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ON A FIXED POINT THEOREM OF KIYOSHI
KANAN MAJUMDAR

1. Introduction: In a recent paper [6], l. Kiyoshi generalized a theorem of
K. Goebel and E. Zlotkiewicz [3] in the following form :

Theorem 1. Let F be a mapping of a Banach space X into itsell. If I
satisfies the conditions

(1) F%=I, where I is the identity mapping

2) 1FR)=FO) U< lx=y Il +B(1x=F@) I+ 1y=F()I) for cvery
x,p ¢ X, where 0<«, g and 0<«<+46<2,
then F has at least one fixed point.

It may be of interest to remark that the first part in the right member
of (2) is involved in tbe contraction mapping of S. Banach [1] and the second
part of (2) is contained in the contraction type mapping of R. Kannan [5]. Also
S. K. Chatterjea [2] introduced another contraction type mapping by means
of the metric relation

d(F(x), F(»))<«[d(x, F(p))+d(y, F(x))].

Finally G. E. Hardy and T. D. Rogers [4] introduced the concept of
generalized contraction type mapping by means of the metric relation
d(F(x), F(y))<«,d(x, y)+«ad(x, F(x))+«d(y, F(p))+«,d(x, F(y))+«5d(p, F(x)).

Noticing these various types of contraction type relations, we are led to
consider an extension of the theorem of Kiyoshi in the following form :

Theorem 2. Let F be a mapping of a Banach space X into itself. If F
satisfies the conditions
(i) F*=I where I is the identity mapping
(i) 1 F(x)-Fp) I <«lix=pl+BIlx=Fx) I +vIy—F)I
+8 1 x=F(y) Il +ely—F(x) I
for every x, ¥y € X where 0<«, #, 7, 8, ¢ and «®+42«(B+y+d+e+1)+
3(B+r+o+e)<l,
then F has at least one fixed point.
2. Proof of theorem 2. Let x be a point of X and we put y=%(F+I)(x), z=F(y),
u=2y-3. Now by conditions (i) and (ii) we have
Nz=xIl = 1 F(y)—Fe(x) | <« 1l y—F2(x) I +81 y—F(y) I +» 1 F3(x)-F3(x) |
+8 1 y—F2(x) Il +¢ 1 F2(x)-F(») I
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Again, by symmetry
lz=x1l = 1 F3(x)=F(y) h <« I F2(x)—p I +8 1 F*(x)—F2(x) !
+y Il y—F(p) Il +6 11 F3(x)=F(y) Il e ly=Fs(y),

Thus it follows from the above two relations that

Nhz=x Il <« Il y—F2(x) +ﬁ+y ly—=F(») i +é—}}—’ I F2(x) = F2(x) I

£ 8L Fa () ~F() | +82<y

Iy=Fe(xy

Now lly—F2(x) I < ly—-F(y) I + I F(p)-F2(x) 1

< Uy=F() I +< 1 y—F() I +81y—F() 147 1 F=FH 0
+oly—F2(x) I +e Il F(x)=F(y)

<ly=-F(u +12‘ 1 x—F(x) I 481 y=F() I +7 1 Fx)=p I +7 11 y-F2(x)

461 y—F2(x) Il +¢ 1l F(x)—y Il +¢ 1 y=F(») Il
L(14+B+e) 1 y—F() Il +3(x+v+e) | x—F(x) Il +(»+6) Il y—F2(x) Il -
Also by symmetry,

ly—F2(x) 1l = 1 F3(x)—y Il < I F(x)=F(y) Il + i F(y) yH
= 1y=-FO) I + 1 F2(x)=F») I

LNhy-F® I+« IlFx)—pyi +°
BN E(x)—F2(x) Il +7 1 y=F») Il +8 1 F(x)=F(») I +e 1l y—F2(x) |

<1 y=F(y) 1431 x=F@) 1 +81 F(x) =y +
BUy—F2(x)+7 1l y—=F() I +8 1 Fx) =y I +8 1y ~F(») I e p—F2(x) 1l
Thus we have,

e 24B47+o+e 244ty Fote
F2(x) I < Grrierg 7T F(») I +2{2 Errrotar F(x) I
and | Fe(x)-F2(x) 1 <nhy-Fe(x) Il 4+ 11y—F2(x) 1

1z—x 1 <<l y=F) 1 +EE2 1P -y +B+”1|J5'—F5(x) |+

. ﬁ;”lly F(») 1 +‘3Jr I F’(x) y||+"Jr Il y—F(y) 1 +23

Il y—Fe(x) 1

Also, lu—x 1 = 1 Fx)—F(p) Il <11 Fx)—y | + | J}—F(y) Ir
: =3 Ix=FX) Il + 1y-F(y) I
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Now, lz—ull<llz—=xll+ llu—x
and lz-uli=20y-=-F(») I

" , X +B+v+d+e [ 24+54+r+ 8+

i~

y-F()

2+B4r e e | Byt oy
T Garreta Py 1 |+ EE2E8E ) - F()

+B+;’;6+° Ix=F@) 1l +31x=F&) 1+ 1y=F@) I

In other words, we have

Ily-F(» I < 4«8+ 4« (f+v+o+¢)+4

Il x=F(x) I
20— 6(B+rTote)—2R(Br7Fote)—a4] ()
Let G=%(F+4+I). Now for any x ¢ X, we have
IlG2(x)=GX) 1 =1G(p)—yp Il = 1 HF+DO) =y =%1y=F@)
2l A3+ 4« (B+ 7+ 6+¢)+4 I x—F(x) I

2 214—6(B+r+ote)—2«4(B+r+o4e)—dxd

_1 £34-<(f+y+o+e)+1 | x—F(x) |
2 2=3(B+v+o+e)—«(B+r+o+e)—2«

B Ctlftriatot] 1G(x)=x1.
2—-3(B+v+o+e)—«(B+r+8+e)—2<

By the hypothesis, we have

S
0< <34 «(B+r+a+e)+1 <1.
[2—3(ﬁ+?+6+6)—cc(ﬁ+?+6+f)—2°(]

Thus {G"{x)} is a Cauchy sequence in X. By the completeness {G*(x)}

converges to some element x, in X, i.e. lim G®"(x)=x,. Thus G(x,)=x,.

n—»w

Hence F(x,)=x, is a fixed point of F. This completes the proof of our
proposed theorem.

I am indebted to Dr. S. K. Chatterjea of the department of Pure

Mathematics, Calcutta University, for his kind help in the preparation of
the work.
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