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ON BIGROUPOIDS
M. K. SEN \

\

The purpose of this note is to characterise a certain classes of monoids in
terms of the corrcsponding classes of bigroupoids.

A monoid is a semlgroup with identity. An involution of a monoid is a

upary operation ¢ : S —> S satisfying the following axioms
(1) (xt)'=x ‘ (2) (xp)t=pixt

A monoid is called a monoid with involution, if we assign an involution
to it. \ '

An algebraic system (B, *, o) of type‘(2, 2) which is- taken into considera-
tion here, always satisfies the followmg axiom B. Let us call this system
bigroupoid. 8 & Al )

(B) xo(y *z2)=(zox) *p. = - M

\ ) i
Qs A W=

1. Blgroupold with identity.
Definition. An element u of a blgroupmd S is callcd a Ieft (ught) identity
of S, if it satisfies g
(uz) : 4 % a=a (uz i d 0 U=0)
Lemma 1. Let u be a left identity and v be a right .identity of a
bigroupoid S. Then (i) v # u=v and \4(.\i\i)uy o uU=u,
Proof : (i) v*xu=(vov) *u y & o
=yo (u *v) vtowt o (by B)
=y0V L \ W 22 ‘
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(ii) vou=vo (u*u)
=(uov) *u
LU %Y DY) T
=u.
Lemma 2. Let u be a left ldentlty and p bo a right identity then
a su=voaforalla¢s.

Proof : axu=(@ov) xu
=yvo0 (u *a)
=y 0 da.

A
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Proposition 1. If S contains a left identity u then there exists atmost one
right identity.

Proof : Let v and v, be two right identies. Then

Vi=u %V, (by uy)
=mov)*y, (by uz)
=vo0 (vy *#u) (by B)
=vov, (by Lemma 1)
=v. (by ug)

Proposition 2. . If S contains a right identity » thén: there exists atmost
one left identity in S.

Proof : Let y and u, be two left identities of S.

Ug=U; OV | | (by ug)
=u; 0 (u %) < : (by uz)
=(vou,) *u (by B)
=Hs *U o iwosteix (by Lemma 1)
=u. o I (] uz.)

\ I

Definition. A pair (u,v) is called an 1dent1ty element of S 1f uis a left
identity and v is a right identity. reid

Proposition 3. S contains atmost one id\en;i_ty (u, ,\y). ‘ o
Proof : This follows from Proposition 1 aIIdAProposition 2
Definition. J.(x)=x # u and I;,(x) =y 0'x. \

Lemma 3. J,=J, wERY N

Proof : Let x € S. From Lemma 2;
Ju(x)=x #u=v 0 x=J,(x).
Hence J,=J,.

Lemmad4. (a) Ju(x #p)=p £ x (b) Juxop)=yo x.
Proof : Ju(x #Y)=Jo(x #p)=vo (x*p)

=(yov) #x (by B)

o A (by uz)
Juxop)=(xo0p) *u

=y o (u * x) (by B)

=y 0 x. (by uL)
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Lemma 5. J,(J.(x))=wx.
Proof : JoJa(X)) =T (Je(x))

=(VoX)*u

=x0 (u *v) : (by B)
=x0v \ (by uz)
=X.

Lemma 6. Let S be a bigroupoid with the identity (u, ). Then
(@ *b)oc=a=*(boc)

Proof:  Let g, b, c be three elements of S. Then

(@*b)oc=J,(co(a*b))  (byLmma4 (5))
Ve =Jy((boc) *a) * (by B)
=ax((boc) (by Lemma 4(a) ).

Theorem 1. Let S be a bigroupoid with the identity (u,v). If we define
a.b="J.(a) * b, then (S, J,) is 2 monoid w1th 1nvolutlon, where' 4 is the identity

of this monoid. ( - - <l L 2l
Prooft  Let a,b, c be three eléments of S. Then
a. (Bic)=a. Fub) %) N
=Ju@) * (Ju(0) #)" -~ ¢

LARle R =J.(@) * (J,(B) *¥¢) =\ (by Lemma 3)
=J.@a) * ((vo b) ¥¢)

=Ju(a) ¥ (bo(c *v) )““ ] (by axiom B)

=Ju(a) * b) (¢ * ), (by Lemma 6)

: —(v o (I,.(a) % b)) % c ‘ ~ (by axiom B)

—((bov) *Ju(a)) % c
=B *Ju(a)) xc
=T,(Ju(a) * b) *c i (by Lemma 4)
=(a.b).c. \
Hence associative property holds in (S, .).:
Now for any a ¢ S, we have
u.a=1Jy(u) xa=(u*u) »a=u*a=aq,and
a.u=1Jy(a) »u=(a*u) »u=a (by Lemma 5)

Hence u is the identity element of the semigroup (S, .). Let us now show
that J,, is an involution in (S, .). Let x & S. Then J,(J,(x)) = x (by Lemma 5)
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and Ju(a.b) = Ju(Ju(@) *b) = b xJu@ = Ju(Tu(®) *Ju(@) = Tu(d) . Ju(a).
Hence J,, : S - S is an involution in (S, .). Hence the theorem.
We can also prove the following theorem :
Theorem 2. Let (u,v) be the identity of the bigroupoid S. If we define

a.b=aol,b) then (S,.,J,) is a monoid with involution where v is the
identity of this monoid.

Let us denote by S,, the monoid obtained in Theorem 1 and Sy the monoxd
obtained in Theorem 2. ; ‘

Theorem 3. S, and S, are |somorphlc to each other

Proof : Let us define a mapping f from S to S,. by f(u) = aoufor a ¢
S,. Then,

f(a.b)=(a;b)ou

O

= (a0 J,(b) ) ou (by the definition of a . b in S,)
=(@oJub))ou (by Lemma 3) .. \
=(ao(bxu))ou

=((oa)xb)ou N & T (by axiom B)

=@oa) x(bow ; (by Lemma 6)

= Jy(@aou) » (bou) ) (By Lemma 4(5) )

= (aou).(bou) % iy (?)y,the definitionofa . b in S,)

=f(a).f(B). .

Let a,b€S; such thatf(a) = f(b). Theén aou = bowu. From this
Juaou) =Ju(bou). Then by Lemma 4(b), uoa =uob. uoa) »v
= (uob) »v. L % ~

This implies a o (v * u) = bo(v * u). Thenby Lemma 1, aov=>bov.

Hence a = b if f (a) = f (b). LetaeS Then(voa) *pES.

Now f((voa) *v) =((voa) *v)ou=(voa) *(vou) = (voa) *u

(by Lemma 1) =a o (u * v) = a o v = g. Thus it follows that f is an isomorphism
of S, onto S,.

Note. Let S be a monoid with an involution. If we definc a » & — ath

and a 0 b = ab* where a' denotes the involution of g, then we can show that S
is a bigroupoid with identity.
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2. Bigroupoid and Group.
In [(2), P 73] we have considered a bigroupoid S that satisfies the
following axiom :
G:ao(b+a)=bforalla,b€S
Some results abount this system are listed below 1
Lemma7. [(2Q)P72)ax a=bxbfora, b€S
Let u=axa=bxb=cx*c ;---fora,b,ce_S.
Lemma 8. [(2),P 72)ux d = d for alldés.
Lemma 9. [(2),P73]dou=d for all deS.

Theorem 4. [(2), P 73]). Let S be a bigroupoid satisfying the axiom G.
If we definea. b = J, (a) * bforalla, b€ G, then G is a group.

3. Regular bigroupoid.

‘Definition. An clemeunt a of a bigroupoid S is said to be regular if
@ = (aoa)* a. Ifevery element of S is regular then S is said to be a regular
bigroupoid.

Definition. An element a ¢S is said to be left (right) idémpotent if
asa= a(aoa—a)

Leema 10. In a regular blgroupmd evcry left |dempotent is a right

\

idempotent and conversely.. - ' ¢

Proof: Let a be a left- idempotent: then a% ¢ = a. Now gdogq =
ao(ax* a) = a. Converscly, assume that g is right idempotent.
Thenaoa =a. Hencea x a = (a o‘a) * g = ao'(a* a) = a.

A \

Lemma ll In a regular blgroupmd aoaandas aare xdcmpotents ‘

Proof: We have ao (2% a) = a." Then (ao a) * a = a, From this,
ao((aoa)*a) =aoa. Thisimplies (a0 a)* (@oa) =aoa. Henceaoa
is a left idempotent. From Lemma 10, it follows that a o @ is idempotent.

Again a o (a » a) = a we find that (a o (a * a)) * a=ax a.

This implies (a % a) o (a* a) = a* a. Hence a» ais a right idemptent.
Then from Lemma 10, it follows that a + a is an idempotent.

Theorem 5. A bigroupoid is a group if and only if it is regular and
contains only one idempotent.
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Proof. Suppose that the bigroupoid S is regular and contains only one
idempotent. Then from leema 11, it followsthataoa =axa=bob=5b#b
forany a,b€S. Hence ao (b* a) = (aoa)* b= (bob)xb=>bo (bx*b)
— b. This shows that S satisfies the axiom G. Then from Theorem 4 we find

that S is a group. Conversely, suppose that S is a group. Thenao(b* a) = b
for any b€S. Hence ao(ax*a) = a This implies that S is regular. Then
from Lemma 8 and Lemma 9 we havea * a is the identity of S. Let e be an
idempotent in S. Hencee = eoe = e* e. This shows that e is the identity

of S. Hence S contains only one idempotent.

A semigroup S with an involution ¢ is called [(1), P 370] a #- regular semi-
group if it satisfies the axiom

x =2xxt%
If we define a* b =a* b and ao b = ab?, then (S, * 0) is a regular
bigroupoid.
Definition. A bigroupoid S is said to be commutativeifa* b = b o a,
for any a, b € B. :

Theorem 6. A commutative regular bigroupoid is a disjoint union of

A

groups.

Proof : Let E be the set of all distinct idempotents of\a‘c‘bm\mutative'
regular bigroupoid S. Suppose e € E. - Let G,={a € S: ¢ ¥ a=a and there exists
a’' € S with the properties (i) @’ * a=e (ii) e * a'=a}.

Since S is commutative, we have ¢ * a=a o0 e=afor alla € G,.

Suppose a, 5 € G,. Then e = (@ x b)=(eoe) * (a * b)=eo((a » b) xe)

—=eo ((boa)x aj=eo(ao(e sb))=eo(aob)=eo (b x a)=(aoe)xbd

=(e a) #b=a % b. Since a,b¢€ G,, there exist a’, b’ €S, such that
a sa=eand b’ x b=e. :

Now (a’ % b’) % (@ % b)=(b"0 a’) x (a « b)=a' o ((a = b) = b')

=a’o((boa)* b')=a"o(ao (b’ xb))=a"o(aoe)=a"o (e x a)

—a'oa=a «a'=(aoe) xa’'=eo (a’ xa)=eoe=e.

Alsoe x (@ % b)=(ecoe) s (a «b)=eo ((a *b) * e)

=eco(eo(a «b))=eo((b’oe) sa=eo (b’ xa’)=(a"oe) x¥

—a s b. Hence a «b€ G, for all a,b € G,. Since aodb=> xa, it
follows that a o b € G, for all 4, b € G,. Hence G, is a bigroupoid. Let f be
an idempotent of S such that f¢ G,. Then e % f=fand g % f=e for some g € S.
Alsoe x g=g. Now f=e x f=foe=fo (g «f)=(fof) #g=fsg=(foe) x¢g
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Hence G, contains only one idempotent. Also it is

=eo0 (g xf)=coe=e.
Then from Theorem 5, it follows that G,

true that G, is a regular bigroupoid.
is a group. Let a ¢ S. Then (a 0 a) x a=aimplies that e=a o0 a=a o ((a 0 a) » a)
=(a 0 a) is an idempotent and e x a=a. Also e=ao0a=a xa. Hence a¢ G,.
Let e, fbe two dstinct idempotents of S. Suppose a € G, N G,. Then there
exist # and ¢, such that? xa=e, e % 1=t ¢, xa=fand f x¢,=¢t,. Now from
t x a=e we have fo (f xa)=f0 e. Hence foe=(aof) x t=a ¢ (since a € Gy)
=(@oe) ¢t (sinceat G,)=eco0 (t x a)=e¢ 0 e=e. Then e=fo0 e=e 4 f=
(foe)x f=eo(fxf)=cof=eo (t, xa)=(ao e) xty=a xt,=(aof) »t,
=fo (&, xa)=fo f=f. This is a contradiction. Hence G, N G;=¢ when

e#f.
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