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FIXED POINT THEOREMS IN BANACH SPACES 

Kanan Majumdar 

In this paper we have proved two fixed point theorems in Banach spaces, which 
are extensions of the results of K, Goebel and E. Zlotkiewicz [1] and K. Iseki [2]. First 
we prove the following theorem 8 

Theorem 1. Let F be a mapp1ng of a Banach space X into itself satisfying the 

following conditions : 

(a) FI where l is the identity mapping 

(D) | F (x)-F (y) | <a | x-F(V) | 

+b{| x-F(x) || +| y-F(v) } 
+c{ || X-F(y) || + 1 y-F(«) } 
+dH x-y || 

for every x, y e X and x*y, O<a,b,c,d, 3a+4b4-4c+d<2. 
Then F has a fixed point in X. Further the fixed point is unique if a+2c+-d<1. 

Proof. Let x bea point in X. We take y= (F+) (x),. z=F(Y) and u=2y-z. 

Now || z-u | < Z-x || | u-x |I 
Again, | 2-x || = || F()-F(x) | 
a y-F²(x) || | F(x)-F(Y) | 

| y-F(x) || 

+b{l y--F(y) | + | F(x)--F(x) ||} 

y-F(x) i 

+c{||l y--F(x) || + | F(x)-F(Y) }+d || y-F(x) | 
a | y-x #{ F(x)-y || + | y-F(y)} 

Il y-F(x) || 

+b{ l y-F(v) + |F (X)-x } 
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Thus 

+c{Il y-x || + |F (x)-y | Iy-F (y) } 

+d (F+I) (x)-F («) || 

<a|l (F+1) (x)-x ||+ 

+b{ | y-F(y) + It X-F (x) } 

+c | x-F(x) | +c I| y-F(v) 

a/2 x-F (x) 

= || F(x)-F(y) # 

ca||l x-F(y) 
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I| X-F(x) I| +a | y-F (Y) # +b|| y-F(v) # 

+b| X-F(x) |! +c | X-F(x) +cy-F() | 

-{tto+b)x-F(*) +(a+b+c) ty-F(Y) 

U--x || | 2y-z-x | (F+I) (x)-F(Y)-x || 

= |H(F+I) (x)-F(y)-x # 

y-F(x) } 

d 

+c{ |X-y + y-F(Y) #}+ 

(F+I) x- F(x) 

+d/2 Ix- F(X) | 

+c{ | x-F(y) I} + Il y-F(x) |}+d | X-y IH 
af x-y h + Hy-F(y) I Hy-F(x) 

+b X-F (x) | + I y-F(V) } 

y-F(y I 

C 

+ 

-+b{ x-F x) + y-F(Y) B 

|X-F(x) || +a f y- F(y) | +b|x -F(x) 

C #X-F(x) B 

+b || y-F(V)|| + X-F(x) || +c || y-F(y) || 

d 
lx-F(x)|| +| x-F(x) 

| X-F(x) |l +{a+b4c) | y-F(y} I 

Also || z-u| = || F(y)-2y + z |=2 F(y)-y ! 



2 | F(Y)-y|| <2(a-+b+c)|| y-F(y) | 

Let 

Or, l y-F(Y) | <(a+b+c) | y-F(y) I 

Or, l y-F(y) || < 

G= 

= || 

Or, (1-a--b-c) | y-F() | I+tb+c) |x-F() 

1 
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+(7t7 tb+c) | x-F(x) | 

< 

2 

a 

+2(+b+o)| X-F(3) | 

d 
2++b+c 

1-a-b-c 

a-+-d+2b +2c 

d 

2-2a2b--2c l X�F(x) il 

(F+), then for any x e X, 

<« || X-F(x) || where <=-2a-2b-2c<1 
slnce 3a+4b+4c4-d <2 

(F+) ()-y 

Hence F(X,)=Xo. 

| G(x)�G(x) | = G(Y)-y| 

I| y-F(Y) || < 

I| X-F(x) | 

d 

.. {G (x)} is a Cauchy sequence in X. 

i.e. X is a fixed point of X. 

| Xo -Yo I| = || F(x)-F(Y) | 

X-F (x) | 

As X is complete, {G (x)} converges to some element X, in X, i.e lim G² (x)=X 
i.e. G (Xo)=Xo 

a+d+2b 42c 

.a || Xo-F(Y) || | Yo-F(X))| 

Now to show that the fixed point is unique, let us suppose that if possible y, be 

another fixed point of X. Then 

+b{ | Xo--F(X) || + | Yo-F(Yo) |}. 

+c{||l Yo--F(X%) l + | Xo-F(Y) }+d|| X-Yo || 

87 

n’c. 

i.e. (1-a-2c-d) || X0-Yo | <0>X,=Yo since a +2c+d<1. 
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Corollaries 

and 

i) If wNe put a=0, b=0, C=0, we get result of K. Goebel and E. zlotkiewicz. i 

ii) If we put a=0, C0, we get result of K. Iseki. [21 

Next we prove the following theorem : 
Theor em 2: Let F, and F, be two non expansive mappings of a Banach space X 

into itself and F, and F, satisfy the following conditions 

ii) 
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i) F, F¡=l-F, Fi where | is the identity mapping. 

I| F(x)--F (y) | sall X-F2 (y) | y-F, (x) | 

+b{ || x-F(x) | + | y-F(y) |} 

for every x*y e X, 0<a, b, C, d, and 3a +-4b+4c + d<2. 

+c{ H x-Fe(v) | + y-F(x) l 

Then F, and F, have a common fixed pojnt. Further the fixed point is unique if 

2 Proof. Let y= (F+l) (x), z=F, (Y) 

a+2c+d<1. 

u=2y-z. 

+d || y--F (x) | 

|l Z-x || =|| F,(y)�F, F (x) || 

cal y-F, Fz (x) | | F (x)-F, (y) | 
|y-F2 (x) H 

+b{ || y-F, (Y) |I+ |F (x)-F, F2 (x) ||} 

4c{! y-F, F; (x) # + | F: (x)-F (Y) 

_a || (F+1) (x)-F1 F (x) || | F(x)-F, (y) 
H F+ I) (x)-F (x) || 

+ b{ || (Fz+l) (x) -F, () t + IFa (x)-F F, (x) ||} 

+c l (F+1) («)-F1 F (x) || + | Fe (K)-F, (Y) B 

2|F x)-x | I Fx)-F(y) || 

2 F(x)-x | 

+d || (F+) (x)-F, (x) I| 



Thus 

+ b{ l y - F, () |+ W F («)-x |! 
+c{ || 

+ + 
d 

2 

C 
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a l| X-F (*) || 3| F, (X)-y l + | y-F, (Y) H} 
I| X-F, (x) | 

(F,+) (x)-x | +c| F(x)-F() | 

+b||l y-F, (Y)+b| X-Fz (x) | + | X-F, (x) H 

|X-F, (x) | 

a 

+ |X-F (x) I| +c |l y-Fi () l t | x-F, (x) | 2 

=(+b+c+)| X-F, (x)|| +(a+b+c) l y-F, (Y) M 

| U-x || =||2y-z-x | 

= | (FztI)(x)-F,(y)-x || 
= | F(x)-F(V) || 

a | X-F(V) | | y-Fa(x) I| 
| X-y ! 

+b || yFi(y) | + | X-F(x) #} 
+c{ I| y-Fs(x) || + | X-F(y) } 
+d| x--y I| 

2 

a{ || x-yI+yF(y) |} 
1 

2 

1 

2 

+b{ || yF(y) || + | X-F(x) n} 
C 

I| X-F(x) || +cl X-yI 

I| X-F(x) 

C 

+c| y-F, (Y) +|X-F(x) | 

| X-F(x) || 

I| x-F(x) || +a l y-F() I|+b|| y-Fi(y) | 

+c | y-F.(Y) |+|X-F(x) 

C 

+b || X-F(x) || +- | X-F(x)|+x-Fa(x) | 
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A 

Also, 

2(7+2b+c)1x-F) 
+2(a+b+c) ||l y--F(y) | 

| Z-u || = | ()-2y4z 

2 |y-F(Y) # 

=|F(Y)-2y +Fi(y) I 
=2 # y-Fi(Y) | 

From (1) and (2) we have 

d 

Kanan Majumder 

+2(a+ b+c) Hy-F,(y) | 

HG²(x)-G(x) 

#y-F() # <(ttb+c) x-Fa(x) | 

+(a+b+c) y-F() H 
2b +2c+a+d 

Or, y-F() )-2(a +b +c) 

(2) 

= « || X--F(x) H where 

Let G=Fg+), then for any xeX, 

| G(Y)-y 

1 

2 

= |E+I)y-y 

1 

2b+2c+a+d 
2--2(a+b+c) 

=-F(y) || 

2 

(1) 

<x-Fa(x) I 

<1 since 3a +4b44c+d<? 

H F(y)-y , since F, is nonexpansive. 



{G(x)} is a Cauchy sequence in X. Also by the completeness, 
(G(x)} converges to some element x, in X, 
i. e. lim G"(x)=X, which implies 
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n> 

Hence F(X0)=Xo i.e. Xo is a fixed point of F. 

Again, 

G(X,)=X 

of brevity. 

=;IFF, (x)-Fx) 2 

Therefore we can conclude that 

Received 

13.3. 1986 

I| x-F(x) | since F, is non-expansive. 

F, (x)=x i.e. Xo is a fixed point of F 
Hence F,(Xo)=X,=Fz(x,). Therefore xo is a common fixed point of F, and F. 
Proof of the uniqueness of the common fixed point is omitted for the sake 
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