-cl (VN B). Since VN B is T,-open,
it now follows that A N B is (1, 2)-SO(X).

Remark 1. Itis clear that in the above theorem if A be (2, 1)-SO(X), then
A N B is also so.

Definition 1 (a) Let x be a point of (X, T;, Ty). A subset N of X is calleda
(1, 2)-semi-neighbourhood of x [1] in X if thereis a (1, 2)-SO(X) set B (say) such
that x « BC N. Similarly, (2, 1)-semi-neighbourhood of x in X is defined.

Definition 1 (b) Let AC (X, T, Ty). A point x of X is said to be a (1, 2)-semi
accumulation point of A in X if every (1, 2)-semi-neighbourhood of x intersects A
in at least one point other than X. Similar goes the definition of (2, 1)-semi accu-

mulation point of A in X.
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Definition 1 (c) Let AC (X, T,, Ta). The intersection of all (i, j)-SCI (X) sets, each

containing A, is called the (i, j)-semi-closure of A in X [1] and is denoted by Q-n (T)"
where i, j=1,2 and i # |.

Therem 2 (Bose [1]) Let AC(X, T,,Ty). (a) A is (i, |)-SCI(X) If and only

if A=A T(Ty)

(b) xe f‘Tx(T,) if and only if x is either a point of A or a (i, j)-semi accumulation

point of Ain X. In (a) and (b), i,j=1,2 andi # |j.

From Theorem 2, we have

Theorem 3 Aset A in (X,T,T,) is (i, j)-SCI(X) if and only if A contains the
set of all (i, j)-semi accumulation points of A in X (i, j=1,2 andi # j),

Theorem 4 Let YC (X,T,T,), Then a subset U of Y is (1, 2)- SO(Y)
=2U=Vv N Y, for some (1, 2)-SO(X) set V (here (1,2)-SO(Y) means U is (1, 2)-
semiopen in the space (Y, (TI)Y' (Tz)Y).

Proof. U(CY) is (1, 2)-SO(Y)
=>there is a We (TI)Y such that WcC Uc(T,)Y_cIW,

| But, W=ViNY, where V, eT,.

Nowl U=(V1U( U'W) )nY and VIU(U'W)Crz'CIVI-

- Infact, U-WC U=U n Y(:(T.‘.)Y <WnYcCcT,clwny

=T-cl(ViNY) n YCT,-cl V,N To-cl YAYC Tecl V,NYCT,cl V,,

Thus putting V,U (U-W)=V we see that Jy=VnY,

where V,CVCT.cl V, and Vie Ty, i,e., Vis (1, 2)-SO(X).
Remark 2 Converse of Theorem 4 is false even if Y be T .-open: as is seen from
the example below.

Example 2. Consider (X, T,, T;) of Example 1 and Y={a,c,d}.

Wehave(T,)Y= {Y. g.{a}, {c}, {8.0}},
(T,)Y={ Y, 0 {a},{d}, {a,c}. {a.d}}

((TI)Y’ (Tz)Y)—SO(Y)={ Y.9, {a}, {c}, {a,c} }
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COETHY 10T —
2)y (T1)y) SO(Y)z{Y, g.{a;,;d;.;a,c},%a-m}

No
w, {b, ¢, d} ¢ (T,, Ts) —SO(X) but {b, c. dinY={c. d} e((T) (T2) ) SO(Y).

Also, {b, ¢, d} e (T,,T1) —SO(X) but {b, ¢, d}nY—fc, d}e
(ETQ’-\Y, (TI)Y)—SO(Y).

Again, Z—{a, b, d} is T,—open.

Then, (Tl)zz{{Z,qS,{a}, {b}, {a, b}}

(To)-— {z, $, {a}, {b,d}}.

(T2 (1) —SO0@) ={Z, 4. {a, (b} {a, b}, {b, d}-

()2 (T1):)—S0@)—{Z, 4. {a}. {b.d}, {a. d}}.
Now, {a, b, c}e (T,.T;)—SO(X), but {a, b, c}nZ

_{a, b} ((Te)z, (Tl)z)—SO(Z), though ZeT,.
Theorem 5 Let YC (X, T, T:). A subset F of' Y is (1,2)—SCl (=
F=VQNY, forsome (1,2).—SCI ( X) set V.

Proof. We have Y—F is (1,2 )—S0O(Y), Then by Theorem 4, Y—F=YRMO,

where Ojis (1.2)—SO( X ). Then F =¥ — (YO )= (Xes 0)nY where V—( X—0 )
is (1,2)—SC! (X).
Remark 3 The converse of Theorem 5 is false even |f Y is both T,—closed and

.T _closed. This is shown in the next example _
Example 3 Let (X T,,T,) be same as in Example I and let Y={b,c,d}.

Y is T,—closed as well as T, — closed.

We have (T,)y—4{Y.¢ (b c}} (Tely— {¥, 4 {c }.b. A}
( s D @I =E0RD = [OERECAY k-

(myy, ™ Yy )—SO(Y) = _{Y. ¢, {c}. (b, d), {b. c} (e, di}.
Now, {b, d} is (1, 2) —SCI(X). but {b, d}nY—={b, d} is not (1. 2)—SCI(Y)
although Y is T,—-closed and T,—closed.
Erom Theorem 5, it immediately follows that
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Theorem 6 Let AC YC (X, Ty, Ty),
(@) If x (eY) is a (i, j)-semi-accumulation point of A in X then x is also a (I, j)-semi-

accumulation point of A in (Y. (T)y, (T)y)-

B g () AS S )
|
In (a) and (b)above, i, j=1,2and i # j.
Remark 4 The reverse inclusion in Theorem 6(b) does not, in general, hold as

is seen from the next example.
Example 4 Consider (X, T,, T,;) and Y of Exampla 2.

Let A={a}CY. Then
= [y () o) = SN (e e

A =A :{a}.
But ~ Ty(Ty) “TuTy)
Theorem 7 Let ACY C(X T, T,) IfYeT,, then

A A=A ). where i, j=1,2 andi # j.
-Ti (Tj) - (TI)Y( ( T!) Y

Froof. We prove the theorem by taking i =1 and j =2. Similar will be the proof

when i =2 and j = 1.
Let us t A =
TR (G
By virtue of theorem 6, it 1s enough to show that

A C A—T;(T:e) ny. where Y ¢ T,. Let x ¢ A; and B be (1, 2)-SO(X) such that x « B. Then

there is a T,-open set 0 such that 0CB cT,-cl 0.
Then ONY e (TI)Y' and OnY cBnYC T,-cl OnY c(Tz) cl(0nY) (since YeT,), Thus
\/

B n Y is (1.2)-semi neighbourhood of x in Y.Since x € A, by Theorem 2 (b) An (BNY) =4
and hence A n B #g, ie.x ¢A T, (T) Thus A, &Tl(Tg)and this completes the proof.

Remark 5 Theorem 7 may not hoid if we replace the hypothesis Y ¢ T, by
“Y e Ty" orby Y e (T, T,)-SO (X)".

This is verified in the following example.

Example : 5 We consider (X, T,, T,) and Z of Example 2.

Lot A<(d}C2. ThenAp . =(djandA (T4 (1)) =
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A 2 #
Thus Z1y(Ty) N€# A (T2)5( (T2)). though ZeT,

Also Y of Example 2 is (2,1)—S0 (X) and if
A={a} CY, then as shown In Example 4, -

A nyY # A .
w7 S Ty(my)

Theorem 8 (Bose [1]) Let ACY C(X,T,,T,). Then A is (i.j)—SO(X)=>A is (i))—
SO(Y), where i,j=1,2 and i .

Remark 6 Converse o:f Theorem 8 is false as is shown by the example that follows.

Example 6 Consider the bitopolagical space (X.T,.T,) and the subset Y of Exam-
ple 2. Then {c} (cY) is (1,2—SO(Y) but is not (1,2)—SO(X) and {d} is (2,1)-SO(Y)
but is not (2,1)—SO0(X).

Theorem 9 Let ACYC(X,T,T,). If YeT,, then Ais (1,2)—SO (Y) if and only if A
is (1,2)—S0O(X).

Proof. Let A be (1,2)-SO(Y). Then there exists (T‘)Y- open set O such that
0O0CAC (T"-)Y -cl 0. Since Y Is T,-open, we have 0 ¢ T,and also 0C A c (T2)Y-cl (0]

C T,-cl 0. Hence A is (1,2)-SO(X).
The other part follows from Theorem 8.

Remark 7 It is evident that the

indices 1 and 2 can be interchanged in
Theorem 9.

Remark 8 Theorem 9 does not hold, in 'beneral, if we replace condition Y ¢ T,”
by “Y e T,” orby “Y ¢ (1,2)-SO(X)”. This is evident from the next example.

Example 7 Let us consider the bitopological space (X,T,,T,) and the subset
Y of X of Example 2. We see that Y e (2,1)-SO(X) but {d}.€ ( (TZ)Y' (TI}Y)-SO(Y),

whereas {d} e (T,T,)-SO(X). Again Z of the same Example 2 is T,-open. Now {b} is
(1,2)-802) but {b} is not (1,2)-SO(X).

Remark 9 Let AC YC(XT,T,). Then A is (1,2)-SCI(Y) does not imply nor
is implied by the fact that A is (1,2)-SCI(X). In fact, we have the following.
Example 8 Consider Y and (X,T

1.T2) of Example 2. Here {a} (CY)is (1,2)-SCI(X)
but it is not (1,2)-SC1(Y).

Again, {c,d} (CY)is (1,2)-SC1(Y) but is not (1,2)-SC1(X).
Theorem 10 Let A cY c(X, T,T,). If Ais (i,))-SC1(Y) and Y is(i,j)-SC1(X), then
Ais(i, j)-SC1(X), where i,j=1.2 and i 2]
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proof. follows eaully from Thoorom 6 and the fact that intersection of two
(1,)+8C1(X)-nots ia alao so.

Remark 10 A subsot A of Y « (X, T, T,) may be (1,2)-8C1(X) but may not
be (1,2)-SCI(Y), even LY is palrwise samiopen, closed in both T, and T, and pairwise
aemi closed,

This is seen in the example that follows,

Example 9 Considor Yjand (X, Ty, Ty) of Example 3, Then Y is pairwise sem|
opan, painwise semi closed and closed in both T,, T, Now {b.c} is (2, 1)-SC1 (X) but it is
not (2, 1)-8SCI(Y).

Remark 11 1t follows from Example 9 that if A is (i, ])-SC1(X) and Y cX,
then A n Y may not bo (I, )-SCI(Y) (I 1=1.25 0 # ), even if Y is both T, and
Tyclosed (and hence pairwise somi closoed).

Daefinition 2 [1] Lot Ac (X, T, Ty). The union of all (1, 2)-SO(X) sets, each
contained in A, is called the (1, 2)=semi interior of Ain X and is denoted by (T,, Ty)-
Sint(A). Similarly (T, T)-SInt (A) is defined. It is proved in[1] that a set AcC
X, Ty, Ty is (i, )-SO(X) if A (T, T)-SInt(A), where i, i=1, 2and i # j.

Theorem 11 Lot ACY ¢ (X, T,, Ty). Then

(@) (T, Ty)-SInt(A) € ( (T‘)Y‘ (T“)Y)-Slnt (A), where the reverse inclusion does

not hold, in general,

(0)  (Ty Ta)=SInt (A) == ( (Ti)y. (Ty)y)-Sint(A) if Y is T,-open.

Proof. (a) By virtue of Theorem 8, obviously (T,, Ty)-Sint(A) c( (T,) ,

Y

(T,,)Y)-Slnt(A).

Now, let us consider (X, T,, T;) and Y of Example 2.

Lot A={c, d}. Then (T, Ty,)-SInt (A)=(T,, T,)-SInt (A)=@.

But ((Ty, (Twy)-SInt (A)={c} and ((Ty)y, (Ti)y) SInt (A)={d}.

(b) follows from theorem 9.

Remark 12 The converse of Theorem 11 (b) does not hold, in general. For
example, if X is the real line and T,=T,=the usual topology and Y=[0, 1), then the
equality in (b) holds for every Ac Y but clearly Y is neither T, open nor T, open,

Theorem 12 In a bitopological space (X, T, T,), T,—S, where S,- { Teint A 3
A e (T, T,)-SO(X)} (ij=1,2and i # ).
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Proof. Itis simple. 2

r.
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