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ON THE DISTRIBUTION OF THE EIGENVALUES
OF A DIFFERENTIAL SYSTEM

N. K. CHAKRAVARTY and SUDIP KUMAR ACHARYYA

Abstract : The object of the present paper is to investigate certain
asymptotic relations connecting the infinite series expansions involving eigen-
values associated with the differential system (—D2+P) U=\U and the integrals
involving the characteristic roots of P, which is a positive definite symmetric
2X2 matrix. Tauberian theorems are next applied to obtain, interalia, the

asymptotic distribution of N(\), the number of eigenvalues less than A.
f kY

” 1. The Problem =
Let the differential system be
M ¢ = )\, FReetel - s aii (LR}
—~D2+p r d
where M= s, D =—-
r —D2+gq - dx
D, q, r are real valued functions of x, with derivatives, which are alsolutely conti-

nuous over any compact sub-mtcrval of R : [0, <) and A is a complex parameter.

The boundary condltlons considered are
. u(O) - V(O) T 9 = T
A . St R B 2
W)=y =0 VTS O T K

‘where ¢ = g il I ok & | 4RM
v(x) v '

The Hilbert space H In which the theory associated with the operator

(1.2)

. f
M, is developed, is that of functions ( 5

)for whichs ([fel®+ | fal®)dx

< «, with usual definition of the inner product.
It is well known that the differential system (1.1) along with the boundary
conditions (1.2) (or with (1.3) ) gives rise to the Dirichlet (or the Neumann)

u
eigenvalue problems. It is assumed that ( ) € by at infinity.

4
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Let us further assume that pd, qé, r¢ € H and thatp, g > 0, det P >0,

r : \

in [0, ), P = (p ) Also let P be pseudo-monotonic over [0, &) in the
r q : ‘
sense that forj = k, p; = pi> 4; = qi» det (P3—Pi) = 0, (py, g4, Py are the p,
g, P, in which x is replaced by x;), j, k = 0, 1, 2, ...Then the sequence of eigen

values {\,} is positive, and the spectrum is discrete with lim \, = e, over
n—>oc

[0, <), both for the Dirichlet and the Neumann eigenvalue problems (see
Chakravarty and Sengupta [2] ).

In particular A\, = A\, = 0, )\, being the least eigenvalue of the system. *

)be the eigenvector corresponding to the cigenvalue

( P1n
Let ¢,(x) =

an

b and let A = AG)= L (p+e+ Vo= F a7 ),

1 =1(x) = % (p+q— v (p—q)ziwlfr_é) be the .cﬁaractéristic roots of the matrix P.

AL ,
Then A,7 are bcth real and both steadiily increase with x, if p (7> q), r are
steadily increasing and (p — g)g’ — 2rr' = 0, is satisfied (see Chakravarty and
Sengupta [2] ). We take into account the following conditions : ‘ :

@ 12@-p 1, 1d@=-a6) 1, 17(O-r()7 & €T 1) for

0<|é-x|=1, C,a,are positive constants, 0 < a,. < %

®) p®), a(®), 1701 = Ky exp {11 szqﬁt i) or 1 g-x1 313

K,, a, are positive constants, 0<a, < %

(@ n(x) = x* 1%%4(b) for'large x € R = (o, oe), b > 0.

(d) A(x) as well as %(x) are steadily increasing with x.

Let there exist two well-behaved functions ¢;(x), j = 1, 2 on R, such that

() #;(8) <City(x)s |é~x| =S 111 <ty <n <A, forlarge x,j = 1,2,
where C; are positive constants,
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-]

(f) S dx < e, t;=t;(x), =1, 2, for some positive numbers 4,, 4,.

o
t!

(8) r2*ys, + 13343, €L [0, ), where s is a positive integer = 2.

We define a”("v Tas M) _ S (z"(x), n,ll:(x)) AT(x) dx .o (1.4)
(T4s Tas M) 3 2
and b, = (z'r(x), ¢,,.(x)) n=9"(x) dx e (L5)

Yed §
" ‘ - .
where (27, ¥p) = E t4y , mand 7; are positive pumbers,
. i in
=1

satisfying

—

(h): 0= 7; <min{2m - A, 25— A; — 512}, j=1,2
and when m = 0,

(h): 0<m <25 —A; -1, j=1,2

. .
o= (745 Ta» m) . —2s—2m '
Put S'T1a Ty S, e g a” : ()"}-'-M)L' > [ng, ;

_1.35......(45-3) §t1’1(x)+t:’(x) dx;

Ty Tgs S, M I 237 (25—1) ! (u+ A)a(s+m;-1u
. 0

I

* ‘ *

A= A(x), and S’Fp gy S, m° IH. %48, m OO the corresponding entities, in

which A = A(x) is replaced by n=1(x).

Our object in the present paper is to show first that as u— oo,

* *

~ I ~
S"p Tgs Sy M Tis Tas S5 M ; Tis Tas S, M I"'p Toy Sy M
Then by means of certain Tauberian theorems, we obtain the asymptotic
n

number of eigenvalues not exceeding M.
10
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2. Some preliminary results

| ’ G s Vs '
Let G(& p, p)= Gralér ) il ) be the Green’s matrix for
Gia(&y, ) Gaal(é s )

the system (1.1), with (1.2) or (1.3), where A\=—pg, =1, in the singular case

Gi1

0 =< £ < oo, the Green’s vectors being G;= ( ), ji=12.

Also let g(&, p, k) be the correspondipg Green’s matrix for the system
_D* -
Mo $=—k0) ¢, Mos= [ ) D=djde, $=4()

satisfying the same Dirichlet (or Ncumann) boundary condltlons as before

and 0 = £ < o w1thvectors g,==( ) =12

Then both G; and g; ¢ L, (j=1, 2), G,, g; satisfy the same boundary
conditions at £=0, and by a variant of the analys1s adopted by Sengupta [5)
[Lemma 2, P-101], \

lim
b—>m

[G:' &, & y, 1), g (B, &, p, k)]io ; where G; (b, --), g; (b, ) are
the Green’s vectors for the interval [0 b], such that lim G; (b, -+)=G, '( )
bo> @

and 11m gs (b, )= g,( ) and [U V] represents the bilinear concomitant

of the vectors U, V. (For definitions see Chakravarty (1], 1965)

Then by making use of the properties of the Grecn s matrix, it follows
after some easy manipulations, that

G (3, )=g" (x,9, k) +\Gly, & ) (P(O-P(x)) g7 (v, £, k) a

+SG(y, & 1) [PO)=(k*(x) - ) 1] g7 (v, ¢, k) a o {21)

; . . 10 :
where I is the unit matrix I=( 0 1 ), P (§) is the matrix P with x=§, GT, gT

being the transpose of G and g respectively.
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Since k = k(x) is at our disposal, to simplify our discussions, we SO
choose it, that the last integral on the right hand side of (2.1) vanishes. We

further assume that the two matrices A=g'(x, & k)

d a p—(k*=u) 7 )
. B oot I

commute (this is implied in our discussion in view of the explicit expression
for the elements of g7 (x, & k)). We then have k*=p+A(x) ot
k*=p+n(x), where z_\.(x) and vz(x) are'the characterlstlc roots of the matrix P(x).

The equation (2.1) now takes'the simpler form

. e WY L'.I— _’.\ \:\ ; vo - -
G (v, y, ) =g" (0,3, ) +\G (1 & ) RO -PON" 60 dE . QD)
o .
where k®=up+A(x) or p+i(x), p=1, undcf\\ t\]i‘c’”v"éssumptions -made above.
(2.2) is the basis for our investigations that follow.> « -

It is casy to deducc that:

v—-‘\ w

"xb..(x) = : . e o wn (2.8)
= SG 5092 8) $(9) e
e Sy e
Therefore by the expansion formula ﬁ.f S e
G, (7 1) == > BaOI0) 5y, 9, | c ook (i)

(Anto)

n=0

Let D:,_") be the symbol of differentiation » times with respect to u.
L, A \ N Ao o R = 3
\ A \ BN NS
Then from (2.4)

(3—1) A '»[‘in(x) P (p) 2.5
D,V G; (mx, w)=(r D’ (s‘ 1) TR e (223)

n=0

from which by the Parseval relation,

l " em _¥ia (%) '
m D G! (x’!Vo !l-) " 'Z(A"—‘_ )a‘ U 1, 2) (2.6)
where [['o || =S (03 +w3) dy, o = w(y) - wy () )
il | ' way)




76 N. K. Chakravarty & Sudip Kumar Acharyya

T G .
G ( ) =( = ) is the Green’s vector corresponding to G’ (.), the
i G,;
transpose of the Green’s matrix G (.).

In the second term of the right hand side of (2.2) substitate for the Green’s
vectors G; (p, &, ) by the relations (2.4) and then differentiate (s— 1) times with
respect to u, by using the Leibnitz formula. Thpn it follows from (2.2) that

1 (s -1) ¥ 2 'l’],n(x) an(J’)
o G (%, 9, #)=( 1)2 O 4+ 12)°

(S-1)
=(S—_1mD gx(y,x,k)+1s(x,y, k) » \ e (2.7)

| Yis(xs ps k)
where Js (x,p, k) = : )

J,'s(x,‘ ¥, k)

s—1

-3 c. 2 (3 s @ re- P«x))D N i, k)ds) A
_“-Zo C“”-zo Xa (x)- ()\f'-.lf‘:‘;“l A i e 0 18 _\ , ... (2.8)

C;s are the numerical constants' (suitably adjusted) obtained in the
process of application of the Leibnitz formula, and

=14, © (PO-P@ ) D5 ™ g6 x e

A similar result holds for D::-ﬂ GT (x, p, »),
. 2

Since g, 3 =0, it follows from (2.6) and the relation (2.7) that

: (a =-1) ]
(}‘;p.:;.”;)xﬁ)ﬂ Sl(s l) I 811 (y9 X, k)"l'Jla (x; ¥ k)] dy

+§ %00 @9 )] "0y .. (2.80) |
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® - .\ i
g_[(i(s__%_@.\(DL )gu(y, 2, k)) dy) + 1 To(x, 9, k) | Otm] <. (2.9)

by using the Minkowsky inequality and an obvious inequality

(a%—!-b%) sl+ c < {a%+ (b+c);*L’};3 where a, b, ¢ are positive.

? o) 2 . .
. A similar inequality for (T‘bé_-"'_% also holds.
\ 7 n

NG
H¢“ﬂ=(¢x;)
an

d%/dz®+ =0, satisfying either the Dirichlet or the Neumann boundary
conditions, then it is easy to verify that

) be:a SOlution,of the system d2u/dz%+ =0

T \ | '
g (62 0)=- S%%%%?d“”-‘fh_;; | -+ (210

1

s :
P(\) being the spectral matrix assocmted with the system, where

k2 (x)=u+ A(x) or| u+n(x) { 5
Also (gq;(§ 2, k)) has the cxpllclt reprcscntatlon

\.

(g¢;(£,_z,k))=: 216[ '”“f’:Fe’“"t'f’]I, 2< g |
- i .. (2.11)

0 =i§7€[e-k(z+ﬂ FekE-n ][' ey,

where I is the unit matrix definéd ‘before, the upper or the lower sign being
chosen according as t_he p;oblcm is the Dirichlct or the Neumann and k =k(x).

Since g,,=0, it follows from (2.lOl)'and (2.11) and the Parseval relation

that
1 PRGEY 7 _ 1 (as-1)
{(s—-1)1}® § {DP g11(W; x, k)}* dy= TES VR D 811 (%, %, K)

. C 1 (98=1)[g=2k0
=i =110 (

where k?® =k (x)=up+ A(x) or p-+n(x),

1.35......(4
and C,= 2"(2.9(13)1

and the lower for the Neumann).

3) (the upper sign being chosen for the Dirichlet problem,
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Since by Leibnitz’s theorem,

(28-1)

(]

where f(k, x)>0, is a polynomial in k, x and R is a suitably chosen positive
integer, it follows from (2.9) that ‘ ' ‘

(e-skm/k)= —e-2kw 1k, x) k—R’

® 2 2
Van(X) T L Ey (%, pi- il 2
=0 U\n"“l‘)’s _ ( + I (x’y\{C) |(|) m) ( )

‘where T=C, /""" (x)i( 1) &3 flky %) K| ,\ 

(the upper sign being for the Neumann, and the lower sign bcmg for the Dlrlchlet
problem)

N 2 \ 3 Ry c:Iz - v F
Similarl %”(’C—)H S (T4 || L, v, k 1‘ j Sl (213
¥ 2 e 1otz k) I (2.13)

Lis(x,‘y, k) . .- s : a9l
Y Mo c\l\eﬁn_ed;‘m the same way
Los(x,w, k), : :

as Js(x, y, k) with g, (&, x, k) replaced by g,,(f, %, k)

where L,(x, , k) = (

‘3. Inequality involving S,,L ,r’; s,”-}'n" and" ﬁ‘l 1_1’ T”s;-n;‘-.i

Multiply (2.12) by 1, ") AT “and (213) by 1730 A~ 20),
make use of the lncqual;tles Mo+ 8 =N + u =1 (since u = 1)

'((aﬂa_'_bua)s + (6112+d112))’ S al”-l—cl”—l—(b+d)1”]’

where a, b, ¢, d = 0, and the Mmkowsky inequality. Then after some reductions,
we obtain | \\

¢

Tes Ty Sy M

[

171(x) + 172(x) e P
Q[C S Asm(x) ku-l( ) d] -

1/8

+[(2s-—1) ] S%fo\n@l(a () +1a (x))dx]

|
|
|
|
|
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i/9
(x) Iy £y ()2 o
[S{A’,-.m 13457, ) ) SR 1Ly, B 0_ldx] G
=I1+I,+Is, say.
Since k2(x)=pu+ A (x) > &, A(x), we have
]
I, = t1 X)+t =% A(x)
SR g s © S AT (x) k4§~1(x) [l .w+A(x) ]d"
?

—

—I,_v o m‘—F'O(u‘"“") as p—» oo, by usmg the conditions (f) and (h).

(A2 e ,
Since e® >§—, we have as u—>oo B - »

I’ =’Q( S %%%m%f) dx. ) =0(uR) as! beforc,

by the condltlons (f) and (h) (t- sl

=

It follows from (2.8) by the apphcatlon of the Mmkowsky inequality, the
Parseval relation and some easy reductions, that == "«

LY =3 ~3)

( §’1 (x)A 7 (x) lI Js(x’ . k) “ dx)m N

CZ [2 (e S S tzisg'x():o

j=0 \n=p

AL e U7 L
Sl R RO L I 5
Ay 3

[ gof‘"“gu(s. %, k) ((p(£) —p(x))xl*m(é )+ (@) = () an(6)) | dx}

s
o
. (3.2)
where C=max C; s, the constants involved in (2.8).

(30, st 000 -8+ 010 — o &) d.
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. 1 2j+2m+2 _2J+2______Ei3 in the inequality
bo= kT <= om0 242

ab<(2 ) (2‘ ,}‘+%=1, <, f >0 .. (4)

a variant of the Holder inequality, so as to obtain from (3.2)

93+9
a3 tamta s:+sm+s

(M+ﬂ)”*’\(2 . +y)93+sm+s) (2 ) o k)

n=0

Now 'ﬁsi[l):'_"ﬂ' 2116 % 0] ’[ p®-p | d

= { {p2(d— 2P(x)P( +P9(x)} D g11(§9'x! k) ’dé
(§4) )

z+1

z+1

+\ {p@®-r}" (D‘s EaRS k)) 3

T=—1
=M, +M,+M,+M,, say (x > 1)
(s—j-1)
We evaluate DP g11(& x, k) by the Leibnitz fon:_nnla from the explicit

relations for g,.(& x, k) as given by (2.11), utilize the conditions (a), as and
when necessary. Then for both the Dirichlet and the Neumann problem and for
the cases £>;c, £<x, it Is easy to derive after some stcps that

M, < d(k(x))

for x > 1, d being a suitablq positive constant. :

—4(8—§)- 1+‘ao ‘ . e

An utilization of the conditions (b) along with the use of the explicit
(8—j-1)

expression for D g11(§, x, k) as derived before by the use of the Leibnitz

formula, yiclds after some elaborate steps, M,, M, M, <Ck=°, where Cis a
positive constant and ¢ > 0 may be chosen as large as possible.

It therefore follows that M < d(k(x))““"“’““o.

A similar estimate holds for the expression ﬁ, obtained from M by
replacing p(u) by r(u), u=x, §.
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Hence by the Bessel inequality and the estimates derived above,

200, a6 5 B (0 ~p()SanO+ (O = () an() ]

fi=Q 0 *
<akix) I i} e (34)
It follows, therefore, that |
- - —4(8-§)=1+4a,
Z'a <2d§ : ‘(x)-: A (k) " e .. (3.5
n=0 ’ \ K

=0 (u~8I2-20,))

as u—»o0, by usiné the conditions (f) and (h). g | b

Let S%’ (x) denote the Nth partial sum of the infinite series

A (x)
s (}m"'”)“ +am+e

X

(10,7 ™ gat6 2 BN =200 (8 + (8 = () han(Ee]

e

(N=1, 2,3, by g oamegd) T

R e B

Putting

€ _ (s—§-1)

aa={ D, g1:(6, % BHPO - P0) Panl®)+ (O = r(3)) VanlO)iE

Vs L -2j-am-2 L _ S+m — _8+m s
ba=Onta) =550 0= 0<omD)

)
in the inequality (A), we have S (x)

| 2 ‘:-l-;\l“
[ 311(6 Xy k){(P(ﬁ) —p(x)) ¢,a(é) ] )

<A™ (x) ( L (O —r(x)) Pan(d))dE

fA=0"

itmiy

(c-J— 2\ sm

II+ b 11(’ :k){( () '/‘u.(e) ])
( i [S oo Bulbr fr(ée)—”r(@))w...(e)}de ;i
e (3.6)

1
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Now

SD"“M) 210 (& 2, K)P(E) = PO} Yo n(£)dE

*
o

Q

o+l

_S D, BT (8 x B)(P(8) (N} Yy a(£)dE

&—=1

+(S + )P(S)D(:-Lﬂ 212 (0% &) ralO)dE

e+l

—P(x)(g +S ) i 811 (&%, k)in(8)dS

=Q;+Q,+Qs, say (x > 1).

et X s .
Evaluating D o 1gu(g, x, k) by the Leibnitz formula, from the explicit
'3

relations for g,,(¢, x, k) from (2.11), we obtain both for the Dirichlet -and the
Neumann problems, on using the conditions (a), for all'x .1,

Q:<{k(x)}1(8-§():—4ao+2-26 (§y6—1 I 'pl?i(x"y) |’d}’ )3 | (3°7)

where € is an arbitrarily chosen positive number, which can be taken sufficiently
small. - ‘

It is easy to verlfy by using the condmons (b), that Qs, Q <{k( )}c

any positive number o, however large. Therefore,
(i \

Q<3 (Qf+Q:+Q:)

1 ¢ | | L=
<C ‘{k(x)}g(a—i)—moﬂ-—ael:( &'ye-l | ‘1’1%(35"7’) | dv)‘+{k(x)}"°:|}

A similar estimate holds for the expression Q*, obtained from Q by
replacing p(v) by (), v=x, §. Hence from the relations (3.4) and (3.6), for any
j=0,1,2,.5-2,x =21,
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N
S:)(x)< C {z k(x)=4(s=)+aas=-a+ae "

Ag“‘ (x) (A’D_}.!l’)gs-'"‘
y §ime1 Lind e §
s+m 8+m
({7 1 bane-n | dy)“+k(x)‘°]} | fladeeshirdeal
J i
S=-§-1, N
i C —y| stm 1 -
A’m(x) {k(x) } {2 (A“—E—M)’s"‘z?n X
n=0
1 s+m
[t Hyunteer 1 an ] | . (.8
J : |
where
v=4(s—j)—da,+1+ 3= J)S 4}“0"'2 2+ m+1) >4(s+m) - l+2w(s+m)
o being a positive number determined by 6—4a0 =2e>20(s=1) e (39)

Multiply the relatlons (3 8) by t1 (x) and lntegi‘ate between the limits

<

and Sargsyan [4] in deahng with the part mvolvmg the term 4’1'-.(3«:—?)

we obtain after some elaborate computations, the, gne_mxah&y

OLﬂ"g

1'l(x) SN (x) dx

i—-m—1

O e O Tty AU et
<Cu (S LA dx) ( e e (3.10)
2 n=o =

T
T ) i 2
where a(l,f S 11 (x) $1a(x) dx, and j=0,1,2, ,s-2.
1]

A%™(x)
Since a*™ b1'® < a+b, where g, b > 0, %+é=l ... (B)
it follows from (3.10) that |
° - LI (7§)
i st o< (870 s 3l
) ; . (3.11)

for j=0,1,2,., s—2.
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Also, it can be verified similarly that the relation (3.11) is valid for
j=s-1

2 # ;
a LY (4)
e Z(A,,+,,)n’}+m+.=gt1 (x) Sy (x) dx,
n=0 > B

for any positive integer N.

Therefore from (3.2), (3.3), (3.5) and (3.11), we 6btqinh ‘

1/2

(Sﬁs—%nls(x,y,k)u;wdx)

m(6 —da,) - IRNLS Sl (1'1) L
" nf (1t (x) dx :
=p 4stm) O &ka.l('sﬂ(m-)q(x)-l' 2: O _H‘)ssmm) - (3.12)
(]
Similarly

® rg RS 1.172
ta " (x) i
(§W " Fs(xs Y, k»)\.”o,m‘?x) 7

_m(5—4a,) I J @ N (r4) 1l2
—u” 4eEm) 0 S o) de gn
J ke(81m—-1 (x) el (}‘n+ﬂ)zs+2m

... (3.13)

where |
w2 T ni(x) P2, (x

aan —‘S —m—)-—L dx.

o

From (3.1), (3.12) and (3.13) using the estimates of 12, 1%, it follows that

S% §1117; 2 +0( s+§) +O( —-RJ2
TI’T’sS:m ] Tl,fg,sm B )
_m(b—4a,) 1 i \
+u 4s+m) O IT;.T.,a,m+ST;,f,,s,m) CiLL (3.14)
as pu—»o0.
From this, it follows that
1 S T1s Te, 8, M
A0 Toeew 5 1 .. (3.15)
When m=0, it follows as jp Levitan, Sargsyan [4], that the inequality
corresponding to (3.14) is
5 L ~o/g ( ¥ 3
S‘rl,r B g Irpr,s +C” 1

tutas T8 o ... (3.16)
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where S; : =Sz, 7,60} I, zp5=Ir,r, 50 @ is dctermined by (3.9) and the
condition (h) is replaced by the condition (h’). The result is that Sz, .7, 18
convergent, if I, . . is convergent.

4. A reverse inequality connecting Sz, r,5,m a0d Iz, 7, sm.

From (2.7)

(8=1) (s=1) T
(;%)!D» g1(p, x, k) = (‘s—l—l)f D. G, i(xp, #)=T,(x, y, k).

We first apply Minkowski’s inequahty ‘and substitute the value of

- ) ;
S D,: * gu) dy, as derived in art. 2. Then multlplymg both sides of the result
(] Sk
so obtained by t1 (x), we mtegratc bctwccn the lmnts [0 ), and apply the
Minkowsky inequality again. This yields" g \

g ol S o e T1 - o q1ls
£,*(x) dx e~2k% f(k, X)t;  (x)
Lo St i S e

¢ < T1 > Alg 1/8
ti () $aq (X) t1 Y(x)
é(s i AT (x) (Mo )7 g S AT(x )IIJ «(%, 9, k) llo.mdx

| . (4.1)

Similarly

® t;’ (x) dx = -gmuf(k x) tg (x) 1/2
[C°§ (o pysemE S F@s—1) T (pk A Y ]

R 78 . e 1ls
| ts (x) Yan (x) P (x)
é(& = A (X)(Ap+8)2* ) (§ A | Ls(x, ¥:k) |l 0,0 dx)

... (4.2)

From (4.1) and (4.2), using the relations (3.12) and (3.13), and the
inequality

(a+c)r'® = (b+d)*/® + (u+v)rie
when at/d < bt + utlt, 1'% L gus L yaia g b, c,dyu,v = 0,
we obtain
{Ire,ra, 0,m + O R)}2*

@ (14, Ty,m) ' [mﬂs 440)]
s( %—m—) o 20 L0 (L oy o+ Sy e m)tt e (43)
n=0 "
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(711 7o, m)
1]

n=0 (A91+‘u)9 s

To find the estimate of

9 (Ta1 7o, m)
put a = ()\u—i-‘u,)’s st b 1 nc__2m—}-2c ﬁ_2m+2c

(Antu)2°’ - 2m T T 2¢

0<c¢<=2 in the inequality (A). Then

after reduction, by using the
inequality (B), if follows that ' y :

® (‘l‘], T2, M)

4 a(n, Tay M)
: : (\“_‘_lu,)ss = ‘—C — + STI.’T!) 8, m

= ... (4.4)
(M t4t)®

('r'b Ta,Mm) (Tl"l'i)

New 2 ()‘n“‘t“ e = Z‘ (A"+M)2(S—1) NK

- - ® .,-! v t.r’ . R i
which is convergent if S ) & 5 ('_EJ:))_ dx 1s convergent
3 {et+ A}

|
k‘, ._ =8 o

(T1.73) (T1,72,0) ,, - ¥ ¥
Here a. = a i 2,

\ : )

C_ \ T ST N -— -<-—
But the integral is convergent by virtue of the condition (h).

From (4.3) and (4.4), therefore it follows as before that
lim I.’." Tar ) ’;l g o & : A s

pro 5 Fom o T e (45)

TaTe,$m =

From (3.15) and (4.5) we ultimately obtain '

S'Tl Ty 8, M &~ IThlt Ta, lsﬁ m? é‘S d=>»oc . (4'6)
When k2(x)=p+1(x), the procedure is exactly similar, but we have now
to utilize the condition (c), in addition. It then follows that

® *
T1y T2, 8, M ITI» Ta,8m as‘ [.l—-)OO

e (47)
We can interchange S, . , and L., -, sin (3.16), in the Minkowsky
inequality involved in the process of its derivations, so as to obtain ultimately

S"'n. Ta8 " I'rl- ry; 8 B8 imR00,
Similarly 87 . o~ 17, ., a8 =00 ; we have to use the condition (c)
in addition, in the process of derivation of this result,
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Altogether (4.6) and (4.7) hold for m=0 when the condition (h) is
replaced by the condition (h’).

Finally, it remains an open question whether the asymptotic relations
(4.6), (4.7) still hold when

O<m< (_A_l ﬂ
e 2 ° 2:) -

S. Application of the Tauberian theorem

In the following we utilize the Tauberian theorem due to Korenlum
(3] viz, aH |
1t £ () = K (@0d 9(8), g0) = (K™ (@n)dw(e) and it g(fix)>1
o o 2 : »

as x—> o, then /x)/¢(x) also tends to 1,7as x tends to infinity, provided
(i) $(x), ${x) are non-negative, non-decreasing functions of x > 0,

where lim ¢(x)=¢c,

. >R = ;

(i) «&(x) < x¢'(x) < fé(x) where 0< § < «+1 and x is large
enough, e '-

(> R R o s

\ i) $9) < (%) for large x ald p > x, wherd » is some posit
or (iii) o) S \z or large x and y > x, where 7 is some positive
number. '

In the special case we can choose ¥ to be unity and this condition is
satisfied if ¢ is convex downwards.

(iv) K*(x)=0, 0<x<'os, K* (+.0)>0,‘ K*(x)=0(x"7) as x—> o,

| K* (x) | (I4+x") dx <oo and SK" (xt) S (£)=0, for the class of functions
0

O g

S (x), bounded on ecach finite interval with S (x)=0(x*) as x>, implies
S (x) = 0 identically.

In our case the kernel is K‘(x)=(|+x)-aa-nm which satisfies all the
conditions stated in (iv).

Pat 1,(x) = t,(x) = A(x) = A (or 9),
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Let I, bethe I, ., ,, of Art. 1,in which #; are replaced by
| VIR L

Tiy Ta, M

4
A ; with a similar meaning for S, . 4 m

Then by using the Legendre duplication formula,

I _I@2s-3) (AT @+A"®) 4
T Tn&hMm o 24/ 7I(28) 3 (#+ A)s(|+m)-1ls
and
’ - A(t" Ta, m) (1-“ -;"m) £ < r’—ﬂm 2
T,.Ta. 8 m= e W ey Whel'e A.“ = S 2 A ¢1mdx,
1 ‘e 5, s (An_}_u)ss-fﬂ'm 5 o
Let o(\) =mes{A (x)<M}. - Then
A ¢ NEde®) . g g ”
So (”+A)BS+2m—1[3_ § (M+A)gs+gm_1,2! ] H vas ( . )
3 ot ks
Put ¢ .(N)= S (A\—w)*'% u ’ do(u), so that
(1]
@ dl,bq-‘()\) 1 ® _d)\— A ’
T T TR s+am -1l §_
§ (Atp)2e*am 2—§ (Atu)2ers § (A—u)"*1%y : do(u)

WO . e =
® ;

0 _1 7§ d ¢
_ 12 J I‘g%(sil-irgm)y) S T ﬁ(x)}(;? ——r=» on changing the order of integration,

o

subsequent reduction and utilization of the relations (5.1). Thus

S a,,, .0 _ nl(25) '(2s+-2m—%) Ii
(h+p)as+2m I'(2s-%) P(2-5'+ZM) Ty Ta, 8, M

]

where -Ian T’(x) = a,lr,,-l'()\) +!ll,r’(7\.) ;

Again let x, . ,(N)= 2 AS:”T"m), so that
An<)

S dx'rh-r.()\) ()‘+ﬂ)'"-—am _ S’
[}

T Ty 8, m°
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Therefore from (4.6)

§ dX71,T’(}‘) - F(2g+2m) P(2S—"}) §M “ae (502)
JOFm T T ATm) Tes+am=4) § GFaTT |

as u-—»oo,
Hence by the Korenlum Tauberian theorem, 1t follows that

I F(2s+2m)r(2s 1) o, LA
Xrgy aN) ~ 7 Ts) s Fom=1) :/1,,1 ,,,(x), as A

That is Ry

Coldr b ormdata s im

(. 7am) _ 1 D(254-2m) I(2s—3) Ty AR A Ngig
24 ~ 7 T(2s) T@s+2m—1) S i Q=R e o)
An<A (x) <4

as A tends to infinity.

The condition (ii) of the Korenlum Tau‘b‘e“rian' theorem in the present
case is ‘ s e A Rl
zﬁ (x) < x</1 e (x) < ﬁ ¢, o (x) for large X4z 0<ﬁ <°t+1

e =

Alternatwcly, the condmon (111) (w1th y—l) is satlsﬁed in the present
case, if a/;, ol (A) is convex downwards for which it is necessary and sufficient

that z/"', S (A= 0. A sufficient condition for the vahdlty of this relatlon is '
A is thrce times differentiable, with

ri(es— DA%=27, AD A+ AIBAT ~ ATA™) 2 0, (=1,2), A= A
.. (5.3a)

far all large x, as can be verified by actually differentiating twice the integral
expression for "l";, ,’()\) involving t(u), the inverse function of A(x)=u as in

Levitan and Sargsyan [4] and then twice integrating by parts.

Similarly
e R
Ap<i
& (n #07)(n=n) " g o (54)
() <A
as \—> oo, where Bf:" ar ) §( i 1P:,. % el np:,.) dx, provided a relation
o

similar to (5.3a), in which A is replaced by 1, is satisfied.
12
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(1]

N. K. Chakravarty & Sudip Kumar Acharyya
The asymptotic relations (5.3), (5.4) hold, when 7, =7,=m=0, so that

2 1/
N()\)~727 S (\=A)"" dx and also NO)~2 S (A=) dx, as Aoo,

Ar)<\ (@) <A
Thus
N~ Ay et - n(x)} ] a8 Awoo.
A(z) <\ o oY q(a:)<)\ 1
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