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CHARACTERIZATION OF GROUPS
M. K. Sen

In this short note we shall give a characterization of groms i terees of
two binary operations. . rzxg of

Let G be a set with two binary operations » and o, setisfyizg tos followiog
two axioms 1 3 o

(1) @ob)»e=bo(cea)

(2) ao(d=a)=b.

Lemma 1. Ifaoa=aand b0 b=bin G, then a=>5.

Proof. bea=(bob)sa
=bo (a=b) by (1)
=a. by (2)

Hence a=aoa=ao (b+a)=b.
Lemma 2. If e,=a#a, thenaoe,=a.

Proof. ao(a=a)=a. - by (1)

Hence a 0 e, =a.

Lemma 3. If e,=a = a,then e, 0 e,=¢,

Proof. a=ao (a=*a). by (2)

axa=(@o(a%a))+a
=(a*a)o (a*a).

This shows that e, 0 ea=¢4.

by (1)

Lemma 4. e, is independent of a, that is, eq=b = & for every 4 in G.

Let e,=b » b. As in Lemma 3, we can show that ¢, 0 ¢, =

Proof.
Then from Lemma 1, it follows that e, =¢,.

€y. Also we have e, 0 e,=e,.
Let us write e for e,.

Lemma 5. ew b=b for all b ¢ G.

Proof. ewb=(coe)»b
—eo(bee) by (1)
=35 by (2)
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Lemma 6. boe=b for all b e G.

Proof. boe=bo (bxb) ‘ by Lemma 4
) =b. by (2)
Lemma 7. bee=cob forall beG.
Proof. bxe=(boe)» e- - by Lemma 6
=ece0 (ewb) by (1)
= ¢0b. by Lemma 5

Lemma 8. ax(boc)=(axb)oc forall a,b,ce¢G.

Proof. as(boc) =(aoe)*(boc) by Lemma 6
=co((boc)*a) by (1)
= e 0 (c o (a b)) by (I)
= (co(a=b)we by Lemma 7
= (a%b)o (e *c) by (1)

= (a » b) o c.

Theorem. If a binary operation in G'is defined by ab=(e 0 a) * b for all
a, be G, then G is a group.

Proof. Leta, b, c ¢ G.
(1) Associativity :

(ab)e = (eo ((e o0 a) x b)) * ¢ by Definition
= ((boe) * (eoa)) * c by (1)
= (b*(eoa)) *xc by Lemma 6
= ((b*xe)oa) *c by Lemma 8
=aoc*(bxe) by (1)
= a0 (c * (eob)) by Lemma 7
=ao ((coe) * (e ob)) by Lemma 8
=ao(eo((eobd) *¢)) by (1)
=ao (((eob) «c) =e) by Lemma 7
= (e0a) * ((e0b) »c) by (1)

= a(bc). by Definition
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(2) Left identity :

eb = (eoe; = b
—ec0 b * g b:"’ll
= b. by,z,'
(3) Left inverse :

(e oaja = (e o (eoca)) =a by Definition
= leoa), e, *a by Lemmz 7
= (aole ¢, *a by (1}
= (aoe) »a by Lemmz 5
= a *a by Lemmz 6
= e. by Lemmaz 4

Hence G is a group.
Note 1. With respect to the operation ab—=(e o a) = b for z2ll a, 5 < G
G is a commutative group if a = b=5 o a for zll g, b« G.

Proof. Suppose a = b=5b o a.
Then ab=(eoa) = b

=b o (e o a)

=bo (a = e)

=(eo b) =a

by Definition
by Assumption
by Lemma 7
by (1)

=ba.

Note 2. Let G be a group. If we definea = b=a*bh and a o b=ab™ %,

then G satisfies both (1) and (2).
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