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ON PARTIAL DIFFERENTIAL OPERATORS
FOR F(—n,B; Y ; )

SARAMA DAS

1. Introduction :  In the application of Lie algebrato a special function it is
usual to find two operators (called the generators of Lie algebra) which raise
and lower the index (or parameter) of the special function under consideration [1].
The object of this paper is to present two partial differential operators, viz.

A = x(1-x) yu"l a‘; =xpzu-1 6 + y —yut
s -1 -16_ -1 —12___ -1 a -1 2_
B=x(1-x)pz"*u o 4+ xy2z7lu ay y +y 5
—(1=x); yz Rl

such that A raises the index » and at the same time lowers: the parameter » of
F(—n, B 37} x), while B raises the index and lowers both parameters .5, » of

F(—n, B; ¥ 3 x) at the same time.

In other words, we have, T :
(1.1) A[y"zPu? F(—-n,B;7}x)]= (? 1) y™*t zu?~t F(—-n—1,8317-1; %)
B[y"zP ut F(—n,B37; x)]=(?—l)y’“’1zﬁ‘1u" LR(=n21, ﬂ—l;y—l*x)»
The extended forms of the transformatlon groups generatqd by the operators
A, B are given by

f(x u-+ay , y, —28 Ju+ y)

(l 2) exp (aA) f(x! Ds 2, u) u+ay u+axy u+axy

zZu f(x zu+by (1——x) yzu

exp (6B) S (% 9 2, )= g =) m by

Zu—bxy " zu+by (1—- x)
u zu—@cy
The introduction of such operators for F(—n, 8 ¥ § x) helps us 'fo derive

the following generating relations :

(1.3) (1-n?* (1—-xe)"* F(‘”' Bivix “11-—;:)

_Z‘( "'H)”'F(—n mByr—myx) e,

mM=0
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where |t | < min (1, | x| ~1).

(L4)  (Vxt)P<"2 (14 t(x=1))""2 F(=n, B ;v ) x+xt (x~1))

—2 (= "'H)"" F(-n-m,B-m;y—-mjx) ™
M=o \
where x£1, |t { min (| x| =%, |1-x|-% |x|-t|1=x]""Y)
Furthermore, we have proved the following general theorems on generating
relations for hypergeometric polynomials F(—n, B ¥ § x).

Theorem I: If there exists a generating function of the form :

e

F(x,t) Za,.F( n,ﬁlv n;x)t"

"-‘0 ; . _ - o

Then,

(1.5) ZF( —-n, Biy— n;x)ﬂn(y)t“ R, it & SBS

N= Q-
M S < e 1—¢ yt ........
(L=1)*=1 (1—xt) F(x e —1-1)1
where . A L R i ¢ vy
. N
o () = > 0 C2HEEDucy i

(n—k) !

k=0

Theorem II : If there exists a generating function of the form :l\

Fx,, 0= Z‘a.. F(=m, 83 715 %) gn ()

=0

where g, ( y) is any arbitrary polynomial, then,

(1.6) Z'F( mB;v=n; x) o (p,2) "

_n=0

— (1 =)L (1= ¢ B 5 2t
(-0 (=) Blx L2E,, 2]
where,
< (- e
og (¥, 2)= Z ”u( y?;,k_;)')!" Logi (p) 2%,

k=0
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Theorem IIT: If there exists a generating function of the form :

2]

G (x, f)=20n F(=ng;»1x) "

= Q
then,
17) (1-p)7* (1- -ﬁG( b2 )= "
(LD (=)™ (=307 G 3 g2 yt) = D ow (009"
where

on (%, t)=2"rf (“_'(*ryrf‘ilc—;“"'LF(—n,ﬁ‘;w~n+k'; %)t
k=0 :

Theorem 1V : If there exists a generating function of the form :

F(x, t)=2 an F(=n,B—n;v-njx)t"
n=0 '

o LR D \

then, e : S D
(1.8) F(-nB-n}v-n;x) o, (p) 1"
. B-v (1 — 1)1 5% yt (1+x1)
,(l""xt,v _ 7“(1_+t‘(g‘c__~ DI ~—F—[?‘.+~’“ (> '1“)’51+‘(x—-'1)t']" ot
where

n
o )= 3y (XA Do

Theorem V : If there exists a gcncfating fanction of the form :
F (x,5,0)= > an F(=n, B=njr=n; x) g () "

f7=0

where g, () is any arbitrary polynomial of y, then,

(19) D'F (=n, ponir=n;x) o (21"
= (e (1o (=) 077 F [k -, SR

27
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where

L .
on (¥, 2) zak( ”+k"';c;),""“ gr (») 2
k=0

Theorem VI : If there exists a generating function of the form :

G (x,#)= zanF(—n,ﬁ,y;x) "

n=Q

then

(1.10) (14+xp)P=7 (14 (x— 1)y)v-1G(x+xy (x—1), 1+xy)

=z dﬂ (xo 1) y":

n=0

where

(= v+1) T
on (X, 8)= 2 k)”'k F(-n B—n+k;v—n+k;x) ¢

k=0

2. Derivation of the operators :

We know that F(—n, B, 7, x) satisfies the following relations :

d F(-n, By 7; x)=x"1 (1-x)-1 [(Bx—i*+ 1)"F(—-;_1,_ Bi vy x)

(2.1) Tx

+(»-1) F(- n—lﬁ;?’ 13 x)]

+(?-1) F(—n—l, ﬁ—l; y—1; x)]
Lot A=A, . 3 A, 2 4 &, 9 48,2 4 A 1o an ovecator sich that
155 % 7 “3u 0 perator such tha
Aly™ 2P u? F(—n,8; v ix)]=anp"** 2P 0?2 F(=pn-1,8; y—1; x),

where each A, is a function of x, p, z, u and independent of n, 8, » and 4, is a
function of n, 8, v but independent of x,p, z, 4. With the help of (2.1) we have

(2.3) AD" 2P u? F(=n, B3 ¥ ) x)]=A; x71(1-x)"2 pn 28 47 {(Bx—p—1)
.F(—'ﬂ,ﬁly;x) + (7_1) F(—n""lgﬁ HEV S | ;x)} -+ .l)’" zB u F(_n, B s V3 x)
HAampt A Bz 4 A, purt + Al
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In order to make the coefficients of F(n—1,83 ¥—1}x) p"** 2P 472
independent of x, y, z, u, we choose A, =x(1-x) yu~*, so that (2.3) reduces to

A[p* 28w F(=n,B ;71 x)]=(r-1)y"** B uwtF(-n—1,8;7-1}x)
+ [(Bx—v+1) yu=* + Agny™t + A, Pz7* + A, yu™* + A,]
.p™ 28w F(—n,B; 7§ X)

In order to make the coefficients of »™ z# u* F(—n, B} ¥ | x) Zero we choose

A!=O: Ag=—xyzu™, A=y, A= —pyu*.
Thus we get ‘
(24) A = x(1- x)yu"1 ix - xy"u"1 0 + y — - yu
for which

2.5) A[p"zPu F(-n,B; 75 x)]=(r—1) p™** 28 wr~* F(-n-1,8; y—11x)

" Similarly, we have on using (2.2)

1 =1 0 e L
2.6 B = 1— I 1 1 1 —_— - —_—
(2.6) x( x)y? U o + xy?z 7ty % xXyu 55

N oM -i-)_nj;z"i 9 —(L=x) yz‘:"1 ut,

for which

(2.7) Bly"zfu F(-n 817} ]
(? Dyn*2 z'e‘1 w"l F( n—1,8- 1, j7=1;x)

3. Extended form of the groups generated by A and_-B :

_Let-¢, (%, 9,2, u) be a function such that A¢,= 0. Then on solving
A4,=0 we get a solution as ¢,=pz"* u(l-x), so that A reduces to

. — o | —1_3_ — -1 peoll 1 =cd-1
A" = x(1—x) yu e Xyzu az+yau' Thus A=¢7 A" ¢,

Now let X, Y, Z, U be a set of new variables for which

(3.1) A’X=1, A'Y=0, AZ=0, A'U=0,

d

so that A reduces to X"

Solving (3.1) we get, a set of solutions as

1-x _.Xx
X_T Y=p2==5 U_(l-x)u'
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from which we get

XYY e L T X
=YY 2T Z(I+XY0)

Then

€4 f(x, o 2, W) =451 (3, 9y 22 8) €4 [0 (6092 2 0) S (59 2 )]

=¢31 (X, y, z, u) eXp (a gX ) g, X, Y;Z, V)

=¢;1 (x5 Y, 2, u) g1 (X+a’ Y’ Z’ U)'
On calculation we get
ad i utay 4 u+aJ’]
(3.2) e S (x, p, 2, u)= u+ayf[x u+axy’ Vs u+axy’
bg=x% yut, SO that B reduces to B’

Similarly, B¢,=0 gives a solution
and B=¢;1 B'¢,. For the new set of variables X, Y, Z, U, such that

(3.3) B'X=1, B'Y=0, BZ=0, BU=0,

which gives a solution as, :
XY2 U+Z

_Z4XY:U _ -2 i _ XY UAZ
x= sy T XY T ey g
Now

e®® f (x, y, z, u)=¢3" (%, ¥, 2 u) e’ [¢a (x, p; 2, u) f(x, 9, 2, u)]

Thus

3.4) e f(x,), 2 )= L o 2UEOY (LX), pE0 | 2l
(34) e f (x50 zu+by(l—x)f[x zu au=bxy’ u. '

" zu+by (1-x) 1,
zu—bxy

4. Application of the operator ‘A’ :
I. First we notice that

4.1) e%4 [y* 2B yv F(-n,B17} x)] = U s ZU )ﬂ
(1) e ) = i () ey

utay
u-+axy

F(—n,ﬁ;y;x

=y 2P ay |\ ( ay _\-# 1+ 2
d zw(H-u I+Tx) F(—"’ﬁ;y;x : )
T
u
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On the otherhand,

&3 m ) S
(42) e [P W F (=mBiy; 0= D - A [P 2w F (=m 81y ;)]

m=0

— &5 \ R n T =
=2—ma—v (=1 (=7+ 1)y y**™ 2P u™ F (—n—m, B;y—m} X).

m=0

Equating and using the- subs;itution e zy =t, we get

T ey e 1=
(43) (1= (I-xf) F( TR l—xt)

=z(—_}ii—,l’”~l’(—n—m, Biy—myx) L Ry
v m. | |
where || { min (1, ] x| =%). ' ) .
Now making use of the relation (4.3)-we shall-derive:the folloWigg_"genéral

theorems on generating functions :
Theorem I : If there exists a V‘generating'?unct'ibn;-of the form:i— =

F (x, t)=2 an F(—n,B1v—n;x) P

n=0 <

then :

(4.4) Z F(-n,B;y—n;x) o, (¥) "

n=0

» e 1-¢ =~ yt SRR ‘
o i B :
(1= (1=x) F(x = 1 t)’

where . o i

o ()= a (""(';k_ ",'5)!”"‘ »*

k=0

P;ooi‘ : We havc

* ZF(—n,ﬁ s v—n;x) oy () 1"

. nmQ .

_N' S, vtk Dk e B fypen;

n=0 k=0
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. < (= v+k+D)n pl-p- -n-k "
zza’c(yt)rozc_,,ﬂ_———f“( n-k,B3y=n ] x) ¢

k=0 n=0

=(1=-¢)r1 (l—xt)'ﬁlﬁ i F(—k’ Biy=kix ::;f) (-lij-étt_' k

k=0

, _ 1—t  _yt_
=(1- 7 (1-21)"* F[x =L

Theorem IX: If there exists a generating function of the form :

F(x, y, t)= zanF( iy B "J’—" x)gn (y)t

n=0

where g, (p) is any arbitrary polynomial, then

(45) D F(=n,p37-n3x) 0, (5,2) 1"

n=0
'

" . 1-1 - zt
=(1-¢)7r"1(1-; B ( )

e 5 0)

n
where o, (¥, z)= ay (

Proof : We have,

2 F(—n,B;y—n; X) 9y () 2) ty

n=0

= S’ (—y+k+1),_ :
2” (n— k)ynkgk(y)sz(—n,ﬁ;y—n;x)t”

n=0 k=0
= . % (=y+k+1),
k_zo'akgk(y)(zt) g ~ ) F(-n-k,Byy-n-k3x)1"

=(l-—l)"_1(1—x0_ﬁzal¢gk (y)F( kiByy-k; x1 :)(1 tk
pory § vp

k=0

=(1-£)r1 (1-xf)- BF(le, zt
"y’ l' '_)-
t



On Partial Differential Operators for F (=m, B ;Y ; x) 33

II. Next we shall use the operator A to derive another general theorem on
generating function.

Theorem XII : If there exists a generating function of the form 1

G(x, t)= Za,.F( n B3 x) et Vv Ot [ { —

n=0

then

s W) Z an (%, 1) y“

where
on (%, t)=Za al (y"';c))“'“" F(—'n, 3‘1?—n+7c;x1!"
k=0

Proof : - We have, G(x, ¢) = Z ay F(=n, 8371} tﬁ

=0 . %

Replacing ¢ by ty and multlplymg both sldes by z’ uv, we have, on

applying the operator ¢%4 to both sides,

e® [G (x, ty) z* u’) = e“[Z ay F(=W; 817 121yt 2P "v]}

fi=0

The left member becomes

u u+ay v,
u+ayG( u+axy' y)(u+axy) (u +ay)

On the other hand the rlght ‘member becomos

ZZa,t" T:;T A™ [y 28 u? F(=m 817 )]

fi=0 "M=0
’ZZ" i :—---( =Y+ 1)y 2w F(=n—m, By ¥ —=m} x)
N=0 Mm=0
-ZZa,.-m:"-"' T (=70 p" 2P w F(=n, 817-m}x)
=0 M=o
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o " (—~7+1)m . y—my x) t:n—m(_:q_)"’ zB
o yﬂ a”_m ___.'n_!___—-F(_nv ﬁ, u -
n=0 m=0
Thus
1+2 5 -
- -B . =
(142 5) 7 1+ 2 ) G(x v ) b R
" # 1+-Z xy e
u
O'n(xat,u)y" e T 3
=0 - T R
where
,y+1 . " _a n—I
o (% 1, )= Z‘ak _A( k))",k F=n p12cn+k i) zc( )
Putting ———=1, weget =
=4 = 1"‘,:]? )._ N n
-l % i 8 ) t - H t E)
A=) =) G(x = :Z 507"
where
( v+1) g '
dg (x, t) g ay k?'k F,-_(:n,‘fié y:f?_"!f;k\% x)zkf |
5. Appllcatmn of the operator ‘B’ :
I. First we notice that B ‘
5.1) 2 [y" 28 yv F(—n, ‘,,3‘ Ve 28 yzu -)"”(zu---lzv«:y"s
(5.1) €® [y 28 w F(—n, 617 x)]= u+by(l-—-x)(zu ) (Rl

zu+by(l—x) zu+by (1-;
.[u e ] F( n,B;7; x “Zu( x)

On the otherhand,

(5.2) €' )" 28w F(—n, B;7}x)]= Z——B”‘y 28w F(=n, 857 x)

m=o

N (=bm
'2 ) (‘7’+1)m}’"+mz”"“u”‘mF(—n—m,ﬁ*-m‘.v—m;X).

m!
m=0
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Equating (5.1) and (5.2) and using the substitution ——h—f:- =1, weget
(5.3) (1+xt)3”"” (L=t4+x6)"* F(-n, 8;7; x+xt (x-1))

G :ln-l-r]’” F( n-— m,ﬁ—mn’—m x) m
m=0 e 3

where |¢]|{min ([ x|~ | 1=x ]2, | x|t |1l-x]"1).

35

Now making use of the relations (5.3) we shall dcrlve two new general

theorems on generating functlon

Theorem IV : If there cxnsts a generatmg functlon of the form :

F(x,z)=2a,,1=(—n,ﬁ—n;y—n;x)zﬁ :

N=0
then -
B S ECaer i B LT
» t (14+xt

= (14-x0)* (1—t+xt)v - Flptnt ('xh 1)5_13’1{_236__1))_1]

where - o
= < (=Y4+k+Dn-n_ &

Proof: We have R N e g L R B

Z‘F( mB-n;7-ni x) o () 1°
=0 3

e (—7+k+])n-k k = —_p Y- "
-> o T Fl=hyfeny? L

n=0 [k®0

fe
mjic=0

(—1’+k’+‘)n yF ik E(-..”.-k,ﬁ-n—kl'l’ﬁn—k;x)

< S oy I | — n
=zak (}”)k-z G yt,k!+ Jn F(-k-nB=k=ny?-k—n;x)t

k=0 n=0
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]

=(l4xt)fFr (1=t4x)r1 2 ap F(=k, B=k 3 7=k ; x+xt (x-1))

k=0

pt (1+xt) }
I4(x=1)1¢

= (14x1) 7 (1 =+ x1)7-1 F[x+xt(x-l), ad ((lxt’if))t]

Theorem V : If these exists a generating function of the form i
F(x,p, t)=2 an F(=n,B-nyv-n; X) En (,'V) "
n=0
where g, (») is any arbitary polynomial, then

(55 D F(=nm b=nyiv=n3x) o (y,2)

n=0

- - - zt (14+xt)
(14x)#~7 (1-t+xf)* F x+xt (x—1), s (x=1) t]

where,

o (7, 2)= X & y?;f*;g)r* g (9) 7"

k=0

Proof : We have

2 F(—n,B-n3y?—nyx)o, (p,2) »

=2 2 o S ek gy (3) o (-, ponivnyx)

n=0 k=0

¥ k Da ‘
—Z (= + = gk () zF pnth F(-n-k,8-n—kyv-n-kjx)

n k=0
—2 o o g () 3 deicudd
k=0 n=0

+F(=n—k, B—n—k yy—n—kyx)
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e e Son ) [

k=0

F(-k, -k 7=k jx+xt(x—1))

zt (14-xt) ]

=1 +x£)P~r (1=t+xt)>1 F|x+4 Y, - nuSa e
)B=Y (1=t +xt) [Jf+xt(?c 1), T+ G=1)7

II. Next we shall use the operator B to derive another new general theorem
on generating fanction :

Theorem VI : If there exists a generating function of the form :

G(x, t)==z| a, F(-n, ;71 x) "

v, f=Q

then

Lo

(56) (l+xy)’3'°' (1 y+xy)”‘1 G(x+xy(x—l), ([+xy) '

= 2: On (xs t)ly ;;‘
o TR S g N

n=0 g |
where,
on (%, )= z = ”+,:))';-k F(— b=ntkitentk) i

k=0 & 2 <
N g N

Proof: We have

G N=D e ECEnfyrym
Replacing ¢ by ¢y and multiplying both s:des by zPu’, we have, on
applying operator e®? to both sides,

e [G (x, ty) 2* u*]=eb®? [2

n=0

ay F:(-'"n,ﬂ\i?lx) " yn zP w*]

The left member becomes

- zu zu—bxy ) A [u zu+by (1-x)
zu+by (1-x) zu— bxy

zu+by (1-x) tyzu
' G[x R ' “zu-bxy ]




38 Sarama Das

On the other hand, the right member becomes
Zz [ e B”‘[F( n Py E R PN P W)

=2 2 an 1" '(_T%)i(_b)m F(_n—m’ B<W§ P § )

5 y'nJ.-m ZB-m yv=m

“Z > toomiroe {22V LtUn (—pym yo 2t urem

=0 Mm=0

.F(—n‘, B—my} V—myx

o i m
i Z 7 3 a0 (22

n=0 m=0

F(—n, 5-—m;'}’—m } x) gn=m

= zF yr E on (X, 8, 2, u) P°,

n=0

where

.- ,hl.'a .-. l. .
on (X, 8, 2, u) = 2 Api-m ( w"l)”‘ ( zz ) F(—n, B=m;7-m; x) "™

k=0

"2"“( 'y+k1)),;-k F(=n, 6-ntki¥- n+k.x) ,k( )

Equating and using lzz—zl, we get,

(1+xp) 8 (L=p+xp)™? G["+xy (x b, l+xy]

=2 on (X, 8) Y™,

=0

S, (=74 D _ ) ‘
ﬂp(x»i)=zoak e k)"” F(-n B=n+ky¥Y-n+kyx)i*
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