Jour, Pure Math-
Vol. 5 (1985—86 ), pp. 65—71

FIXED POINT THEOREMS IN BANACH SPACES
Kanan Majumdar

In this paper we have proved two fixed point theorems in Banach spaces, which

are extensions of the results of K, Goebel and E. Zlotkjewicz [1] and K. Iseki[2]. First
we prove the following theorem s—

Theorem 1. Let F be a mapping of a Banach space X into itself satisfying the
following conditions g

(@) F2=I where | is the identity mapping
a — —F0) &
(b) IF()—F () < A=EWIY=F ¢
+b{ Il x—=F(x) | + Il y—=F(v) I }
+e{ Il x—F(y) I + 1 y—F(x) I }
+dix—y]|
for every x, y € X and x#y, 0<a,b,c,d, 3a{-4b-+4c+d<2,
Then F has a fixed point in X. Further the fixed point is unique if a+2c-d<1.

Proof. Let x be a point in X. We take y=34 (F+1) (x),. z=F(y) and u=2y—z.
Now flz—ui < hz—x|l + lu—x]
Again, Il z—x || = || F(y)—F*x) |
CANY—F2) 1 I F()—F(y) I
= y—F(x) I
+b {1 y—F(y) Il -+ | F(x)--F2(x) Il }
{1l y—F%x) Il + | F)—F(y) | }+d Il y—F(x) |

cally—xh{| Fx)—yl + 1 y—=F(y)i}
a Iy—F(x) I

+b{Ily—F(y) I + I F (x)—x I}
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ce{ ty—=x Il 4 I F )=y Il + Ity—=F () It

4d g (F41) (0)—F (x)

a2 | x—F () I Ny—F( I
<ang Fr) xRy

+b{ | y=F(y) N + It x—F (x) It }
e I x—F() I +¢ I y—F(y) I +d/2 It x—F0 |l

_ -3— I Xx—F() I +ally—F () b +b 1 y—F(v) &

+b | x—F(x) k +¢ | x—F(x) It +-¢ I y—F(Y) |l

L)
2

=+

It x—F(x) I}

=<12 +—g—+0+b> tx—F(x) i +(atb+c)ty—F(y)l
Thus
hu—x | =l 2y—z—x | == || (F+ 1) (x)—F(y)—xI
= | (F+1) () —F(y)—x#
= |t F(x)—F(y) I
<callx—Fy Hy—Fx I
= Fx—y i
+e{ | x—F(y) It + Il y=F() I }+d kx—y I

al fx—y I+ IY—F) I hy—Fx) I
< x—y i

1b{ | x—F &) I+ y—=FW) I}

+b{ix—Fx) It + Hy—F(v) B

c ‘
re(llx—y I+ Iy—F i} = Hx—Fa) )
L
= 2 Ix=F() I +aly=F0) | +bix-F() |
b I Y—FW) I+ 5 I x=F() I 4e 1 y=F) I

c d
+5 IXx=F() | + 5 [ x=Fx) I

d
=(b+c+_;,+ - ) I x—F(x) | +(@+b+cy | y—F(y)!

Also |z—u| = | F(y)—2y+z| =2KF(y)—y |
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2| F(y)—Y Il <2(a-+b+c) | y—F(y) |
a d N
2 ( g +bke) IX—F (0 |
or, 1y—F(y) I <(a+b+c) | y—F(y)

', 3 d
(5o +b+e) I x—F(x) |

Or, (1—a—b—c) Il y—F(y) | <<“a2—+ %+b+c) I x—F(x) I
a d
o, Ny—Fuy) < 2 2 10t
r - x .
Y a5 " x—F() I
a4-d-2b12¢ |
~2—2a—2p_2¢ I x—F(I

at+d+2b1l2c
<« | x—F(x) Il where « =5—5 ———> <1

since 3a+4b+4c4-d <2
Let
G= L‘,/ (F+1), then for any x € X,
I G*x)—G(x) [ =1 G(y)—vy |
= ; (F+H M=y
1

e
Iy—FW I < 5 IIx=F )

N

. {G» (x)} is a Cauchy sequence in X.
As X is complete, {G® (x)} converges to some element x, in X, i.e lim G* (x)=Xx,
i.e. G (Xo)=Xo n—coc.
Hence F(x,) =Xo.

i.e. X, is a fixed point of X.
Now to show that the fixed point is unique, let us suppose that if possible y, be

another fixed point of X. Then
Il X0 =Yo Il = Il F(xo) —F(Yo) I

<% FO) I 1Yo PO 4 gy x—F(xg) I + 1 Yo—Flva) I
Il Xo—VYo |l

+cf | Yo—F(xo) Il + Il Xo—F(Yo) 1} +d I Xo—Yo I
i.e. (1—a—2c—d) |l Xo—VYo Il <O =X =Y, since a+2c+d<1.
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Corollaries :
i) If we puta=0,b=0, c=0, we get result of K. Goebel and E. zlotkiewicz. [j;
ii) If we put a=0, c=0, we get result of K. Iseki. (2]
Next we prove the following theorem :

Theor em 2: Let F, and F, be two non expansive mappings of a Banach space X
into itself and F, and F, satisfy the following conditions
i) F, F,=1=F, F, where | is the identity mapping.
and ‘
i) || Fu(xX)—Fs (¥) Il ga Il x—=Fz (W)U ly—F; (x) Il
I x—y
+b{ Il x—Fy(x) I + 1 Y—Fza(y) Il }
+e{ it x—Fo(y) I + ny—Fy(x) Il §
+d i x—yl
for every xs£y € X, 0<a, b, ¢, d, and 3a+4b+4c+d<2.
Then F, and F, have a common fixed pojnt. Further the fixed point is unique it
at+2c+d<1.

Proof. Let y=% (Fy-1) (x), z=Fy (Y)

u=2y—2.
lz—x 1l =l Fi(y)—F. F; )l
P Ny—F, Fa )1l Il Fy (x)—F, (Y) Il

hy—Fz (x) Il

+b{ |l y—F, (W)l + | Fg (x)—Fy Fa (X) 11}
se{ | y—Fy Fa 0O + 11 F2 0)—F¢ (V) I}
+d | y—Fa () |l
Cafl i (Fat) 0O—Fi F ()1 I Fo(x)—F; (V) I
- N E(Fa+ 1) (x)—Fz (x) 1l
+b{N L (Fot1) (x) ~Fr (M I+ I Fa ()—=F1 F2 () I}
4cll 3 (Fot1) ()—Fi Fo ()1l + 1| Fy GG—F5 (y) I
+d || § (Fa+1) (x)—F; (x) ||

S IF )=l IR0 —Fay) |

1
— I F()—=x |




Thus
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+b{y=F; (Y) I + 1| Fy (x)—x I}

1
el 5= (Fo 1) (=Xl +¢ 1l Fy(x)—F,(y) |
+ g— Il x—Fy (x) 0

a"x Fo ) NINFs )~y + Jy— Fr(v) 3
| x— Fz(x)

+bly—Fi (V) I +b I x—F, (x) || + iz I x—=F, (x) |

C
+g DR 0 +e 1y—Fy ) |+ | x—F, (x) |

2+b+c+——)|]x Fo (x) Il +(a+b+c) ly—Fy (v) |

Ju—=x| =l 2y—z—x ||
= || (Fa=D(X)—Fy(y)—x |
= |l Fa(x)—F1(y) Il
al x—=Fy(y) Il Ily—Fyx) |
I x—y Il
+b{ Il y—Fu(y) Il + Il x—Fx(x) 4 }
el il y=Fa(x) I + I x—=Fy(y) i1}
+d I x—-y |

Al x—y 1+ 1 Y—Fy) 1} 5= 1 x—Fal)

iz Il x—Fa(x) 1

~

<

+b{ Il y—F,(y) I + Il x—Fx(x) 0}
+% | Xx—Fy(X) I| +C 1l x—Y I

+c |l y—F; (y) I +—‘-’— Il x—Fa(x) ||

—2~ I x—Fa(x) Il +a ll y—Fy(y) | +b [l y—=Fuy(y) I

+b || x—Fy(x) | +_g_ |l x—Fa(x) I +——‘2:— Il x—Fa(x) |

FEUY=F(Y) |+ I x—Flx) |
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|
t(; 5 lbiC>NX Fo00 01 (@t bte) iy Ryl

Hz—ull<jz—x| 4+ lu—x
< 2(%+»§ by c> | x—Flx) |
+2(@+bte) [ y—Fy) Il v e (1)
Also,
lz—u | = [ F(y)—2y+tz\
= || Fy(Y)—2y 4+ Fy(y) 1t
=2 y—Fi(Y) | wee oee .. (2)

From (1) and (2) we have
20y—F b <2(Z+-34brc) Ix—Fa¥)
+2(@+b-+c)y fy—Fiy)ll
S hy=FW 1 <(—;—+—%—+b+c || x—Fa(x) I

+(@-+b+c) hy—F M

2b+2c+a-+d \
2_2(a+b -L—C) " X_F2(X> “

=« || x--Fy(x) I where

Or, Ky—FMI <

_ 2b+2ctatd g gince3at bt Actd<2
L= 2—-2(a+b+c) <1 since - . +

Let G=—12—-(F2+Ix), then for any xeX,

L G2(x)—G() Il 11 G I
= I Pty =y

Iy —Fa) |

I

- N- N‘-‘

I FoF (y)—Fa) It
< 5 | Fi(y)—Y Il . since F, is'nonexpansive.

< —%— Il x— Fa(x) |



Fixed Point Theorems In Banach Spaces 7

{G"(x)} is @ Cauchy sequence in X. Also by the completeness,
{G"(x)} converges to some element x, in X,

i. e. lim  G®(x)=x, which implies
n—«
G(xo) =%,
Hence Fy(xo)=xo i.e. x, is a fixed point of F,.
Again,

I G2(x)—G(x) s% i x—Fa(x) |

=— I FFG)—Fax) |

% . . .
<T Il x—F,(x) |l since F; is non-expansive.

Therefore we can conclude that

F.(%0)=X, i.e. x, is a fixed point of F,.

Hence F,(xo)=X,=F,(X,). Therefore x, is a common fixed point of F; and F,.

Proof of the uniqueness of the common fixed point is omitted for the sake

of brevity,
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