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AFFINELY CONNECTED SPACE
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0. Introduction. |
Let Vy be an N-dimensional affinely connected space with a symmetric
g ' .
affine connection I';;. An affine connection L:,, given by
i ‘ i i
©.1) Ljp=Ty4p +6; $r — 8 & -
where” ¢; is a covariant vector, is called a semi-symmetric affine connec-

. ‘ ‘ ’
tion [1, p.36] in Vy. If Bj,; and L;,, are the curvature tensors with respect
‘ ;
to I‘;k and L;, respectively, then

(02) Lj,, = Bj,, + 85 #51 — 8, b + 8] (11 — b41)
where |
(03) 55 = Vidb; + ¢ = Vid; + ¢4,
vV and ¥ being the operators of covariant differentiation with respect

i i i .
to the connections 1““ and L, respectively.

- . . [} g
The projective curvature tensors for the connection F’k and L;,‘ are

given by

(0.4) W;n = B.:u + N:zl-l 9, Prs + _I——l(é"‘ B = 6: L
+N_’2——1(6: Bir — 6;‘; ﬁ:‘z)

and

03) P:‘kl —L:u + Ni—l ‘: M F _(6‘ fav ” 6: L”;)

2 i {f.

Wiicre Bjx = B; Ljx = L;kt

ikt?

25!‘76 = 'B.fk - Bkj, 2A5k . L;'k - Lki
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It ix known that the curvature tensor of any symmetric connection Satisfieg
the Bianehi identity and the Veblen identity [1, p.36] which are

- { ) -
(\‘.M AV ™ H:hl 4 V}e ”“m 1+ ¥V, "Jmk =0
and

] L ) ‘ ‘ =
\ 7 Vn ":&l + Vy B"Mh + Vi BHm + Vi B“"J =

The Bianchi identity [2] and Veblen identity [3] for the projective curva.
ture tensor in a Riemannian space are

(O‘S) \?"‘ "’;I\'l + VN ”’; im + VL lV;"W

1 ' t i t i t
- ‘V—',Vg(ﬁ ”’“H + 3, ",J + 0, W ) =0

N= m im fmk
and !
- |
: ‘ { i ‘ ]
(0'9) Vi "’jm + Vi 'me + Vi ”fljm + Vi Wum;
1 - T i 1 ‘ t i t
- 1\:_2\" ("‘m n ikl S 63 leHr. + 'Sic lVn'm 2 ai ‘Vl.:mj ) =0
In this paper analogous identitics for the projective curvature tensor
P;“ of a semi-symmetric afline connection in V¥, have been derived.

1. Bianchi and Veblen identities for the curvature tensor L;'H‘

From (0, 2), we get

i 1
(L) Ly, + Ly + Ly,

-:?_{6: (Pvi — 1) + '5; (Pg0 — diy) + 5; (Pr; — Pik)-

Therefore, L;“ + L;‘uj + L:u.- = 0 il ¢;, = ¢,; for N > 3. But
from (0.3), this condition is equivalent to V; ¢, = Vj ¢; which implies that

¢, is a gradient vector. Thus

Theorem 1. The curvature tensor of a semi-symmetric affine connection
satisfies

L}, + Ly,, + L}, =0iff ¢; isa gradicnt vector.

In the remaining part of this paper ¢; will be considered as a gradien!
vector.
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Let w, be an arbitrary non-null covariant vector in V. The generalized
Ricci identity BiVes
e — t ) —_— f—
12 AT ViVewe = wiLgjp — 2{(V;we)é, — (Viwe)é;}
Operating both sides by ¥, we get
(1.3) 61'{7'}.{7‘5“" = _@Lﬁj—v—kwi = (—V—th)L‘ij:.- + W:ﬁ‘zL!”k
— (T Vwi)Pr — (ViViwi)d; + (65“_’;')(61‘#1;) ~ (V3w (T 19}

Permuting j, k, I cyclically and then adding all possible expressions
obtained from (1.3), we get, by virtue of (1.2)

(14) V,(Vﬁ,-w‘ - ViV + -V_';.-(ﬁjﬁ',w‘ - V.iV;wy)

+ Vi(ViViewe - VeV iwy)

= {(Tawd Ly, + (Vaw) Ly + (Vyw)Ly,d

(T oLy, + ViLiy, + Talyy,) + 2w(diLy,, + $4Lg, + ¢eliy))
Applying generalized Ricci identity to V_,w¢ we get

(15) ViV, (Vwe) — ViV (Tw0) = (Tw)Lly,, + (Viw) Ly,

— 2{(ViViwé: — (V—zV-,-Wt)‘#k}

Adding the expressions obtained from (1.5) by all possible cyclic permu-
tations of j, k, I and using the resulting equation in (1.4), we get, by virtue of
Theorem 1, '

2{(61"‘0[‘:” + (ﬁlowt)L:U + (Viwi) L:kl}

+2w (VLY + VL, +7Valyyy)

+awy($,LY, + ¢;L%,, + kL)

:ziﬁl“’t)l‘:sk + (W wlt,, + (Taw) Ly,
+wt(—V_,Li,k + G,Li“ + 6}:[':”)

From the above equation we get

1‘ P
(L6) (V;L:” + 4¢,LL

) + (V—,L:kl + 4¢,L:“)
+ (Well,, + 4diLyy;) = 0
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Put

(L.7) LY, = e®Li,, . Ly = e®L,y, X =eif)\
Then

(1.8) VIi‘i;‘k = "m(—v_tl‘tu; + 4¢’1L:m)’ Vil = e‘* (L, T 44,L, )

Substituting from (1.8) in (1.6), we get

(1.9) 611—‘:“: + 651—‘:1;1 S -V—RL:H =0

This is the Bianchi identity for the curvature tensor Lim of the sem;.

symmetric affine connection (0.1), for which ¢, is a gradient vector.
From Theorem 1, and (1.7) we get

7t 7t 7t
L + Liki + Ly =0

Applying ¥, we get

—_— Tt — 7t — Tt

Similarly,

— = i ,
(1.11) V:'Lu;z = vil‘ku + V,l'_'.:“

Applying (1.10) and (1.11) in (1.9) and using (1.9) again in the resulting
equation, we get

This is the Veblen identity for the curvature tensor L;“
symmetric affine connection (0.1) for which ¢, is a gradient vector.

of the semi-

2. Bianchi and Veblen identities for thé projective curvature tensor P

TR
From (0.5) and (1.7) we can write
5t t
(2.1) Pije = e** Pyy,

By virtue of (2.1) and (1.9) we have

(2.2) G'p:!k + G!Fim + 61~=F:u = 1&16:(61—&; + ~V_A=Xu + Tid)

c N’-‘l'__l[otl {Gk(NLH + L) - ﬁi(Nle + L)}

+ 6:0 {_V—J(NL‘I i Lll) - V—;(NL“ + I’Ji)}
+ 6: (VN Ly, + L) = VWuNL, + LiH
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Contracting ¢ and / in (1.9) and applying the result to
7t 7t t
L‘“c + L’“ + Lk” = 0, we get
(2.3) Vida + Vihis + Vb =O0.
Again, contracting ¢ and / in (2.2), we get, by virtue of (2.3),

(2.4) \‘/n[";,,,. = %’:—f['v'k(N Liy 4 Lys) = V3(NLye + Lyl

Applping (2.4) to (2.2), we get

- 'jf, — 'jt —_ >” ] - t ’;h t 'jh
(2.5) vllut.- + v:'/u;l + \7/-"-'11 B mv"(’sz IUI: + ‘3:‘ Ilkl

t ph
+ 8, Piy)=0.

This is the Bianchi identity for the projective curvature tensor of a semi-
symmetric affine connection for which ¢; is a gradient vector.

The Veblen identity for the projective curvature tensor of a semi-
symmetric afline connection for which $; is a gradient vector, is given by

711

(2.6) 611_);;); + 651—521:1 + \741—);:31 + ‘71¢Pili

1 = t ph t $h .t ph t 5h _
- N_Z‘Vh("z Piow T 0; Py + 84 Prji + 8, P(U) = 0.

The calculation is same as for the Veblen identity (1.12) for the

st
tensor L” %

Acknowledgement : The authors wish to express their sincere gratitude
to the referee for his valuable suggestions.

REFERENCGES

(1] Eisenhart, L. P.—Non-Riemannian Geometry—Princeton Upiv. Press, (1927).

(2] Gupta, Bandana—Number of Bianchi Identities for the Projective curvature tensor in &
Riemannian space— Bull. de I'acad., Polon. des Scie., Vol. XIII, No. 2, (1965), pp. 151-154.

(3] Roy Ohowdhury, A. N.—The Bianchi and Veblen Identities for the Projective curvature
tensorin a Riemannian space—Bul. Math. dela soc. Sci., Math dela R.B. de Roumanle,

Tome 9 (57) (1965), pp. 177-181.

Dept. of Pure Math.

Received 99,5.81
Calcutta University

Revised 18,19.g;



