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ON SEMILINEAR TENSOR PRODUCT

A. K. Maity

ABSTRACT : The object of this paper is to introduce the concept of semilinear

tensor product of normed linear spaces over fields with real valued valuations and to

consider norm on such tensor product spaces.

1.1. INTRODUCTION:
E.F. Bonsall and J. Duncun [2] have introduced norms in
linear spaces over the field of real numbers. We have, in this paper, introduced semilinear
spaces over fields having real valued valuations, using

tensor product of narmed

tensor product of normed linear
semilinear transformation [4] and finally we have discussed norm (weak) on such tensor

product spaces.
1.2. Normed linear space over a field with real valuation.
DEFINITION 1.2.1. : .
A linear space X over a field F, with a real valued valuation p is said to be a normed
linear space over F, if there exists a map X—R (denoted by || |I)s.t. | .
i)y x>0 I x|l =0 iff x=0, xeX.
i) IxFyn<uxi + Uyl veX
i) x|l =p () I x|, («F)

Remarks : 1) Under the above definition F is a normed linear space over itself

where || <« | =p (%).
2) It is known that [1], if Kbe a field with real valued valuation, then the Cauchy

sequences over K form a commutative ring A containing the identity element, and the

N of A. Hence the quotient ring A/N is a field. Now

nt of which is a € K, then {a} is obviously a Cauchy
) is called the

null sequences form a maximal ideal
let {a} be the sequence, every eleme

sequence, it is called a constant sequence, the corresponding class ({a}
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principal classes belonging to A/y, 6

n Q of K isomorphic to AIN ;:
’ is

can be shown that the

principal class. It .

subfield isomorphic to k. Hence there exists an extensio v of & wich
nts i

called the derived field of K. Therefore, identifying the e/eme the coryg,

dded in A/N and §2 may then be consigerg,

sses in A/N, K may be imbe .
Q2 of K, with rea] Valueg

d that the derived field

ponding principal cla
to be identical with A/N. It can be verifie
the sense that
where ¥ (A) = Lt. ¢ (4
n ®© n)o

valuation ¢, is a completion of Kin
h is an extension of ¢,
—_—

i) Lhasa real valuation ¥ whic

for any {a;} € A,
A denoting the residue class in A/N-
ii) £ is complete w.r. to v,
~jii)- K is dense in L.
Following remark g definition.
1.2.2. A map f: X—F, X belng an arbitrary set and F being an arbitrary field witha
f e I <M. M, being an .

veal valued valuation p is said to be bounded on X,
arbitrary real number and [{f(x)}] € £, L2 being the derived field of F. » i)
Sequence over the set (f(x)) CF.

i e if _p’ [{f ()} <M, {f(x)} being a Cauchy
(f(x)), N is_the set of all

N, where 4 is the set of all Cauchy Sequences over
and p’ is the extension of the real valued valuation p

(2), we have the followin

[{fx)] €4/

null (Cauchy) sequences over (f(x))

of F.
1.2.3. A linear map f: X—F, X being a normed linear space over an arbitrary field of
scalars F with _a‘r'eal valued valuation p is said to be bounded on X; if ) [{F}1 N <M i xl,

vxeX M being real. 3
Since in the definitl"or'i of 2, ‘each élement f(x) e F has been identified with the

corresponding principal class of f (x), norm of f(x) will be given by [f(x) I =P £,

where p is the restriction of p’ to the set (f(x)). Hence it follow < €om 'the above

d'efin_ition that f is continuous on X iff f is bounded on X, R S _ .

w on we shall mean by X(F), a normed linear space over an ‘arbitrary field

From no
of scalars F, with a real valued valuation p.

" PROPOSITION 2. 1. | NER -
. The set BL (X, F) of all’bounded (continuous) linear maps from X(F) of Eis 8

Banach space under pointwise addition and scalar multiplication and noim defined by

it f 11 =sup I [{fN. X<t

“feBE O F). [{f(x)}] € 2.




= R

On Semilinear Tensor Product 97

PROOF : BL (X, F) is obviously a linear space over F under pointwise addition and
scalar multiplication. To show that it is a normed linear space, we note that.. .
i) 1fnN=0, #fu=0iff f=0 [By definition]

i) Wft+agh <Uufl + |l gl [By definition]
i) N«fH=p(<) T, for ,

| «f || =sup p’ [{(«f) x}]=sup p’ [{ec(f(x)}] by deflmtlon

ix I <1 lxy <1
=sup p'[{«} {f(x)} 1, {<x} being the constant Gauchy sequence {«, «,...see, <}:
x <
=sup p’ [{<}] sup p’ [{f(x)}]
nx il <1 hxn <1
=p(«) HfH

Hence BL (X, F) is a normed linear space over F.
To show that BL (X, F) is complete.

Let {fn} be a Cauchy Sequence in BL (X, F), then
0 fm—f. | <e, for m, n > N (intger). Hence for some fixed
X e X, sup || [{(fa—fa) x}] i =sup N {{fm (x)—ta (O}
x| <1 Hxn <1

=sup I [{fm CON—I{fa (x)] 1| <¢, for m, n >N
nx <t

Thus the classes [{f,(x)}] form Cauchy sequences in @, therefore, Q .heiﬁé
complete, the Cauchy sequence of [{fa (x)}] converges in Q. -

Hence [{f, (x)}] tends to [{f(x)}] € £, as n —cc.

Since x € X is arbitrary, this defines a mapping f : X—F. It remains t0 show that
f is linear, f is bounded and that f,—f as n—cc. o B

But these are routine verifications by considering Q as a complete normed ||near
space. Therefore, BL (X, F)is a Banach space over F. ' ' ‘ '

PROPOSITION : 2.2. We may similarly prove that the set B (X, F) of all bounded
maps f: X—F, X being an arbitrary set and F being an arbitrary field with a real valued

) valuation is a Banach space over F under pointwise addition and scalar multlphcatnon

and norm defined by i f i =s;1(o H LG |
Xe
o) be normed linear spaces over arbltrarv

c to an arbitrary tield F, with a real
fsX x Y-F is ca\led a bounded

DEFINITION : 24. Let X (F,)and Y (F

fields F, and Fy, Which are respectively isomorphi

valuation, under isomorphisms ¢ and & ; then a map

bi-semilinear map, if-
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L o< M il Iylls
xeX, ye ¥, [{f(x, y)}] € & 0 being derived field of F-

[A mapping ¥ : X X Y—F is called bi-semilinear if

W orxexe V)=t ¥ (Y) g5, P (xe)

¥ (x, 72V1+52Y2)=§2f2 ¥ (x, V1)+£2SB ¥ (X Ya) :

2 eY; Sis rieFl;fg,
1, we may prove

of all bounded bi-semilinear maps

ddition and scalar multiplication

X,Xuxzfxiy,VpY s, € Fa

Now proceeding as in Prop. 2.

23, The set BL (X, Y5 F)

PROPOSITION :
F under pointwise @

f : X x Y—>F is a Banach space over

and norm defined by

| f i =sup I [({f(x. yH, X <1, lyn<t

3.0. SEMILINEAR TENSOR PRODUCT :
3.1. LetX(F)andY (F;) be linear spa
map ¥: X (F) X Y (F3)>Z (F) where Z is
morphic to F under isomorphisms ¢ and & respectively. The
roduct of X and Y if (Z, V) possesses

for every bi-semilinear map
pg:Z->S such thatf =go ¥.

ces over arbitrary fields F, and F, and let

w pe a bi-semilinear a linear space over the

field F, F, and F, being iso
couple (Z, ¥) is called the semilinear tensor p

rsal factorization property [4] in the sense that

unive
xists a unique linear me

f: X x Y-S (F), there exists e

32, SEMILINEAR TENSOR PRODUCT OF NORMED LINEAR SPACES :

Let X (F1) and Y (F,) be normed linear spaces over F,and F,; £, & be isomorphi-

to F, which possesses a real valued valuation p. Let X’ (F,) and Y’ (Fs)

sms of F, and Fe
(F))

be linear dual spaces
and g ¢ Y’ (F;) and B Ls (X', Y'; F) denote the space of bounded bi-semilinear maps ¥

of X and Y respectively, i.e. f : X>F,and g : Y—»F, where f ¢ X'

‘Y —F. Let(X® Y)e denote an element of BL® (X', Y ; F) such that
XQYF(fo=tLT() &g (y); feX,geY.

X

Then th: semilineer tensor product (X ® Y)F is defined to be the linear span 0f
zinBLS(X',Y s F)forz: '
(x ®Y)F o<, Y ;P form: XxY—>(X@® Y)F being a bi-semilinear map- it can be
show as below that (X &® Y ; 7) has universal factorization proyert
. rty.
EMMA 1. Give ) ist li
L ven u € (X ® YJF. there exist linearly independent sets {:4), {Yi} such that

n
u= 2 (@
1
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n—1

. ssible, lety, = Y dyi,deF
PROOF : If po | Yy - 1 Y1, Gy 2

n—1 n-1
Then u = 21‘ X ® Y T 21: (X ® d; yi)F

n—1
+ f & (d) (X ® Yi)E

n—1
+ 21" 51 (Ci) (xn ® Yi)F ’

(& () = & (di), Ci € Fil

n—1 n—1
= X (Xi ® yi)F + 4‘::" (Ci Xn ® yi)F
1

n—1
= 3 ((x + ciX)® Vg
1

which is a contradiction as n is minimal.

Hence y; and therefore x;’s are linearly independent.

0 .
LEMMA : 2. Let 3 (x, ® vi)g =0, where x; s are linearly independent.
1

yi=0, i=1, 2. .........n,
PROQF : We have, for f ¢ X' (F;) and g € Y’ (F5).

n
(2:; (X yi)F ) (f,g)=0¢F

n
" 12 (f;f (x1) €2 9 (V1) ):O N
n :
i.e & f( 12<£1"1 (&, 9 (YyO},) x)=0

n | ¢
e X (&71{&(g(v))} X =0eXI[f being arbitrary] -

i.e &7146 (g (1) )} =0¢eFy[x ‘s are L. ]
i.e g(y;) =0¢eFy ie y;=0 [g being arbitrary ]

Then

99
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| . linearly in
LEMMA ¢ 3. If {x};i=1,2,ccccccresr M and {y}; j=1,2," n are y i dependent

subsets of X and Y respectively, then {xi @ Y1 - i=1,2 0 o
linearly independent subset of (X @Y)F-
Proof is immediate from Lemma 1 an

Now to prove that ((X ® Y)g |
gar map and show that there exists a unjq,,

) =¢ (X, ¥) i XeX YeY.

m ;jsl, 2,-...0-0.., n} is a

d Lemma 2. o
r) has Universal factorization property, We

consider ¢ : X x Y —Z (F), any bi-semilin
linear map o : ( (X ® Y) )—Z (F) such that ¢ ((X® Y)g

n et
Considering an element of (X ® Y)¢ as ( 271 (x. ® ¥r) g » it is enough 1o shoy,
J =

n n ) . . .
that ( = (x. ®Y:))r =0implies 2 ¢ (X Vr) —0, if we claim that o is defined as

r= r=

n n
o(Z X ®V)= 2 ¢(x.Y.). The proof follows directly from Lemma 3.
r=1 r=1

3.3. Norms on semilinear tensor product spaces :
DEFINITION : 3.3.1: Let X (F,) and Y (F, be given nermed linear spaces over arbitrary
fields F, and F, which are respectively isomorphic to another field F having a real valued

valuation. Then weak norm on u = Z(x, ® v)g is defined by
i

wUu)=sup [[{S& () Loy, nfI<Y, gl <1,

- feX ,geY
Obviously o ((x @ Y)g )=l x I 1Yy | [Considering X and Y as linear dual spaces
of X" and Y’ respectively.]
Since BL® (X', Y’ F) is a Banach space, therefore (X ® Y)g is closed in
BL® (X', Y'; F) & (X ® Y)g is complete in BL® (y', Y’ ; F) under w,
DEFINITION 3.3.2.

The weak semi-linear tensor product of X and Y ijs defined as the closure of

X® Y)g in BLs (X', Y’ F) [i. e., the completition of x® V)F in BL® (X, y'; F) and it is
denoted by (X ®_ Y)g - | A
PROPOSITION 3.1. Let X and Y be two non ®Mpty arbitrary sets and F, and F, b®

ociative field F (having a real valued
respectively. The
isomorphism T’ of ( (B(X, F,) ®w B(Y, F

valuation) under isomorphisms ¢, and & "
n there exists a linear isometric
2) ) =B (X x Y, F) such that
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f(X)fgg(V);XGX.YGY,fGB(X,F]),QGB(Y,FQ)Whel’eT is the

(T ® 9),=¢,
restriction of T toB (X, F)) ® B (Y, Fy).

'; proof : Woe first defineamap ¥ : B (X; F,) @ B(Y, F,)—B (X x Y ; F) such that
4 @t 9)) &, y)=£&, f (x) & @ (y): Then ¥is bi-semilinear as shown below :

[¥ (f+h, @)] (x,y) =&(f-+h) () &9 (V)

| =¢,[f(x)+h(x)]&9 (y) [By definition of f+9g]
| =[& f(x)+& h ()] &9 () [& being an isomorphism]
“ . f(x) £ g (v)-+£:h (x) £,9 (v) [By distributive property of F]

=P(f,9)(x, ¥)+¥(h,g)(x.y)

=[%(f,0) +t¥(h9)] (x, V) [By definition of the sum in
B(XxY;F

Hence P[(f+h), o] = ¥(f. 9) + ¥ (h. 9)
Similarly ¥ ¢f, g+k) = ¥ (f, 9) + ¥ (f, k)
Also ¥ («f,9) =&, () P (f, 9)5 <€ Fy, for

[¥ («f, @)] (x, ¥) = & («f) (x) &a g (Y)
—¢£, [«f (X)] £ @ (Y) [By definifion of «f in B (X, F)]

=[£, (x) & (f (x) )] & 9 (Y) [¢, being an isomorphism]
=¢, (%) ¢ (f, g), by associative property of F.

Similarly ¢ (f, B @) = & (B) 4 (£, 9) ; Be Fs.
Hence there exists a unique linear mapping T: (B (X, F)®B (Y , Fz) ) F>B (X x Y;F;

By definition of the tensor product, T is an isomorphism. To show that T is isometric,

we consider
U=2i7 (f; ®9) ¢ (B (X F)®B(Y,Fy)) F;fieB (X Fy) gie B (Y, Fy) and prove that

I T (u) || =o (u); infact, denoting norm of the derived field 2 of F by (| °)
ITWI=1TE(E®a))l
|

=sup | [{T (& (f; A , ’
XxY[i (i( ® 8:)) (x Y1l

=Ssup || [{2 Efi(x) &ai(N]
- XxY i
=sup 1 Z £ 0. () fil

ue (B (xs Fl) )'

=sup sup |l [{2_52 g (V)& ()N
hel <1 Y i i e, u:B (X F)>F
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=s”ur:»I - W= ép (f)ol

gl < i ’

=Sup sup WHZ L (f) &a v (93] i” e. Vv.e :BB((YY’,FEz))“*Fs
ITIEE IS i '

=w (& f, @ g)=w (v)
: (Y,F2)_+B(XXY;F)?3|SO B(XXY;Fyis

Thus T is on isometry of B (X, F1) &® B
B (X,F) ®,B (Y, F)>B(XxY, ),

. Il =
a Banach space, hence there exists an extension T’ :

This proves the proposition.

ACKNOWLEDGEMENT : | offer my sincerest thanks to  Dr Dilip  Kumar
Bhattacharya, Department of Pure Mathematics, Calcutta University for his King

suggestion and active guidance.

REFERENCES

1) Bachman G—lIntroducfion tb p-adic numbers and valuation theory —Academic press, 1964.

2) Bonsall F. F, snd Duncun. J—Complete Normrd Algebras, Springer Verlag, Burlin Heidelburg,
New York (1973)

3) Greub W. H.—Multiline?r Algebra, Springer Verlag, New York Enc. (1967)

4) Gruenburg K. W. and Wein, A. G.—Linear Geometry, D, Van Norsfrad Company, Inc. Princeton,
New Jersey. 1967. ' . .

Received
16. 12. 1986

Department of Pure Mathematics:

Calcutta University




{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }

