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ABSTRACT: The object of this paper is to introduce the concept of semilinear 

tensor product of normed linear spaces over fields with real valued valuations and to 

consider norm on such tensor product spaces. 

1.1. INTRODUCTION : 

ON SEMILINEAR TENSOR PRODUCT 

F.F. Bonsall and J. Duncun 2 have introduced norms in tensor product of narmed 

linear spaces over the field of real numbers. We have, in this paper, introduced semilinear 

tensor product of normed linear spaces over fields having real valued valuations, using 

semilinear transformation [4] and finally we have discussed norm (weak) on such tensor 

product spaces. 

1.2. Normed linear space over a field with real valuation. 

DEFINITION 1.2.1. : 

i) 

A linear space X over a field F, with a real valued valuation p is said to be a normed 

linear space over F, if there exists a map X’R (denoted by || |) s, t. 

ii) 
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i) 

Il x || =0 

| x+y l <| x|| + |y l, yeX 

| <X || =p («) | x , («<F) 

where < H =p («). 

iff x=0, xeX. 

Remarks : 1) Under the above definition F is a normed linear space over itself 

2) It is known that [1], if K be a field with real valued valuation, then the Cauchy 

Sequences over K form a commutative ring A containing the identity element, and the 

null sequences form a maximal ideal N of A. Hence the quotient ring A/N is a field. Now 

ler qa} be the sequence, every element of which is a e K, then {a} is obviously a Cauchy 

SEquence, it is called a constant sequence, the corresponding class ((a}) is called the 
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be shown that the principal classes belonging to NN. form a 

Hence there exists an extension 2 of K isomorphic to AJN. is 

called the derived field of K. Therefore, identifying the elements of K with the, corres-
ponding principal classes in N/N, K may be imbedded in A/N and s2 may then be considered 

to be identical with N/N It can be verified that the derived field s of K, with real valued 

principal class. It can 

subfield isomorphic to k. 

valuation ¢, is a completion of K in the sense that 

i) 2 has a real valuation which is an extension of , where y (A) = - Lt. (a,), 

for any fa,} e A, 
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A denoting the residue class in A/N. 

ii) 2is complete w.r. to y. 

iü) K is dense in s2. 

Following remark (2), we have the following definition. 

1.2.2. A map f: X+F, X belng an arbitrary set and F being an arbitrary field with a 

Yeal valued valuation p is said to be bounded on X, if # f(x)}1 || <M, M being an , 

arbitrary real number and ff(x)}1e 2, 2 being the derived field of F. 

3 i. e.if p' [{f (x)}] <M, {f(x)} being a Cauchy Sequence over the set (f(x)) CF, 

fff(x)}1e A/N, where 4 is the set of all Cauchy Sequences over (f(x)), N is the set of all 

null (Cauchy) sequences over (f(x)) and p' is the extension of the real valued valuationp 

1.2.3. A linear map f : X>F, X being a normed linear space over an arbitrary field of 

scalarsF with a real valued valuation p is said to be bounded on X, if Tf(x)}1 | <MH x 

VX X, M being real. 

Since in the definition of 2, each element f (x)e F has been identified with the 

corresponding principal class of f (*). norm of f(x) will be given by f(x) =p f(x), 

where p is the restriction of p to the set (f(x).: Hencè it follow trom : the above 

definition thatf is continuous on X iff f is bounded on X. 

Érom now on we' shall mean by X(F), a normed linear space over an iarbitrary 

of scalars F, with a real valued valuation p. 

PROPOSITION 2. 1. 

fe BL (X, F). [{f (x)}] e Se. 

field 

The set BL (X, F) of all:bounded (continuous) linear maps from X(F) of F IS 

Banach space under pointwise addition and scalar multiplication and notm defined by 

|f=sup || [(f(x)}] N. 

of F. 



PROOF: BL (X, F) is obviously a linear space over F under pointwise addition and 
scalar multiplicatlon. To show that it is a normed linear space, we note that. 

i) |fZ0, |fN=0 iff f=0 By definition] 
ii) 
i) 

On Semilinear Tensor Product 

fgHsuf+ lg [By definition] 
<f =p(<«) || f |, for 

I| <f | =sup p' [{(«f) x}]=sup p'[(<((x)}] by definition 
Wx||S1 

x|<1 
=Sup p'[{«} {f(x)} ], («} being the constant Cauchy sequence {«, <,.*, } 

sup p' ((c}] sup p' {f(x)}] 
WX||<1 

=p(«) Wf 

I| x |1 

Hence BL (X, F) is a normed linear space over F. 
To show that BL (X, F) is complete. 
Let {fn) be a Cauchy Sequence in BL (X, F), then 

H In-f, || <e, for m, n > N (intger). Hence for some fixed 
Xe X, sup | [E(fm-f,) x}] # =sup H [{fn (x)�f, (x)}1 | 

x<1 
=Sup I| [{fn (x)}-[{f, (x)] || <e, for m, n>N 

Thus the classes [if(%)}] form Cauchy sequences in 2, therefore, 2.being 
complete, the Cauchy sequence of [{fn (1)}] converges in 2. 

Hence [f, (x)}] tends to [{f(x)}] e s2, asn ’c. 
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Since xe X is arbitrary, this defines a mapping f: X+F. It remains tó show that 

f is linear, f is bounded and that f,-+f as n->c. 

xeX 

But these are routine verificatións by considering 2 as a complete normed linear 

space. Therefore, BL (X, F) is a Banach space over F. 

PROPOSITION: 2.2. We may similarly prove that the set B (X, F) of all bounded 

maps f: X+F, X being an arbitrary set and F being an arbitrary field with a real valued 

valuation is a Banach space over Funder pointwise addition and scalar multiplication 

and norm defined by fH =sup M I{f(X)}1 I 

DEFINITION: 2.4. Let X (F) and Y (F,) be normed linear spaces over arbitrary 

Tields F, and Fa, which are respectively isomorphic to an arbitrary field F, with a real 

Valuation, under isomorphisms É, and &; then a mapf;X x Y’F is called a bounded 

bi-semilinear map, if. 

I| x <1 
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{f (x, y)}] |< 
XeX, ye y, [{i(x, 

|A mapping 

Y Tjx, +s,X, y)=r, 

: 

and norm defined by 

| M x| 
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y l, 

y)}] e 2, 2 being derived field of F. 

Now prOceeding as in Prop. 2. 1, we may prove 

X x Y-F is called bi-semilinear if 

(x,, y) +8,s, Y (XY) 

PROPOsITION : 2.3. The set BL (X, Y; F) of all bounded bi-semilinear maps 

t:Xx Y’F is a Banach space over F under pointwise addition and scalar multiplication 

(X 

1 

NfN=sup [ff(x, y)}l, | x|<1, Il y<1. 

3.0. SEMILINEAR TENSOR PRODUCT: 

3. 1. Let X (F;) and Y (F,) be linear spaces over arbitrary fields F, and F and let 

y be a bi-semtlinear map Y: X (F) x Y (F)+Z (F), where Z is a linear space over the 

field F, F, and F being isomorphic to F under isomorphisms , and respectively. The 

couple (Z, Y) is called the semilinear tensor product of X and Y if (Z, Y) possesses 

f: Xx Y-+S (F), there exists exists a unique linear map g :Z’S such that f =g o Y. 

3.2. SEMILINEAR TENSOR PRODUCT OF NORMED LINEAR SPACES : 

Let X (F) and Y (F) be normed Iinear spaces over F, and F. : ,, & be isomorphi 

Let X' (F) and Y' (F) 
sms of F, and F, to F, which possesses a real valued valuation p. 

be linear dual spaces of X and Y respectively, i.e. f :X’F, and g:Y’F, where fe X (F) 

and a e Y' (F2) and B L (X,Y; F) denote the space of bounded bË-semilinear maps 

Xx Y' ’F. Let (X NF denote an element of BL (X,Y':F) such that 

Y)F (f. g)=[ f (x) ̀ a g (Y): fe X, ge Y'. 

Then the semilineer tensor product (X Y)F is defined to be the linear span 

(x Y)F in BL (X, Y; F) for r: Xx Y 

show as below that (X Y; T) has universal factorization provertv. 

LEMMA 1. Given u e (X Y)F, there exist linearly independent sets . {Y} such that 

universal factorization property [4] in the sense that for every bi-semilinear map 

f’ (X YF being a bi-semilinear map. it can be 



PROOF: lf possible, let y, = 

Then u = 

n-1 

1 

n-1 

1 

n-1 

1 

n 

On Semilinear Tensor Product 

n 

9 

1 

n-1 

1 

2 d, y1, d, e Fz 
1 

n-1 

n-1 

1 

+ (d) (x, Yi)F 

= (x, Y)e + (C X, Vi)e 

n-1 

1 

+ 2 & (C) (X, Yile 

i.e #1 (g (y) )} 

[` (C) = (d), C, e Fil 

= ( (X, + C; X) Y)E 

which is a contradiction as n is minimal. 

1 

n-1 

Hence y, and therefore x's are linearly independent. 

LEMMA: 2. Let (x )e =0, where x, s are linearly independent. Then 

(2 (x, Yile ) (f. g)=0 F 

1. 

($ f (x) : 9 (Y:) )=0 

PROOF: We have, for fe X (F) and g e Y' (F), 

yi=0, i=1, 2. .........n. 

i. e. �, f ( (6-(6, g (9)}) x)=0 

i. e. (`,- {6 (g (y) )} x =0eX [f being arbitrary] 

=0e F, [X 's are L. I] 
y=0 [g being arbitrary ] 
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i.e g(y) =0 e F, i.e 
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LEMMA: 3. If {x}; i=1, 2,....., m and {y}: j=1, 2,"", n are linearly independent 

Subsets of X and Y respectively, then {x 

linearly independent subset of (X OYE: 

inear map o : ((X 

Proof is immediate from Lemma 1 and Lemma 2. 

n 

Now to prove that ((X nF ; ) has Universal factorization property, We 
consider o: Xx Y Z (F), any bi-semilinear map and show that there exists a unique 

n 

that ( (x, Y.) ) =0 implies 
r=1 
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Y) 

r=1 

Considering an element of (X O Y). as ( (x, Y) D , it is enough to show 
=1 

Y 0=l, k * 

)+Z (F) such that o ( (x 

o (2 Xr Y)= (x,, y.). The proof follows directly from Lemma 3. 
=1 

DEFINITION 3.3.2. 

eon, m ; j=l, Z,.... s4, n) ie. 

y)E )=¢ (X, Y) ; Xe X, ye Y. 

3.3. Norms on semilinear tensor product spaces : 

2 (x, .y) =0, if we claim that o is defined ae 

r=1 

i 

denoted by (X 9, 

DEFINITION: 3.3.1: Let X (F) and Y (Fa) be given normed linear spaces over arbitrary 
fields F, and F, which are respectively isomorphic to another field F hav1ng a real valued 
valuation. Then weak norm on u = E (X, Y), is defined by 

o (u)=sup [( $ f (x) &2 9 (y)}] |, f| <1, |gI| <1, 

fe X',g e Y 

Obviously w( (x@ Y)e )= | x| IY I [Considering X and Y as linear dual spaces 
of X' and Y' respectively.] Since BL: (X', Y';F) is a Banach space, therefore (X Y) is closed in 

BL$ (X.Y';F) ’ (X0 , is Complete in BL (x', Y : F) under w, 

The weak semi-linear ternsor product of X and Y is defined as the closure oT 
(X0 Y)e in BL (X, Y; F)L. e., the completition of (x y) in BL (X, y': F) and it is 

PROPOsITION 3.1. Let X and Y be two non-empty arbitrary sets and F., and F Do two arbitrary field of. scalars isomorphic to an associative field F (haing a real value0 Valuation) under isomorphisms [, and &, respectively. Then there exists a linear isometri isomorphism T' of ( (B(X, FD B (Y, F) ) +B (X x Y, F) such that 



(T (f g)}=, f(x) 2 9 (y) ; xe X, ye Y, fe B (X, Fi), g e B (Y, F) where T is the 

rostriction of T to B (X, F) 

Proof : We first define a map 

(Vt, g) ) (x, Y)=a f (*) 2 

On Semilinear Tensor Product 

y (t+h, g)) (x,y) =(f+h) (x) g (y) 

: B (X, F) B(Y, F)+B (X x Y; F) such that 

g (v) : Then Y is bi-semilinear as shown below: 

B (Y, F,). 

=,[f(x)-+h(x)]Eag (y) [By definition of f+g] 

Hence I(f+h), g] = 
Similarly (t. g+k) = 
Also y («f, g) =# (<) 

( («f, g)] (x, y) 

Similarly (t, B 9) = 

=[$, f(x)+$, h (x)]82 g (v) [, being an isomorphism] 

=$, f(x) & g (v) +6,h (x) $g (y) [By distributi ve property of F] 

=f,g) (x, Y) + P(h,9)(x,y) 
- [Y(f,g) + Y(h,g)) (x, y) By definition of 

=Sup | 2 

=Sup 

Y(f. g) + Y (h, g) 
Y (t, g) + y((, k) 

(t, g) «e Fi, for 

|T (U)|| =w (u); infact, denoting norm of the derived field 2 of F by (|) 
IT (u) |= IT(2(09) ) 

, («f) (x) $: g () 

Hence there exists a unique linear mapping T : (B (X, F)B (Y , F) ) FB (X x Y: F: 

By definition of the tensor product, T is an isomorphism. To show that T is isometric, 

we consider 

=&, [«f (x)] &, g (v) [By definiton of f in B (X, F)] 

-[$ («) 6, (f (x) )] $: g (Y) &, being an isomorphism] 
=$1 («) (f, g), by associative property of F. 

(B) (f, 9): Be Fg. 

U=2 (f 9i) e (B (X. F) B (Y, F) ) F:f; e B (X, Fi), gi e B (Y, F) and prove that 

=Sup | [T (E (,@ 9) ) (x Y)}]|' 
Xx Y 

Y 

=sup || [2$f (x) & 9, (v)}] | 
Xx Yi 
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9. (y) f 

the Sum in 

sup H [(2a9. (Y) i u ()}] e (B (X, F) ) 

B (X x Y; F) 

i. e, u : B (X, Fi)-F 
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Sup 

=Sup Sup 

(2 f, g)=w (u) 

a Banach space, hence there exists an 
Thus T is on isometry of B (X, F) B (Y, F)B (X x Y; F); also B (X X Y;F) is 

This prOves the proposition. 
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