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ON NORMAL PSEUDO-IDEALS IN SEMIGROUPS,

T. K. Dutta

1. Introduction.

A semigroup S is called normal if Sx=xS for all elements x of S [ 7]. A pseudo-
ideal A of a semigroup S is called normal if A isa normal subsemigroup of Si.e if
xA—=Ax forall x « A. In this paper we have studied some properties of normal pseudo-
ideals. The purpose of this paper is to give some properties which characterise normal
semigroups and normal regular semigroups in terms of normal pseudo-ideals and bi-ideals.

Let NB(S) denote the set of all normal pseudo-ideals and bi-ideals of a semi-

group S. Then NB (S) is a semigroup under the multiplication of subsets and N (S),
the set of all normal pseudo-ideals of S is a commutative subsemigroup of NB (S). We
have shown that a semig oup S is normal if and only if NB (S) is normal. Lastly we
have characterised regula-ity of all those semigroups in which all the pseudo-ideals are

normal.

2. In [8] Sen has shown that in a group every pseudo-ideal is a normal pseudo-ideal :
the result is also true in a commutative semigroup. The following example shows that
there ate also ser igroups which are neither groups nor commutative semigroups but

contain normal pseudo-ideals. .
2.1 Example. Let §=G X J where G is a noncommutative group and J is the set of
all integers ; then S is a semigroup with respect to the multiplication defined component-
wise. Let A=G X J* be a subset of S where J* denotes the set of all nonnegative
integers .ThenA A is a pseudo-ideal of S. Also for an, element x of S, xA=Ax. So A

is a normal pseudo-ideal of S.
2 2 Proposition. A normal subsemigroup A of a semigroup S will be a pseudo-ideal

if and only if xAx C.A forevery x ¢ S.
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S be a pseudo-ideal of S Then

Proof. Let a normal subsemigroup A of a semigroup
A of a semigroup

xAx=xxA—x?A C A. On the other hand if for a normal subsemigroup
S, xAx C A then x?*A=xxA—xAx C A for every x ¢S. Similarly Ax2 C A for every X ¢ S.

So A is a pseudo-ideal of S.
2.3 Proposition. Every one-sided normal pseudo-ideal of a semigroup S is 8 psaudo-

ideal ( two-sided ) of S.
nd x ¢ S. Then Ax:=x*A

Proof. Let A be a normal left pseudo-ideal of a semigroup Sa
f A is a right

C A. So A is also aright pseudo-ideal of S. Similarly we can show that i
pseudo-ideal then A is also a left pseudo-ideal. Hence the proposition.

2.4 Proposition. Let N (S) denote the set of all normal pseudo-ideals of a
group S; then N (S) is a commutative semigroup under the multiplication of subsets.

Proof. Let A, A, ¢ N(S). Let aa, bb, ¢ AiA, where a1, be A, and 8;b, € A,
Then a,a,bib=2ab,a,’b, ¢ AA, where a,b, = b,as and also for any x ¢ S x*
(AAy) = (XA ) A, © A A,. So A A, is a left pseudo-ideal of S. Since A, ., A, are
both normal. x (AA,) = (A Ay ) x. Hence AiA; e N (S). Lastly let a e A, then

al Ag == Ag al SO A| Az = Anz A'l . EVIdenIIV A‘ (Al AJ) = (Al Az) A_; .

semi-

az, € Ag

Consequently

N (S) isa commutative semigroup.

Let NB (S) denote the set of all
NB (S) is a semigroup under the multiplication of subsets.

position that the product of iwo normal pseudo-

2. 6 Proposition. normal pseudo-ideals and bi-

ideals of a semigroup S ;
It follows from the above pro
ideals is a normal pseudo-ideal. Also the product of two bi-ideals of S is a bi-ideal [3].

Let Ae N (S) and B« B (S), the set of all bi-ideals of S. Now (AB) (AB) = A (BAB) C
AB and (AB) S (AB) - AB (SA) BC AB. So AB ¢ B (S) C NB (S). Sincc A is normal
AB = BA, So BA « NB (S). Evidently A (BC) = (AB) C for A, B, C ¢ NB (S). Hence

Proof.

the proposition.

2.6 Proposition. B (S) is an ideal of NB (S).
Let B « B(S) and X ¢« NB (S). Then (BX) (BX) = (BX B) X C BX and also

XS) BX C BX So BX is a bi-ideal of Si, e BX ¢ B (S). Consequently
ilarly we can show that B (S) is also a left ideal of

Proof.
(BX) S (BX) = B
B(S) is & right ideal of NB (S). Sim

NB (S). Hence B (§) is an ideal of NB (S).

2.7 Theorem. A se
Let S be a normal semigroup and X, A « NB (S). Leta ¢ A; then aX C aS=

y A. Similarly we can prove that the converse

migroup S is normal if and only if NB(S) is normal.

Proof.
Sa C NB(S)- 2 anc so A NB (S) C NB (S
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inclusion holds. Thus we obtain that A NB (S) = NB (S) A for all A « NB (S) So NB (S)
is normal. Conversely let NB (S) be normal. In order to prove that S is normal,
let x ¢ S. Then for some A « NB (S) we have xS C (x)g S= A (x)g C© S (X)B C Sx where

(x)B = {xgx U x U x*} is the bi-ideal generated by x and hence (x) BG B (S) € NB (9S).
Similarly we €an prove that the converse inclusion holds. So S is normal.

2.8 Theorem. Let S be a normal semigroup; then the following conditions are

equivalent

(1) S is aregular semigroup,

(2) AnB= BA where A is a left pseudo-ideal and B is a bi-ideal of S,

() AnB= AB where A is a right pseudo-ideal and B is a bi-ideal of S.

Proof. (1) = (2). LetS be a normal semigroup which is also regular. Let A, B be

respectively a left pseudo-ideal and a bi-ideal of S. Then BA C A. Let b® a ¢ BA where
be B and a ¢ A, Since Sis normal, bS - Sb. Somb%a — bba e bbS — bSh C B.
Consequently BA C B. Combining the above two inclusions we get BA C A n B.

Conversely, let ¢ « A n B, Since S is regular and normal, ¢ = c¢xc = CXCXCXCXC (since

isi te = C. cc=(c 2 - . .
xc is idempotent, x € S) CXX; C. CXX; C. C = (CXx,C )* C e BA (¢« B implies that cxxc

¢ B). Therefore A n B C BA. Hence A n B =BA.

(2) = (1). LetceS. Since S is aleft pseudo-ideal we have S n (c) =(c) S i, e(c=

(c) S where (c) denotes the ideal generated by ¢ and hence (c) is a bi-ideal of S.

Since S is normal, (c)={cuxc :xeSf Nowce (c)= (c)S implies that c=c2y or

2
(xc) z where x,y,z<S. Since S is normal, we can write ¢ - cxc forsome x ¢ S. So ¢

and hence S is regular.

Similarly we can show that (1) and (3) are equivalent Hence the theorem.

2.9 Lemma. ([6] Corollary Il.4.12) For an idempotent semigroup S the following
conditions are equivalent.
(1) S is normal

(2) S is commutative
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2.10 Lemma. ([1] Theorem 7.6 ) Following conditions concerning a regular sem;.

group S are equivalent.
(1) S is normal
(2) es= Se for all idempotents ¢ of S.

2.11 Lemma. ([4] Theorem 2) For a semigroup S the following conditions are
equivalent.

(1) S is a semilattice of groups

(2) Sisregular and eS=Se for all idempotents e of S.

2.12 Lemma, ([2]) Forasemigroup S the following conditions are equivalent.

(1) S is regular.

(2) B (S) is regular.

2.13 Theorem. A normal semigroup S is a semilattice of groups if and only if NB (‘S)

is a semilattice.
Proof: Let S bea normal szmigroup which is a semilattice of groups. Ther by lemma

2.11 Sisregular. Let A ¢ NB(S). If A ¢ N (S) and a ¢« Athena = axa = axaxa
(since xa is idempotent, x ¢ S) = ax%a, a¢ AA(a;¢A) So A C AA. On the other
hand AAC A So A=AA Again, if A ¢ B(S) anda < Athen a = axa = axaxa=
a ax;xa (since S is normal, xa = ax,) ¢ AA. So A C AA. Also AA  C A. Hence
forall A ¢« NB (S), A=AA. Se NB(S) is idempotent Since S is normal, by
theorem 2,7 NB (S) is normal. Hence by lemma 2.9, NB (S) is commutative. Hence
NB (S) is a commutative idempotent semigroup i. e, a semilattice. Conversely, let NB (S)
be a semilattice. So NB (S) is an idempotent semigroup and hence regular, Since
B (S) is an ideal of NB (S), B (S) is also regular. So it follows from lemma 2.12 thet
S is regular normal semigroup whence by lemma 2.10 and lemma 2.11 it follows that S is
a semilattice of groups.

2.14 Theorem. For a normal semigroup S the following conditions are equivalent.

(1) S is regular,

(2) S is left regular,

(3) S is right regular,

(4) S is completely ragular,

n n—1
() a =ax forallaeS and for every integern > 2

(6) NB (S) Is idempotent,
(7) NB(S) is completely regular,
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(8) NB (S) is regular,
(9) B (S) is regular.

Proof, It follows from theorem 6.6 of [1] that (1) to (4) are equivalent.
Now we assume (4). Let a ¢ S. Then a=axa for some x ¢ S and ax=xa. So

32. n n—1
a—=a’x=aax=aa’xx a X Continuing this we get a=a x for every integer n>-2

32 2 2
(5) = (6) LetA e NB(S. If AeN(S) anda ¢ Athena-ax - a. ax e

AA. So A C AA Also AA C A. Thus A—AA. If A ¢ B (S) and a ¢ A then

32 2 2
a=ax =aa ax =a aya ¢ AA (since S is normal, ax =ya for some y e S)

So A C AA. Also AA C A. Thus in this case also A=AA. So NB (S) is idempotent.
6) = (7) = (8) are obvious. Next we assume (8). Since B (S) is an ideal of
NB (S), B (S) is regular, Lastly we assume (9). Since B (S) is regular, it follows by
lemma 2.12 that S is regular.

A semigroup S is called viable if ab=ba whenever ab and ba are idempotents.

A viable semigroup has been studied by M. S. Putcha and J. Weissglass [5]
215 Lemma. ([1] Theorem 7.6) For a regular semigroup S the following
conditions are equivalent,
(1) S is normal
(2) B (S) is viable
2.16 Lemmez. ([5] Theorem 6) If a semigroup S is a semilartice of groups then
it is viable.
2.17 Theorem. A regular semigroup S is normal if and only if NB (S)
is viable.

Proof Let S be a regular normal semigroup. Then NB (S) is also normal
(Theorem 2.7), Also NB (S) is regular (Theeoem 2,14), So NB (S) is regular and
normal. Hence NB (S) is a semilattice of groups. So by lemma 2.16, NB (S) is viable.
Conversely we assume that NB (S) is viable. Since the property of being viableis
hereditary, it follows that B (S) is viable whence by lemma 2.15 it follows that S is
normal.

2.18 Thsorem. The f{ollowing conditions concerning a semigroup S are
equivalent.
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(1) S is a semilattice of groups,
(2) S is regular and normal,
(3) NB (S) is regular and normal,

(4) NB (S) is a semilattice of groups,
(5) NB (S) is regular and viable,

(6) NB (S) is a completely regular semigroup and every bi-ideal of S is two-sided,
(7) B (S) Is a completely regular semigroup and every bi-ideal of S is two-sided.

Proof. (1) = (2) follows from the lemma 2.10 and the lemma 2.11.

(2) = (3) follows from the proposition 2.7 and the theorem 2.14.

(3) = (4) follows from the lemma 2.10 and the lemma 2.11. (4) = (5) follows
from the lemma 2.11 and the lemma 2.16. (5) = (6). Since NB (S) is regular and
viable it follows readily that NB (S) is a completely regular semigroup. Also since B (S)
is an ideal of NB (S) it follows that B (S) is also regular and viable and so every bi-
ideal of S is two-sided (Theorem 7.7 of [1]). (6) = (7) follows since B (S). is an
ideal of NB (S). Lastly (7) = (1)follows from the theorem 7.7 of [1). Hence the theorem.

3. In a commutative semigroup or in a group we have noted that every pseudo-
ideal is a normal pseudo-ideal. There are also semigroups which are neither commutative
semigroups nor groups and in which every pseudo-ideal is normal. In fact the semigroup
oiven in example 2.1 is a semigroup of this type. Now we shall study those semigroups
in which every pseudo-ideal is normal. Throughout this article by a semigroup S we

shall mean a semigroup in which all the pseudo-ideals are normal.

3.1 Theore. A semigroup S will be regular if and only if A= AA where A is a
pseudo-ideal of S.

Proof. Let S be a regular semigroup and A be a pseudo-ideal of S. Let

acA, Since S is regular a=axa for some x ¢ S. Now a—axa=axaxaxaxa (since xa i
idemotent)=ax® a, ax*a, a e AA (since A is normal, ax=xa, for some 3, ¢ A) So
A CAA, Also AA C A, Henca AA=A, Conversely we assume that A=AA for all
pseudo-ideals A of S. Let a ¢ S and (a) be the ideal generated by a. Since every
ideal is a pseudo-ideal (a)=(a) (@) Now a e (a)=(a) (a) implies a=axa for seme
x ¢ S (Since S is normal as S is a pseudo-ideal of itself). So a and hence S isregular.

3.2 Theorem. The following conditions concerning a semigroup S are equl-

valent.
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(1) S is regular,
(2) S is left regular,
(3) S is right regular,
(4) S is completely regular,
(5) a=a=x="! for every element a ef S and for every integer n > 2.
(6) N(S) is idempotent
(7) N(S) is regnlar
Proof. Since every pseudo-ideal of S is normal S is also normol, so it follows
frem the theofem 2.14 that (1) to (5) are equivalent, Now we assume (5). Let A e N(S)
and ae A. Then a=a®x?=a% ax® ¢ AA. SoA CAA. Also AA C A. Hence A=AA.
So N(S) is idempotent, (6) => (7)is obvious. Lastly we assume (7). Let a ¢ S and
(a) be the ideal generated by a. Since (a) ¢ N(S) by our assumption there exists A
in N(S) such that (a)=(a) A (a) Now a e (a)=(a) A (a) implies that a=axa for some
X ¢ S. So aand hence S is regular.
| am indebted to Dr. M. K. Sen for his kind help in the preparation of this
paper.
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