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FIXED POINT THEOREMS
K. M. GHosy

In this paper we shall prove two fixed point theorems which are extensions
of a theorem of A. A. Ivanov [1] and a theorem of S. Reich [2].
Theorem 1. (Extension of Ivanov’s theorem)

Let X be a non-empty metric space and T : X—>X, be a self-mapping of
¥, If X is T-orbitally complete, T is orbitally continuous and for every distinct
x, y in X there exist real numbers a (i=1, 2...7) such that

(1) axd(x, y)+asd(x, Tx)+asd(y, Ty)+a,d(y, Tx)+a,d(x, Ty)

+a,d(Tx, Ty)+a, 45T d, Ty) o
d(x, y) ’

where,
(2) aitastas+as+a; < min {0, —(a,+a,)},

(3) apta,+2atley Ll < g,
then T has a fixed point in X.

Proof : By the symmetric property of metric, we can easily obtain

(4) axdr, )+ T2 F 0] d(x, Tx)+d(y, Ty) |+ 22 iy, Tx)+d(x, T9) |

+a.d(Tx, Ty)+a, 4, l‘;J(C’)c’tif)y, T"—)> 0.

Since x and y are arbitrary, let y=Tx. Then from (4) we have
a,+a
(5) asd(x, Tx)+‘3’—;&[ d(x, Tx)+d(Tx, T2x) ] +8at s gx, Tox)
+a,d(Tx, T*x)+a,d(Tx, T?x) 2 0.
Now we consider the following two cases :

Case (i) : When a,+a, = 0, then d(x, T2x) < d (x, Tx)+d(Tx, T?x)
- 3nd we obtain by virtue of (5)

ag+as,a,tag
(6) (a1+02;'aa+a4;'05) d(x’ Tx)_[-(__’_z__s,-l-._‘z__ -l-ae-l-a.,)
d(Tx, T2x) > 0.
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Since a,+a, = 0, it follows therefore from (2) and (3)

2aytagta,  agtas aytay a.ta
Sanl LT 42 8.4 92 8.4 42 84a,+ay <0,

e

agta,  a,+tas (a,—{-a,, a,+‘ag )'1
+ay 420 ) Hs 1 8t tagtay) +1>0

or, (¢11+
or, —(Zal—ka,,-{-a,,-{—a‘—i—a‘,)(a,,+a,,+:u—}-11,5+2a,3,-§—2a.,)‘l < I,
Now from (6), we have (2a1+a,+a8+a‘+a,) =0

Thus we get
(7) OS‘—(2(11+a,+as+a‘+as)(ﬂ3+as+a‘+as+2ae+2‘77)—1 <L

Combining (6) and (7) we have,
d(Tx, T3x) < - (2ay+ag+as+a,+ag)
(ag+ag+a,tas+2ae+2as)? d(x, Tx).

o0
By induction it may be shown that {T"x} isa Cauchy sequence. Since
=0

the metric space X is T-orbitally complete, Lim T"x=u € X.
n—» o

Next we shall show that u is a fixed point.
Since T is orbitally continuous, we have

Tu=T Lim T"x=Lim T"**'x=u,
n—>o )

which implies that u is a fixed point of T.

Case (ii) : Whena,+a; <0, then
d(x, T3x) > d(Tx, T*x)—d(x, Tx) and then we obtain by virtue of (5)

ag+tay_a,ta Loy fas+
(8) (al—l- ’2 8 — ‘2 l‘) d(x, Tx)+ (2_2ﬂ,+a_¢2il—_a5 +a,+ay
d(Tx, T3x) 2 0
By similar argument of case (i), it may be easily shown that

—(2a,+ast+a,—a, —a,)(ag+as+a,‘as+2a,42a,)7* <']

Thus from (8) we have
2a,+ag+tag—a,—a, 20,
so that
Oé-(201+an+an'aa‘as)(an+aa+a¢+a5+200+2a')"1 <1

4
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It follows therefore from (8) that

d(Tx, T K = (Qay+aatas —a,~ag)(as+a,+a,+a, 420 +24) dix, Tx).

The remaining part of the proof is similar to that of case (i).

Remark : Putting ay=0 in theorem 1 we get the theorem (1) of Ivanov
[1]asa particular case of our thcorem.

Theorem 2. (Extension of Reich’s theorem)

Let (X, d) be a complete metric space and T : X—X and let t: X—>set of
real numbers be defined by f(x)=d(x, Tx). Tf for any x, y e X,

(9) d(Tx, Ty) < a, t(x)"‘an t(y)+as d(x, »)+a, d(x, Ty)+a, d(y, Tx)

where ays are non-negative real numbers and a,+a,+a, < 1,

(10) ¢ is lower semi-continuous

(11) there exists a sequence {x,} < X such that
1{(xy)—>0 as n—->o0,

then T has a unique fixed point in X.

Proof : Let {x,} be any sequence with ¢(x,,)—~>0.

T

Now for m > n,
d(xpy xm) < d(xpn, Txp)+d(1 x5, Txm)+d(xm, Txp)
<d(xp, Txg)+d(xm, Txp)+a, t(x,)+ag t(x,)+ag dixg, %)
t+a. dixn, Txn)+ay do Txg)
<(l+ag+a;) 1 (xp)+(1+as+a,) 1 (xn)+(as+a,+a,) dxg, xp).

T

Thus

' l+a, +a,

l+a,+a
d , X 3 4
(xns ¥m) < 1-a,—a,-a,

"‘as—a‘—as

t(xn)"' 1 t(xm)'

Since £(x,)>0 as n—>o0, there exists an integer N such that
l—as—a,—ag) e __; (1-ay;—a,—a,)

I(x,;)g( 84" U5 nd ¢(> i+ 5 ¢ n>N,
Nifaybag o0 %) < i

I'lbere €>0. Thus {x,} is a Cauchy sequence.

Hence x,—>x e X. Since ¢ is lower semi-continuous, so, #(x)=0 and then

:Tx=x. Uniqueness of the fixed point follows easily.
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Remark : Putting a,=a,=0, in Theorem 2 we get the theorem of S,
Reich [2] as a special case of our theorem.

[ am indebted to Dr. S. K. Chatterjea for his kind help in the preparation
of the paper.
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