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A NOTE ON PAIRWISE SEMIOPEN SETS IN A SUBSPACE 

Xoe OF A BITOPOLOGICAL SPACEus 

X M. N. MUKHERJEE 

In this paper, pairwise semiopen and semiclosed sets and their different 

properties, especially with regard to subspaces of a bitopological space, have been 

ABSTRACT 

studied. 

Norman Levine [2] introduced semiopen and semiclosed sets in a topological 
space and investigated some of their properties. This paved the way for a very wide 

research in this direction. The corresponding notions were introduced in the more genera-
lized and richer structure of bitopological spaces by S. Bose [1]. It is the purpose of 

this paper to make a further study of the concepts of pairwise semiopen, semiclosed sets 

and pairwise semiclosure and seminterior of sets of a bitopological space with special 
reference to subspaces. Such a study turns out to be of immense help arnd sometimes 

indispensible when study of certain semitopological concepts e. g semiconnectedness in 

bitopological space, is carried out in terms of subspace topology. To make the expo-
sitions self-contained as far as practicable, we quote a few definitions and results from 

[11 as follows, By (X, T, Ta) or simply by X we shall mean a bitopological space. 

A subset A of ( X. T,, T) will be called (1,2)-semiopen [1] in X, written as ( 1,2 )-
so( X), if there exists a T, open set B such that BCAC T,-clB (T,-clB denotes 

the T-closure of B in X). Similarly, sets which are (2, 1 )-semiopen in X are defined. A 

(CX) is called ( i, i )-semiclosed ( in short, ( i, i i-Scl (X)) if X-A is ij -SO (X) where 

i, j =1,2 and i j The set of all subsets that are (i, j )-semiopen ( semiclosed) in X 

will be den oted by ( Ti, T)-So ( X) ( respective ly by (T, T,-SCl (X )), for i, j =1, 
2 and i j. The subset A of X is called pairwise semiopen or simply p. s. O. ( pairwise 

semi-closed or simply p. 6. cl.) in X [1] if A is (1,2)-SO (X) and (2,1 )-SO ( X) 
(respectively, ( 1, 2 ).SCI (X) and (2,1 )-SCI ( X). 
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It has been shown in [1] that a setin (X, T ,T) may be semiopen in both 

X. T) and ( X, T, ) but is neither ( 1,2)-SO( X) nor is (2, 1)-SO( X ). Also a sot 

may be P, S. O. without being either T or Ta Semiopen. Obviously every Ti-open 

Set in ( X, Ti, T) is ij-so (X) for i, j=1, 2 and i i, but the converse is falso. 

Though the union of any collection of sets, oach of which is (i, j )-SO( X), is also so, 

the intersection of even two sets that are (i, i )-SO( X), may not be ( i, i )-SO( X ) (i, i 

= 1, 2 and ij). This is seen from the following example. : 

EXAMPLE 1 Let X = { a, b, c, d}, T,= X, 0.{a}, {b,c}, {a, b, C and T 

X, 0, 1a}, {b, d}. a, c, a, b, d Then (T Ta)-sO(X) 

X, 0. a}, {b, c }, a,b, c},{a, c}. {b, C, d and ( T Ti)-SO(X) 

X, 0, { a }, { b, d}. {a, c}, {a, b, d}, {a, df.{ a, b, c }. { a, c, d}.{b, c, d} 

Now, { b, c}, {a, c} are ( 1,2)-SO( X) but { b, c }n a, c={c} is not so, 

thoughb, c}e T Again a, c, d } and b, c, d} are ( 2, 1)-SO( X ) but their 

interesection i. e., { c, d} is not ( 2, 1)-SO ( X ). 

Theorem 1 In a bitopological space (X,T, T,) if A is (1,2)-SO(X) and B T,OT, 

then A n B is (1, 2)-SO(X). 

Proof. There is T,-open set V such that Vc AC T,-clv, Since B is T,-open, 

we have T-cl Vn BC T,-cl (VNB). 

Thus V n BC A N BC T-clVn BC Tcl (V n B). Since VnB is T-open, 

it now follows that An B is (1, 2)-SO(X) 

(2, 1)-SO(X), then 
Remark 1. It is clear that in the above theorem if A be 

AnB is also so. 

Definition 1 (a) Let x be a point of (X, T, Ta). A subset N of X is called a 

(1, 2)-semi-neighbourhood of x [1] in X if there is a (1, 2 -SO(X) set B (say) such 

that x e BC N. Similarly, (2, 1)-semi-neighbourhood of x in X is defined. 

Definition 1 (b) Let Ac (X, T, T). A point x of X is said to be a (1, 2)-semi 

accumulation point of A in X if every (1, 2)-semi-neighbourhood of x intersects A 

in at least one point other than X. Similar goes the definition of (2, 1)-semi accu 
mulation point of A in X. 



39 A Note on pairwise semiopen sets in a subspace etc. 

Definition 1 (c) Let AC (X, T, Ta). The intersection of all (i, i)-SCI (X) sets, each 

containing A, is called the (, i)-semi-closure of A in x [1] and is denoted by AT q 
T 

where i, j=1,2 andi# j. 

Therem 2 (Bose [1]) Let AC(X, Ti, T). (a) A is (, ))-SCIX) If and only 

if A-A T(T ) 

(0)xAT (T,) if and only if x is either a point of A or a (i, ))-semi accumulation 

point of A in X. In (a) and (b), i, j=1,2 and i j. 

From Theorem 2, we have 

Theorem 3 A set A in (X,T,T) is (, )-SCI(X) if and only if A contains the 

set of all (i, )-semi accumulation points of A in X G, j=1,2 and i 4 ). 

Theorem 4 Let YC (X,T,Ta), Then a subset U of Y is (1, 2)- soY) 
>U=Vn Y, for some (1, 2)-SO(X) set V (here (1, 2)-SO(Y) means U is (1, 2-

semiopen in the space (Y, (T)y (T)y). 
Proof. UCY is (1, 2)-SO(Y) 

there is a We (Tly such that Wc UCT)y.clW, 
But, W-VinY, where V, e T 

Now, U=(V,U(U-W))nY and V, U(U-W)CT,-clV,. 
In fact, U-We U=U n YC(T), -ciW n YCT, clWnY 

- T-cl(V,nY) n YCT,cl V,n T,-cl YNYC T-cl V,nYCT,cl V 
Thus putting V,U (U-W)=V we see that U=VOY, 
where V,cVCT:cl V, and Vje Ti, i,e., V is (1, 2)-SO(X) 

Remark 2 Converse of Theorem 4 is false even if Y be Ti-open: as is seen from 
the example below. 

Example 2. Consider (x, T, T) of Example 1 and Y-{ a, c, d }. 

We have (T),=Y., ia), fc}, {a, c} 

(T)yY, B, {at,fd}, {a,c}. a, d} 

(T), (Ty)-so(Y)=Y, 0, {a}, fc}, (a,ci , 
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(Ta T. ))-sO(Y)=Y, 9.fa },fd},fa, c), fa. d) 
Now, {b, c, d} e (T,.T)-SO (X) but (b, c, d}nY-(c, d}e( (T) (T) -so( 
Also, {b, C, d} e (T2,Ti)-SO (X) but {b, c, dnY-{c, de£ 3 

(CTa(T)y)-So(). 
Again, Z-{a, b, d} is Ta-open. 

Then, (T):-Z.6.{a), (b), {a, b} S14 a teatca to pie 
(T).Z., (a, (b.d) w.S 

(Ta)- (T,) .)-SO(Z)-Z, d. {a}, {b}, {a, b}. {b. d}.nfapues e0eer 

((T). (T)-)SO(Z)-Z, 4 {a}, {b,d), fa, d o e 
Now. fa, b, c}e (T,.T)-SO (X). but fa, b, c}nZ 

-fa, b}e (Ta).- (T).) -sO(Z), though ZTa. u 

Theorem 5 Let YC ( X, T, Ta ). A subset F of Y is ( 1, 2)-SCI (Y) 

F-VnY, for some ( 1, 2 ).-SCI ( X) set V. 

We have Y-F is (1, 2 )-SO( Y ), Then by Theorem 4, Y-F=Yn0, 
Proof. 

where O is ( 1. 2)-SO( X). Then F Y -(YnO = (X-0 )nY, where V(X-0) 

is (1,2 )-SC! (X). 

Remark 3 The converse of Theorem 5 is false even if Y is both T-closed and 

y V (-U)U 
T-closed. This is shown in the next example 

Example 3 Let (X T, T ) be same as in Example 1, and let Y={ b, c, d }. 

olodame 
-

Y is Tclosed as well as T2- closed. 

We have (T)y-Y, d, {b, c} (T)yY, d. {c }.{b, d 
to T obienoo Selear 

(T.)Y-SO(Y)=Y. , D, . (olsfeloY 
((T) y, (T:) Y)SO(Y)={Y, 4. (c}, {b, d), b, c} {c, d} 
Now, {b, d} is (1, 2)-SCI (X), but {b. d}nY {b, d} is not (1. 2)-SCI(Y). 

YOy although Y is Ti--closed and T-closed. 

From Theorem 5, it immediately follows that 
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Theorem 6 Let Ac YC (X. Tu T. 

(a) If x (Y) is a (i, j)-semi-accumulation point of A in X then x is also a (, j)-semi 

accumulation point of A in (Y. (T)y, (T)y) 
(b) A T, (T) nYCA Ty ( (T)y) 

In (a) and (b) above, i, j=1, 2 andi #j. 

Remark 4 The reverse inclusion in Theorem 6(b) does not, in general, hold as 

is seen from the next example. 

Example 4 Consider (X, Ti, T) and Y of Exampla 2. 

Let A-(a} CY. Then 

A CT)y ((T) y) -la, d, A (Tiv (Tv )-8, C} 

A =A ={a. 
But T(T).T(T) 

Theorem 7 Let ACY C(X, T. T, ). If Y e Ti. then 

nY-A (T)y (T,) ywhere i, j = 1,2 and i 4 j. A T. (T) 
Proof. We prove the theorem by taking i = 1 and j =2. Similar will be the proof 

when i2 and i = 1. 

Let us put ATO ((Ty FA 
By virtue of theorem 6, it is enough to show that 

AC AT.(T) n Y where Y « Tg. Let x e A and B be (1, 2)-SO (X) such that x e B. Then 

there is a T-open set 0 such that 0 CB CT,-cl 0. 

Then OnY e (T)y and OnY cBnYE T,-cl OnYE(T:) cl(OnY) (since Y T,), Thus Y 

BaYis (1.2)-semi neighbourhood of x in Y. Since x e A, by Theorem 2 (b) An (BnY)40 
and hence AnB #0. i.e., x eA T. (T) Thus A CATTand this completes the proof. 

Remark 5 Theorem 7 may not hoid if we replace the hypothes is Y e T" by 
Y T or by «Y (T, T)-SO (X)". 

This is verified in the following example. 
Example:5 We consider (X, T T,) and Z of Example 2. 

Let A-(d) Cz. Then A T.(T) 
-(d) and A (T) (T)z ,d. 
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Thus ATT) NZA (T.) ,( T)z). though ZT 
Also Y of Example 2 is (2,1)-SO (X) and if 

A-{a)CY, then as shown In Example 4, 
A nY A (T)Ty) T(T) 

Theorem 8 (Bose [11) Let A CYC(X.T,T). Then A is (i.j)-SO(X)>A is (1)-

SO(Y), where i,j-1,2 and i j. 

Remark 6 Converse of Theorem 8 is false as is shown by the example that follows. 

Example 6 Consider the bitopological space (X.TT) and the subset Y of Exam-

ple 2. Then c (CY) is (1,2)-SO(Y) but is not (1,2)-SO(X) and {d is (2.1)-SO(Y) 

but is not (2,1)-SOX). 

Theorem 9 Let AcY C(X,T,Ta). If Y<T then A is (1,2)-SO (Y) if and only if A 

is (1,2)-So(X). 

Proof. Let A be (1,2)-So(Y). Then there exists (T)v open set O such that 

o CAC (Ty -cl 0. Since Y Is T,-open, we have 0 e T, and also oc A e (T)ycl o 

CT-cl 0. Hence A is (1,2)-SO(X). 

The other part follows from Theorem 8. 

Remark 7 It is evident that the indices 1 and 2 can be interchanged in 

Theorem 9. 

Remark 8 Theorem 9 does not hold, in general, if we replace condition Y T," 
by Y e T" or by Ye (1,2)-SOX)". This is evident from the next example. 

Example 7 Let us consider the bitopological space (X,T, Ta) and the subset 
Y of X of Example 2. We see that Y e (2,1)-SO(X) but {d}.e ( (Te)y. (T1ly)-SO(Y), 
whereas {d} E (Ta,T,)-SO(X). Again Z of the same Example 2 is T-open. Now {b} is 
(1,2)-SOZ) but {b} is not (1,2)-SO(X). 

Remark 9 Let A YC(XT. Ta). Then A is (1,2)-SCI(Y) does not imply nor 
is implied by the fact that A is (1,2)-SCI(X). In fact, we have the following. 

Example8 Consider Y and (X,T,T,) of Example 2. Here {a (CY) is (1,2)-SCi(X) but it is not (1,2)-SC1(Y). 
Again, (C,d} (CY) is (1,2)-SC1(Y) but is not (1.2)-SC1(X). 
Theorem 10 Let A cY C(X, T,T). If A is (i,i)-SC1 (Y) and Y is(i,j)-SC1 (X), then 

A is(i, j)-SC1(X). where i,j-1,2 and i j. 
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Proof. followa eaaily from Theorem and the fact that intersection of two 

(L)-SC1(X)-8ots ls also so. 

Remark 10 A aubsot A of Y c (X, TT) may bo (1,2)-SC1 (X) but may not 

be (1,2)-ScI(Y), evon if Y is pairwiso semiopen, clos80d in both T, and T, and pairwise 

semi closod. 
This is seon in the example that follows. 

Example 9 Considor Yand (X, T T) of Examplo 3. Then Y is pairwise semi 

Open, pairwise semi closed and closed in both T, T. Now {b,c) is (2, 1)-SC1 (X) but it is 

not (2, 1)-SCI(Y). 
Remark 11 It follows from Examplo 9 that if A is (i, )-SC1 (X) and Y cX, 

then A n Y may not bo (i, j)-SCI (Y) ( j1,2 i ), oven if Y is both T, and 

Ty.Closed (and henco pairwiso semi closod). 
Definition 2 [1] Lot Ac (X, T, T). Tho union of all (1, 2)-SO(X) sets, each 

contained in A, is called the (1, 2)-semi intorior of A in X and is denoted by (T, T) -

SInt(A). Similarly (T, T)-SInt (A) is dofined. It is proved in [1] that a set Ac 

(X, T. Ta) is (i, )-SO(X) if A(Ti, T)-Slnt(A), where i, i-1, 2 and ii. 

Theorem 11 Lot ACYC (X, T, T). Then 

(a) (T. T,)-SInt(A) C ( (T)y. (T) y)-Sint (A), where the reverse inclusion does 

not hold, in general, 

(b) (T T)-SInt (A)-( (Ti)y (T)y)-SInt(A) if Y is Ty-Open. 

Proof. (a) By virtue of Theorem 8, obviously (T, T)-SInt(A) c( (T) 

(Ta) y)-SInt(A) 

Now, let us consider (X, T. T) and Y of Example 2. 

Let A-(c, d. Then (T, T)-SInt (A)= (T. T,)-SInt (A)=0. 

But ( (Ti)y (T)y )-SInt (A)=(C) and ( (Ta)y» (Ti)y) SInt (A)-{d}, 
(b) follows from theorem 9. 

Remark 12 The converse of Theorem 11 (b) does not hold, in general. For 

exampl, if X is the real line and T-T,-the usual topology and Y=[0, 1), then the 

equality in (b) holds for every Ac Y but clearly Y is neither T, open nor T, open, 

Theorem 12 In a bitopological space (X, T, Ta), T-S, where S,=Tint A: 

A (T. T)-So (X) (,j-1, 2 and i # ji) 
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Proof. It is simple. 
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