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ON ORDER AND TYPE OF AN ENTIRE FUNCTION
REPRESENTED BY DOUBLE DIRICHLET SERIES

R. K. Das

1. Introduction : The growth properties of an entire function represented by
Dirichlet series in one complex variable have been studied by a number of
mathematicians. But the study of the growth propertics of an entire function
in several variables represented by multiple Dirichlet series has not yet been
done adequately. The main purpose of this paper is to extend the concepts of
order and type of an entire function represented by Dirichlet series in one
complex variable to an entire function in two variables represented by double
Dirichlet series and to express them in terms of co-efficients and exponents.
We also construct some entire double Dirichlet series with given pair of positive
integers as an order point and with given type and discuss the convexity of a
few sets involving the order of entire double Dirichlet series.

Consider the double Dirichlet series = %
(1L1) fls1s 82)= 2 amn oxD (s hmt8atta) (55 =0+ b7y, j=1,2) «
m,Nmy :
where an, € c, the field of complex nu‘mbers, Am’S, u,'s are
real, 0 <A, <)\, e A <M, 0K 8 <ppg < ..ive < fly=> 00,

A. I. Janusanskas in his paper [4] had shown that if :

\

s logm . logn
2) lim %%, jim 1987_,
(1) Jim <E2=0, lim <8
then the domain of convergence of the series (1.1) coincides with its domain of
absolute convergence. P. K. Sarkar in his paper [5] had shown that the
necessary and sufficient condition that the series (1°1) satisfying (1° ) to be
entire is that .‘ o Lol : : M :

; . lOglamn‘l__._'_oo_ ¥
A3 - hatas :

2. Definitions and notations: We indicate the elements (s,, s,)
(Res,, Res,) etc. of ¢® by their corresponding unsuffixed symbols s, Res etc.
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For (p, r) ¢ R® (2 dimensional Euclidean space) we say that,

M p<rep <rij=12
(I) p<rep<rbutp#Ar

double Dirichlet series of the form (1.1)

Let F stand for the family of all
enotes an entire function over c?.

satisfying (1.2) and (1.3). ThenfeFd

Coriesponding to a f ¢ F we define the functions : the maximum modulus

M=M; and the maximum term &= Hs on R? by
M(o) = M, (c) = max {|f(s)]: s¢ ¢® Res = o}

u(o) = py(6) = max {| dun| €xP (G2An + oatin)}
(mn)eN?

where N is the set of natural numbers.

We define the product order and type of an entire Dirichlet series over ¢*
in the following way.

Let feF and P; C R* be the.set of points « ¢ R% such that for every
« € P, there exists a a°= (o3, 03) such that

log M(0) < exp (0141 + 0a%s) for ¢ }Aof’, oceR?

The closure P, of the set P; is called the product order set of f. The boundary
5P; of the set P; is called the product order of f. A point p ¢ 8P; is called a
product order point of f. We say that fis of infinite or finite product order
according as P, is empty or non-empty. Evidently for any '

pedP;, P = 0 = (o0, 0).

For brevity hence forth we shall call product order simply as order throughout
this paper. | %

It follows from the definition that the set P, satisfies the following
condition :

If « € 3P, then {«': «’ ¢ R?, &' >> «} C P; and
if « € 3P, then {«’: « e R, « <<« NP, =¢
Next let us take an order point p (>> 0) € 3P
sand d )
set of all T € R such that enote by T, (¢) the

log M(a) < T exp (0,1 + 0sPs) for o3 o) ;¢ Ra
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Then the infimum of the values of T for which the above relation is satisfied is
called the type of f w.r.tthe order point p. fis said to be of normal type if
type of fis finite and > o and of minimum type if type of f=0. Also, f is
said to be of infinite or (max) type if T, (p) is empty.

Theorem 2.1: Let f ¢ F. Then p = (Pys Pg) € R?; is a product order point
of fif

u
lim sup p1 log Mm + pz log Uy

(myn)>® - —log l amn l

Proof : Let us suppose that 0 <e¢ < ., Then we havc two sequences {Ampt
and {u, ,} with m, —> o as p - e and ng > “as ¢ - oo such that

log l amn | >—(1—e)'1 {)‘—"'— log Am+’;—'-‘ log ﬂ,,}for m = myand n = ng
, it

Since the inequality M(o,, ag) | dmn | exp (03 A + 0g8,) holds for all
5., 63 and m, n it follows that for all o, and o4 and m = my, and n = n, that

log M(o,, 65) > log | amn I + o\, + Ugl‘n

> (= )-1 [Am IOg A +”” log ﬂn]’l" 01Am + Gglin

:alpl—(l—e)'llog)\m+ [a,p,—(l—e)-llogn,,] 5

Taking o,p, = (1—¢)7* log (e M)

‘ oapy = (1=)tlog(em)
we have 0,0, — (1—¢)"* log My = (1—e)*t '
“0gPq — (1—€)"2 log fig = (1=¢)72

and e%1P1 (1-e)_, A

eo‘ﬂpﬂ (1-—&)= e l‘ﬂ

eal.pl (l—e)_)\m dnid eo'epn (1—6)=&
i Y ">

03P (1-¢) ea,P, (1-¢) ‘ e'°'1Ap1 (1—¢)
. log Mo, o) > S5 (T=e) T e Py (1=9 ~ epy (1-9)
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.. log log M(a) > o0,P, (l——e) — log [e Py (l—c)]

log log M(e) 0.7 (1—e) _ log[epy (1 —e)]
Ulpl + osp! 61p1 + U'npg 0'1P1 + Gﬁpﬂ

lim sup log log M (o) > lim sup gl_&_ﬂ:_el =1 (See [1])
(61, Gg)> ¢ m Z (04, 0a)>< 03Py + TaPs

(A)

Again, we see that

Mn 1 Hqp AN
M log My + =2 lo
P, g M D, g uy,

3 < 14¢ ; for m > mey, n > No
—log | amn |
- m ) +e for m > me, n > ng
ve Mn Prlly Pa >|am'nl
L D~
A e it form > meo, n > Ny

I am” ‘ < Am— Py '1+5) !,[“ (1+C)

Now M(a,, 05) < [22+2 2"’2 Z - Z 2 ]

M=1 MNe=mi - M=moti1i MH=1 m=1 N=no+i m=mo+1 N=notl

I Amn | eXp (Ulkm""o"zl‘n)

=Z 5y Z+ ; + Z (say)

clearly
Z‘ = O[OXP (01 A-mo + Oaliy 0)]
1

@ o _-_(7\m_ S .
Py(1+€) pPa(l+e
2‘ z‘ E A ) MUp - ! ) exp (o, +o5tty)

4 M=mo+1 n=no+1

= 2 z exp [Gl}\n;+an”n —(l4e)-2 (Z‘Q_n log )\fm"‘yﬂ log @‘n)]
~ X s

m>mo n>no

M

log )‘m+‘;)—“ log uy, .
2 2 €Xp | o1 dmtoopy, - 3 A (l-—\- )
Mm>mo N>no ; 1426 1-4e
m log )\m“i’—- lOg u

mamo n>uo 14 2e

pm log A,m—|—__, log -un]
1
_1(1+a)(1+2e)
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(21) < max exp [“1'\m+asﬂ — (14 2¢)1 (A log -+ en " log u,,)]

A771
X - {_‘: IOg Am— %: log ”n}
m>mo n>no e 14e)(142e)

Since the maximum of the expression
exp [01>‘771.+"2ﬂ-:1.— (142¢)-2 (%’-‘ log Am'l'ﬁ—" log f‘ﬂ)] is attained at
i ' 2

Am=e"* €xp {0303 (1+2¢)} and u,,-—e 1 exp {ogPg(1+2¢)} and the maximum value
of the expression is

eXp [e—ﬁl(—ll_-*:—z-e—) exp {alpl(l+2=)}+m exp {G,Pg(,,l+2e)}.], |

< exp[ {exp 6,P1(142¢)+exp cgp,(1+2e)}]

1
en(1+ 2¢)

where p=min (P, Ps)

Since the series on the right of (2.1) is convergent,

2 < A exp [ - H_Ze){exp ( P2 l+25))+cxp vaP,(1+2€)}]

4

where A is an absolute constant.

Further to estimate 3, it is noted that for all values of m and n, g some

tive const. k s. £ .

P Pa
log >‘m . Uy i k.
—log | amn I
Therefore,
<~ ‘ k=1 Ay log Ny k™ 4y, lOg u,.]
22 < Z Z exXp [(Gl)vm'*'c‘n”n)‘— ’;1 m :;’
m>mo n=1 i ,

=0 [cxp (cr,,u,w)] z [exp (0-1)\,,,—"‘_1 }‘f};llég A

m>mo
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. (k4¢)=2.\y log Am)
<O [elp (‘Tsﬂno)] m?:: [cxp ("J‘m’ /,1" ]
ay A log A
X >exp [—ek (k4e)"2. =1 ]
>
- (k+e)~* Ap 108 Am ]
But the maximum of the expression exp lcri)\m— P,

is attained at \,=e~* exp [¢,0,(k+¢)]

Hence 22 <O [exp (azu,,o)] exp [e—_l—(’%j——e—)j eXp {Ulpx(k*’e) }]

since 2 exp [-ek“(k+e)‘1 )\ngpgﬁ] is convergent.
. B 1

m>mo

Similarly 2 <O [exp (o4 )\,,,0)] exp [M exp {%Ps(k+€)}]

Substitating these values of z (1gig4)inM (og,05) -
- ;

M (o,,09) < 2 + 2 +<2 +Z_ ,

<0 [GXP (C3dmo T+ sﬂno)] +0 [cxp (vaﬂﬂo)] exp [‘3-—1(—,::4)—.1 exp o, P, (k+ e)]

+0 [exp (alhmo)] exp [‘%-—1 exp {%Pa(k"l‘e)}]
+A exp [m){lexp (¢1P1(1+2e)) +exp (%Pg(l“i‘zf))}]

—A exp { [exp o0, (1+42¢)+exp a,p.(1+2e)]} [1+0(1)]

1
lOg M (0‘1, as) ‘é log A
1
+ 1z (O 91Ps (1+20) + exp aaPy (1429]  for o > o0

1
= '—epv (l+2¢) [exp 0‘1P1 (l-{--Ze) + pr U.p’ (l+2¢)] f°r0-> 0_0.
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log lOg M (0‘1, D-’) < log ——(I—_FE + Iog [e 101 (1+2¢) + eﬂ'gpg(l‘fﬂé)]

for ¢ > o9,
1 : :
< log — gy +log 2.e7iH3) if p, > p,,
lim sup loglog M(oy, 74) o | (B).
(U'lo 69)‘*“ 1p1 + o-Bp’ o

Combining (A) and (B) we get the result (Seé [2])

Theorem 2.2 : Letpo > > o be an order point of f and let 'r(>-b) be the
corresponding type of the function, then _

1
o1 m+°': Fn} 1P

) r= lm lim p{"’"m'e
(0'1- g1) > (m: n)->o< e. ea'lpz'i‘“'npa

1

(i) r< limsup o Lam | 217

(m. ):)o: -e
I SO g _—
X@n) ¥ max. M 7S B
Where PP o, Py

Proof: Let T > 7 (>0). Then there exists a oeR% such that
log M(s) <.T exp (a1p1+«r,pz)~for e B e (4)

By Cauchy’s 1ncquallty

M (o)
| amp | < AT ’”n) for all o and (m, n) eN2.
inf, T Pto.p _
. .exp(Te 171 i) I P \
| 8 | € 550 D s o for (m, n) eN*

which by ([4] Th. 3.4) is equivalent to the fact that

[e T. e 1"914"" P,]l/P

x[P
| amn | 0% + 0%,

3
<
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for (m, n) « N2-J

[e. T, o72P1 & O"p’] xle

xle
S e°'1)\m + ocgttn

for (o), @) = (9, %) and (m, n) e N*—J.

1 . R
X [ ] gy | ek + o] 1 < o T o010 £ a8

for (¢;, o5) 2 (02, 02) and (m, n)e No9—

1
[la |8 o hm + o*,p“}xlp
£ &1

G P A oPy | L.

for ¢ 2 ¢° and (m, n) e N3 —J.

Since = is the infimum of the valti”" esof T for Whlch (A) is satlsﬁed

T
T= lim sup lim sup K{ | anm | e Tibm + amu"] e

(01, 0g)>c (m, n)>c<

°1p1 +oogPg - = =
so (i) is proved.
1 1
Again, since (e”ﬂm.-l-tr,p,,)x/p.; ik (ev"?%)‘2"“/’:‘“1 if¥=)‘-'_".;\ :
e%1P1+03Pg] 1P ah, PPy

"spl%ﬂ —OgPy O, (pl)!&i’j— P,)
=e m

=e m

":p:lpa (f;n )
=p Py
Since “=— )"" <0

pg p1

93P, Ps Iin__)\Ln)
e M Vs
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1
(eo’l'\’”_{- o'gn“n)‘xTo

Similarly < 1 ifX=Ftn
e°'1p1+°'9pg P Py
1
XIP
i lim sup pla’" l
(m, )00 e

Construction of entire functions with given integral order point and with

a given type. Qs @ "

Theorem 2.3 : Let («,, «3) eN? and aeR, be given. Then there exists an
entire function f represented by a double Dirichlet serles such that («,, «,) is an
order point and ‘a’ is the corresponding type of f.

Proof : Let us consider a doublé Dirichlet Series

S(5q5 80)= 2 ( exp (ms1+nsg), m= t,, n=1%4

Since a,yn= (-—) when 'm=ta(1; n=t«fgqy

L e
=0 otherwise;~ ~7 -~ % 3.\“

f satisfies the condition (1.3) and hence it'is- entn‘e e

‘Now (P4, Pg) is an order point of fiff [2] g : o

X T
lim sup —- plog e {gd o1 oy B
(m, n)>= =log| amn I .
(m m n
e g max (-~, —)logm L&
i..,iff lim sup. AP, .) = Ap, p,) 1
t->o tlog t —t log (ea) £

t max "‘ _) log {t max. ﬁ, i’! }
i.e., iff lim sup Ay Pyl )

=1

‘ t[log t—log (ea)]

{>x
<
max (-1, _) log t+lo )
i.e., iff lim sup Pa [ Ak gmax ’ Pa ]
e

i.e., iff max 11, '1! =1,
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For given («,, <5) eN® there exists an entire double Dirichlet series whose

order pts. (P,, P,) satisfy the condition : max (;—1, 3;—’) =1. Evidently («,, 5) is
2

1

an order point of f.

Next let us calculate the type of f corresponding to the order point
(%45 %g)- We know that corresponding to the order point (24, P4 ) the type 7 is
given by
1

[ | ams | € 1)\,,,,+0',';4,.]le
= limsup lim sup P

(¢4, Gg)>o  (m, n)>> e. e°'1p1+°'§ps
Now X=max (2—’", Ju—‘-‘) =max (22, tﬁ) =t
¢ s Pa °(1‘

S

t \ '. \‘ ?

z[(%) exp (o-ltacl—[—o-zta(s)]
€. exp (“'1"‘1"'0'2“‘;).

r= lim sup lim sup
(61, 04)>@ (>@

[ . exp (o124, + "'a“s)]

= lim su lim su =d.
(o1, a,)—fm {>o P e. €Xp (0143 +0s%3)

so the theorem is proved. : : iR

Definition : The set [(-c,, £g) 1 (%4, %) € RE, —= _-) € Py is called
the reciprocal order set of f < F and is denoted by o7*

Theorem 2.4: The i'eciprocal order set p7* of some f ¢ F is convex.

Proof: Since log M (o) is a convev function of o [2] so for any ¢ ¢ R2
and s ¢ R? and any A € [0, 1]

log M (Mg 468y, Ma+uss) < Alog M (2, ts)+u log M (54, 84)
where u=1-).

Now let us take two arbitrary points a and b ¢ p;.

Now let us set,

oidg osby
t; o, + #b, an Sy = ; !‘,i 1,2
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A, a uoy b,y
T s, = 191 =
hen M2, + ws, . F uib, Nay + ub,

1

Similarly, A\, 4+ wsg = 04

Since a, b € p;, log M (2,, ;) < eXp (2161 + 25
. exp (5,4, + Sgag) fors > s,

by) tort > ¢,

and  log M (s,, 85) <
log M (0,, 05) < \log M (2, t5) + # log M (54, 55)
< N XD (1,55 + taba) + 8 €XD (5,0, + s4a4)
for > 1t,, 829,

1310, 0cadgby

i, 1104 Tadgby ) g )
AexP()\1+‘ub +)\a,+yb e p(A1+Mb Ag + ubg
for o > ¢°

g a

= ex 1 - for o> o°

p(x . }_+£)
b, a, b, ag

Consequently for any A and g, A 20, # = 0, A + ¢ = 1 the point
(b + £ b}\ + —’i i.e. any point of the segment joining the pts.
1 2

(b,"%, bg~1) and (a,™1, as~*) of p;~* is also in p;~*. Thus p,;~* is convex.

The above theorem is equivalent to the following :

The set #'; C P; where p'; = {«; « € R2, « € p;) is reciprocally convex.

Theorem 2.5 : The set p'; of some f € F is convex,

Leta = (a,,a5), b = (b1, b3) €P'; and let C = pa + gb where p =0,
q=0,p+ gq=1. Since the set P', is reciprocally convex it follows that

d = (dy, d;) € p'; where
Now forj = 1, 2
(c; — d;) (pb; + ga;) = (p* + q°) (a; by) + pq (a3 + b7) — a; by
=+ q%a; b; + pq(a; — b;)* —a; b,
Z(p+a?a;b; —a;b; =0
which shows that ¢ > 4 and hence ¢ € p';.

This implies that the set £’; is convex.,
8
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