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ON A GENERALIZATION OF HERMITE POLYNOMIALS-I 

Some years ago H. W. Gould and A. T. Hopper [2] introduced a generalization of 
the usual Hermite polynomials by making the definition 

(1) H, (x,a.p) = (-1) x 

where 

(2) H,) (x p)=(-1)"n! Tka 

(3) Tkn 

and 

which bears a close relationship with a generalization of the generalized Laguerre 

polynomials due to the present author [1], viz. 
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(4) Hn (<'(*.p)=x" H, (X, <, P), 

not a polynomial, while Hen 

mumber. 
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(«-n)(x, p). 
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D( x*o-) D=x 

(5) D H, (x, a, p) = (-1) 2 

the reason of muliplying H, (x, <, p) by x lies in the fact that H, (x, <, P) is 

Da (x tn 

k 

Now from [2, p. 53], we notice that 

j=0 

(x, p) is a polynomial of degre kn, providedk is a natural 
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Then operating e-tD on H, (x,a,p), we obtain 

H,. (X, a, p). 
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(6) H, (x-t, a,I p)= tn 

(7) 
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relations of Gould-Hopper : 
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reveals that 
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The relation (6) Can be easily verified by means of the Toilowing tWO generating 
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Hn (X, a, p)=x (x -t) e 

The relation (6), in terms of our polynomials Tn 

m=0 m ! 
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tm 
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Next from [2, p. 53] we observe that 
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on H, (x,a,p) we obtain 

(x,a,p) 

by means of the formula of Gould--Hopper : 
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The relation (11) when combined with (5), yields the relation 

X 

m=0 
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which can be easily verified by means of (7) and (8). 
Comparing (8) and (13) we get 
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(17) Hnm (x) = 

(18) G (x, 1)= 

(-1) () 

which is the 

Next suppose that 

Since D* H, (x) = 
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It may be of much interest to compare (8) and (11). Indeed, then we have 
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(P) H* (x,a,p) 
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(16) Ham (x)=,(�1( ) Hm-k (X) Dk H, (x). 

n=0 

Then operating e 

H, (x-t, a, p) 

formula of Gould-Hopper 

min (m,n) 

m 
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Now if we let r-2, a=0 and p=1 in (15) we find the formula for the classical 
Hermite polynomials 
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well-known formula of N. Nielsen. 

H, (x,a,P). 
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. we obtain from (16) 

(19) " H, (x, a, p) = (-1)m Ham (x, a, P): 
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on G (x, t z) we obtain by means of (12) and the following 
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the bilateral generating relation 

X 

Proof. 

Theorem. 

(22) x 

m=0 

(23) x 

(x-t) 

m=0 

=X 

00 (-t)m 

=X 

-a 

the follwing theorem : 
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The above bilateral generating relation can be easily generalized in the form cf 
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where gn (u) is any polynomial or function in u, then the following more general 

generating relation holds 
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If there exists a generating relation of the form 
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Again returning to the action of the operator e 

we have by means of (10) and (6) 

a z* qk (u) 

G (x-t, tz) 

(x, a, p) 

a Hm+ k 

G (x-t, tz, u) [By (21)]. 

(x-t,a,p) qu (0) (By (8)] 

on G (x, tz) defined by (18) 
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have by means of (5) and (8) 

(24) x* (x+t)-" e 
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tm 
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which may be compared with (20) and which can be easily verified by means of 
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Lastly considering the action of the operator e 
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j=0 
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H,- (x-a, -p) Ha (x,a,p), 

E (-1)"Pa, z H-g (x-8,- p) H, (x+t, a, p), 

which can be easily verified by means of (7) and (18), we should like to examine 
one special case of (24). If we let a,=1 for all n and z=1, we obtain from (24) the result 

e-2p (x'-(x+t)) 

I 

tD 
on G (x, t2) defined by (18), we 
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t 
2 (-1) ) H-, (X,-a,-p) H, (x+t, a, p) 
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