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GENERAL REAL INVERSION OPERATOR
D. K. BHATTACHARYA

Abstract :  The paper deals with the inversion formula of Laplace-Sticltjes
integrals in one and more variables by using a general real inversion operator
from which similar operators used by A. Erdelyi [ 2] and P. G. Rooney [ 3]

follow as particular cases.
1.1. Introduction :

Let f(s)= \ e~ *t d {x(1)}
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then the real inversion operator is taken as
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Since J (x)=x 7 Jv (2x7)
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and W (x) = (g)’ Kv(g).

we have,
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—the operator L,,, [ f(s)] discussed by A. Erdelyi [2].

) .
Again L:,:'y [ 7 (s)] are the cases discussed by P. G. Rooney [3].
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o ®
Next Let f(s.) :g S c-w-w d {«(x, y)}, then the real inversion operator
0

(

is of the form

g gL* B Te P (s, 1)) dx dy
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where A,= A€} 2 b D (o) s 9, (4K 012

1.2. Notations.
In what follows, we use the following notations.
(a) A function ¢(x, y) is said to be quasi-r_lormalized onS:[o,0;R,,R,]
if ¢(x,) =1 [bles, vao
where, [#las ys = (x+, y+) + $(x+,y=) + $(x—, y+) + $lx—,y -).
and (x+, y+) means the limit of ¢(x, y) as (x, y) > (x+,y4+).
along the line joining the points (x, y) and (x %, y+).
(b) A function ¢(x, y) belongs to the class H on S, if
(i) for all possible rectangles consisting of lines of the form
x=x4y=y; (i=1,2,...,m 1 j=1,2,...,n)
the set of all summations '
"-5'! [ {8}y, | s Dag = [¥ion pion 5 Xi5 9]
is bounded on S.

(ii) ¢(xo,») and ¢(x,yp,) for some fixed values x,,y, are also
functions of bounded variation on S, '

(¢) A function ¢(x, y) belongs to the class H, on S. if
(i) ¢¢HonS

(i) ¢(x, 0)=0=4¢(0, y).
1.3 Theorem 1.3.1.

- Let (i) <(f) be a normalized function of bounded variation in (0, R),
> 0,
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(i) § ert dfx(}

o

converges with s=» > 0, then

t
lim {157 17(9)] dr=31<(t4+) +<(-)]

= o=

almost everywhere for ¢+ > 0, where «(¢+) exist.

Proof : By hypothesis,
f(s)=s. S et «(f) dt.
(o]

r, e —kf@+Du

Now Ly /" [f(s)]=(A1)-§ ¥ e ] { FEEED T ) au)

! o] !

= (l;)(Al),S e——;ﬁ*(u) {S; e;hf_u( P ¢ )[ka]’:dx }du

[by change of order of integration, which is easily justifiable]
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o
(differentiation under the sign of integration being permissible as by hypothesis
6
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e~8t (-8 «(f)dr converves uniformly and absolutely for s > y),

OoL~~8

M T e 1 e -0 {x(t4)+«(t=)}esk
(Jm).em3¥ . (4k)*

~

~tNm
k(e ks,

(assuming that the asymptotic evaluation is justified).

<) +«(-) 50,
2 ’
Let us now justify the asymptotic evaluation.

Let I, and I, be respectively the integrals

R §-5 FEE )

and k'H% § h {:i-l-(t-u)”} u—(v+2)°((u)du
[

+5

We choose ky > »t, then for k > k,, )

RAR s AN §a%%%ﬁ;mw%%ﬂ
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[ ™+ () | &
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. i )”} | u T ) |
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: gt T =
AW W @ e s, ue

~A(l) L K TE TR,
>0as k> oo,
Similarly it may be shown that | T

1l >0as k> .
Thus the theorem is completely proved
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Theorem. 1.3.2
Let (1) <(x,3) be a normalized function belonging to H, on S ‘

| &= “'\d{«(.\'. i

\li\
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converges with s = », >0, =y >0,

then, lIim
Fa b)) (=, @)

-:-;.“...“,; | T U
L,"An 1‘.' L2y : lj\Ss t)] ({.\' (i)':}l‘(]xi'ut

(=X P}
Ct_—"

almost everywhere, where (x4, »r£) exist.

Proof : By hypothesis, we have

fs,n=s\ \ e” T 4w, ») dx dy
o o
Thereflore,
LBy By, v, », 5 e _klu "u
Lkhl:' LIy [f(sa f)] = (’\'1]\',".\‘_1') \ \ e T e y.,((" ‘)
0O o0
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_7. fu 29 fv
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3 A ad - p
x![‘i‘ly"'{‘ly—('.-}-ﬂ) .'S e—kl{g-'-(;) } " ('l.}.)).
o
-9, _ £
{«(u, y+)+«(u, y—)}du.e o (y ) 2kanta(ne+1)} P B o

1 I,"; 41"'1 -'1 1 &
"‘?[’f‘-”'{m(m+1)r}.c‘* k)t 2T AT e

x-(’1+9)y—('-+2) e—m:, e_le [*]mt. gt (x Jm)(yJm) . 2

2 -1
{I{klut(ﬂi+1)} S
as k,— o0, kg—> oo,
=i[‘qzi, y+"

The same result holds when kg—>c, k1o .

This completes the theorem.

Remark : Similarity of the results of theorem 1.3.1. & 1.3.2 obviously

reveals that such real inversion formulae may be generalised to functions of »
variables.

The author expresses his grateful thanks to the referee for his valuabl
comments and suggestions.
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