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ON A GENERALIZATION OF HERMITE POLYNOMIALS-I

S. K. Chatterjea

Some years ago H.W. Gould and A. T. Hopper [2] introduced a gereralization of
the usual Hermite polynomials by making the definition

(1) Ha (xap) = (—1) x % PXt D“( x“e‘P"r)’ D=9 ax,

which bears a close relationship with a generalization of the generalized Laguerre

polynomials due to the present author [1], viz.

2) H. x p)=(-1)"nt T, ™M (x, p),
where

1 — N — pxk
(3) Tkn("(—) (x'p) — F X L epx D» (X °(-+n e pPX )

and

() N

(4) H ‘T (x.p)=x"H, (x, « P),

k . ] Kk
the reason of muliiplying H, (X, «, p) by x* lies in the fact that H, (x, «, p) is

not a polynomial, while Hy, (<) (x, p) is a polynomial of degre kn, provided k is a natural
mumber.
Now from [2, p. 53], we notice that

k : " (x.—a — " (x, a, p).
® 0 a0 = (-1 2 () H,, o2 P, o8P

|==

1

Then operating e~tD on H," (x,a,p), we obtain
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r
’ al
v 00 tm m m Hr (X, arp) Hﬂ+l (X p)
(6) Hn (X'—t, a,p)—-—- A — ./S J m-—J
m=0m ]==0 J r
,a, p).
o v mon ) B Lo, )
~--rY'=0 mty " j=0 )

, t )
The relation (6) can be easily verified by means of the followring W0 generating
relations of Gould—Hopper:

T

a T
0 o — r—(x—t
7 = on! Ho (x 8, p)=x °(x —1) o P =Xt
n= -
5 r - a r —1) '
(8) ?7 :} ] Hn-}-m (X, a, D)_':x a (X——t) e p(x —(X L) ) Hm (X——t, a, p)
n=0

The relation (6), in terms of our polynomials Ty, (<) (x, p),
reveals that

(a—n)
(9) Twm (x—t, p)

m_ (—a—m) @ (*=279)

(o) .
= 2 (—xt) Tm x—p) 2 ("TH (—xty T,

m=0 i=0< ! >( YT () % P)
Next from [2, p. 53] we observe that

o) ¢) = )

| M=

where GD = D—pr x! +a/x.

r

- —t
Then operating e @ on H, (x,a,p) we obtain

—a a p(xT—(x—t)r) r
(1) x (x—t) e Ha (x—ta,p)
2 tm m m r k
= 3 g7 % (=1 X.a, '
m=0 m ! k::o( ) ( k ) Hm~k( P) D H, (x,a,p),

by means of the formula of G0u|d——H0pper .

—t — "
(12) GDHX):x a(x—t)a ep(x—(x—t)r)f (x—1)
—1).



On A Generalization of Hermite Polynomials-| 105

the relation (11) when combined with (5), yields the relation

Y .

—a P(X'—(x—=1)7) T
13 x (x—nTe H. (x—t, a, p)
fo'e) k r r
= Z i K (x,—a,—p) (x.a.p)
- m=0 m‘k o ( ) - (o) j-fo <J> Hi Has, '

which can be easily verified by means of (7) and (8).

Comparing (8) and (13) we get

(14) Hpym CH3P)

r

m B m . r
~ 0 (n; )H““ v . ( rl?—j’) Hoe 2P H, (6—8—P)
1= =j .

1t may be of much interest to compare (8) and (11). Indeed, then we have

(15) H,,, (2P

m

= 2 = () Mo (xa0) D H] (0.
—=

Now if we let r=2, a=0 and p=1 in (15) we find the formula for the classical

Hermite polynomials

m .
(16) Hn+m (X>= l b O (—1)k ( [IT(‘ ) Hm—k (X) Dk Hn (X)'
(:

2k n1 Hy_x (%)
(n—Kk)1

Since D" H, (x) = , we obtain from (16)

in (m,n)
e {m (_z)k( m )( " )k! Hpox (X) Haix (X).
0

which is the well-known formula of N. Nielsen.

Next suppose that

Q
(18) G (X ?): 2 a, —r—]— Hnr (x)alp)'
0

Then operating e—t@ on G (x, t z) we obtain by means of (12) and the following

formula of Gould-Hopper

r

(19) )" H, (x, & p) = (—1)™ Haym (x, 8 P):
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the bilateral generating relation

—a o 4\
(20) «x (x—t)aep (= (=1

w m n m r
(=" 3 2,("2_)___@ H. (x,a.P)
nt

G (x—t, t Z)

m==0 m' n=O

0 00 tm+n ’
= 2 d, A Hn+m (X,a,p)

m—=0 n—0 m!n!

m B m

= 020 t | H,. (X,a,4p) b (m ) a, 2"

m=0 m! n—=0 n

lized in the form cf

The above bilateral generating relation can be easily genera

the follwing theorem :

If there exists a generating relation of the form

Theorem.
0 n 5

21) G(x, LU= 2 ﬁni,— W, (uaP) (W),
n:O : .

where . (u) is any polynomial or function in u, then the following more general
generating relation holds
—a a p{x*—(x—1)

(22) x (x—t) e G(x—t, tz, u)

oot x,a.p) w (D ’
nio n ' Hn+m kb___._-()( k ) ax Z &N (U)
Proof.
[eo) t» ! L n
2 H;) (xla‘p) Z a Zk .
Lo ol 4m k=0 ( k ) k ax (U)
© tz)* , ® -
= X —'(?z'z—" a, q, (u) z n Hop g max (x, 2. p)
k=0 ' n=0 ’
—a a T
p(xi—(x—t)7) F  (tz)*
_ _t e > Xx—t,a,
x  (x—1) 2y a Hppre € P) a (V) By (8)]
—3a a r (v —1)
T ety POTTTY) G (x—t, 1z, u) [By (21)]-

Again returning to the action of the operator e"‘@ on G (x, tz) defined by (18)

e by means of (10) and ()

a p(x*—(x—1)")
(x—1) e G (x—t, tz)

we hav
—a
(23) X
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© (2 ® M r
N (-) a 2 2-: < T: ) Hm-k (X,a,p).

- n;O N oMY ke
k r

. K '
.2 ( _| >Hk—j (XI—al‘°p) Hn-H (X,a,p),
=0

which may be compared with (20) and which can be easily verified by means of

(7). (8) and (18).
o tD
Lastly considering the action of the operatore on G (x, tz) defined by (18), we

have by means of (5) and (8)
—P(X'—=(x-+1)7)

(24) x*(x+t)™re G (x+t, t2)
(o0} tn n n— < > ' !

= T (=P n ,—a,— p) H, (x-+t, a, p),

=0 Mool p )& 7 Hup (x—2=P) R, P)

which can be easily verified by means of (7) and (18). we should like to examine
one special case of (24). If we let a,=1 for all n and z=1, we obtain from (24) the result

—_—

(25) (x)jrt>23 e~ 2P (X'—(x+1))

© n n n—p r r
=2 2 » <y (” Hu_, (x,—a,—p) H, (X1, a, p)
n=0 "!p-=0 P
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