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1. 

AN EXTENSION OF A THEOREM OF FISHER ON 
COMMON FIXED POINT 

Introduction : In 1977, B. Fisher (2] proved the following theorem : 
Theorem 1. In a complete metric space (X, d) if there exist two operators S and 

T mapping X into itself and satisfying the relation 

(.) [d (Sx, Ty) 1² 

S. K. Chatterjea 

<bd (x, Sx) d (y, Ty) + c d (x, Ty) d (y, Sx) 

for all x, y e X, where 0bKlandc 0, then S and T have a common fixed 

point. Further if 0 <b, c <l, then each of S and T has a unique fixed point 

It may now be pointed out that the metrics d (x, Sx) and d (y, Ty) occur in the 

contraction mapping of R. Kannan [3] and the metrics d (x, Ty) and d (y, Tx) occur 

in the contraction mapping of the present author ||) Thus the product of two metrics 

appearing in the right member of (1.1) may be varied in six different ways, viz. 

d (x, Sx) d (y, Ty), 

d (x, Sx) d (y, Sx), 

d (y, Ty) d (y, Sx), 

d (x, Sx) d (x, Ty), 

d (y, Ty) d (x, Ty), 

d (x, Ty) d (y, Sx). 

In view of the above fact, it may be of interest to remark that Theorem 1 can be 

extended as follows : 

Iheorem 2. ln a complete metric space (X, d) if there exist two operators S andT 

mapping X into itself and satisfying the relation 

and these two points coincide. 
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[d (Sx, Ty) 
(1.2) <<, d (x, Sx) d (y. Ty) + <, d (x, Sx) d (x, Ty) 

+ <, d (x, Sx) d (y. Sx) + <4 d (y. Ty) d (x, T y) 
+ <s d (y, Ty) d (y, Sx) + < d (x, Ty) d (y, Sx) 

for all x, y e X, where <, >0 and 0 << + 

then S and T have a common fixed point. 

2. Proof of Theorem 2. 

It follows from (1.2) that 
(2.1) [d( Ty, Sx ) 

s <i d (y, Ty) d 
+ <g d (Y, Ty) d 

< «4.d (x, Sx) 

+ <s d (x, Sx) d (x, Ty) + < d (y. Sx) d (x, Ty). 

By virtue of the symmetry relation we obtain from (1.2) and (2.1) 
(2.2) [ d (Sx, Ty) J? 

S. K. Chatterjea 

(x, Sx) + <, d (y, Ty) d (y. Sx) 
(x, Ty) + «, d (x, Sx) d (y. Sx) 

Now let Xo e X and define 

+ 2T[d (y, Ty) d (y, Sx) + d (x. Sx) d (x, Ty) 1 

Xgn+1 

< 

d (y. Ty) + <, d (x, Ty) d (y, Sx) 

3T[d (y, Ty) d (x, Ty) + d (x, Sx) d (y. Sx), J 

Thus by (2.2) we have 

2 

t ocy t e4 t as < 1, 

Further if 

- [d (Sxgn. TX¡u-1) j 

SX2n 

= Txn-l, n=1,2, . 

[d (X¡n41 Xn) 1 

<<, d (Xgnr X¡n+1) d (Xgn-1, Xgn) 

2 

n=0, 1, 2, ... 

+9Td (Xn~ Xn ) d ( X2n-l Xen+1) 

<1 then S and T havea unigue 

3 4d (Xn, Xn+1) d (Xgn-is Xzn+1) 2 

d (X¡n, X¡n -i) } + {d (K¡n, Xgn+) I 

+ d (Xne Xgn-1) [ d (X¡n+1, Xgn) +d (Xan Xgn-1) 

-d (Kgn, Xan-1) [ d (Xanr, X¡n¥1) +d (Xgn Xgu-1)) 

common fixed point. 
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d (X¡n Xen-)}+ (d (X¡n X¡n+1)}] 

<3 *I{d (Xen X¡n+1) } + (d (Xen, X gn-1) 

d (X¡n, Xen-1) 

where k?= 

[{d (Xgnr Xan-i) } t(d (Xpn Xn+1) ] 

X,>Z as nºoo. 

4 

(2.3) d (Xgn, X¡n+1) <kd (x,n-1 Xan), 

4 

Similarly we can show 

1- 2 

Now by (1.2) we have 

[d (Sz, xgn)]2 

(2.4) d (X2nm1 X¡n) <kd (Xan-2. X¡n-). 

2 

-[d (Sz, TXgn-1) 1 

2 

+< d (z, Sz) d (z, TX¡n-1) 

4 

<«, d (z, Sz) d (X;n-t Txpn-1) 

Using n+0, we thus obtain 

which implies Sz =. 

4 

So (xa} is a Cauchy sequence in X and X being complete, there exists z X such that 

(1-«,) [d (Sz, z)]² <o, 

2 

4 

+«g d (2, Sz) d (Xgn-1 Sz) 
+«4 d (Xgn-1 TX2n-1) d (z, Txu-1) 

+ «s d (xan=Ë TXgn-) d (Xgn-1 Sz) 
+«o d (z, Txgn-1) d (Xgn-1 Sz) 

4 

2 

4 

<1: 
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Similarly considering Td (Xonal Tz)]2 we can show that Tz =z 

Thns Sz = z= Tz. 

Finally we prove that z is the unigue common fixed point of S and T if &e<1. 

Let u be any point of X such thet Su u, then we have by (1.2) 

[d (z, u)]° = [d (Su, Tz)]² 

s. K. Chatterjea 

<eo [d (z, u)]², 
which implies that z =u, since dg , 

Similarly we can show that z is the unique fixed point of T. 
Lastly if v be any point of X such that Sv=v=V, then by using (1.2) we can 

easily prove that v=Z. 

This completes the proof of theorem 2. 

[1] Chatterjea, S. K-Fixed point theorems, C. R. Acad. Bulgare Sc. 25 (1972), 727--730; also 
Research Report No 2 (1971) Centre of Adv. 

(21 Fisher, B.-Common fixed points and 
Kobe Univ, 5 (1977), 319326. 

References 

Received 

3.1.1986 

Studies in App. Math., Cal. Univ. p.12. 
constant mapping on metric spaces, Math. Sem. Notes. 

[31 Kannan, RSome results on fixed points, Buli. Cal, Math. Soc. 6O (1968). 71--76. 

Dept. of Pure Mathematics 

Calcutta University 
Calcutta-700019 

India 



{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }

