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ON AN ASYMPTOTIC FORMULA FOR A SERIES
INVOLVING THE EIGENVALUES OF A
DIFFERENTIAL OPERATOR

N. K. CHARRAVARTY and S. K. ACHARYYA

1. The Problem : Let C*¥(R), R: 0 < x < o, be the set of all real-valued
functions, having k£ continuous derivatives on R.

Consider the differential equations

dﬂ
a—'g—pu=-—>\u
1.1 '
(1) e
i =N

where p, g € C*(R) or p, q are absolutely continuous over any compact sub-inter-
val of R, and A e C, the set of all complex numbers. Let u,v be linearly

independent, ¢=(}), and ¢ ¢ D, the basic Hilbert space L, [0, ). Let us
assume further that p¢, g¢ ¢ D.

The boundary conditions considered are
(1.2) u(0) = v(0) =0 and u,vel, at oo
(1.3) or u'(0) =v'(0) =0 and u,velL, at oo
As usual we call (1.2) the Dirichlet and (1.3) the Neumann boundary

conditions.

The differential equations (1.1) with either the Dirichlet or the Neumann
boundary conditions, give rise to an eigenvalue problem.

Let p > 0,q > 0 be steadily increasing in x, for x ¢ [0, ). Then it
follows by the analysis of Chakravarty and Sengupta [l], that the sequence of
eigenvalues {\,} for the problem (1.1) and (1.2) or the problem (1.1) and (1.3) is
positive, and is a discrete collection with lim M\,=oc0.

n—>o
ll‘lh . . .
Let ¢, = 5 be the eigenvector corresponding to the ecigenvalue ),,.
TN
Then ¢, ¢ D.

The object of the present note is to prove the following theorem.
5
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Theorem.
(i) Let ), and ¢, be the cigenvalue and the eigenvector for the systep

(1.1), with either the Dirichlet or the Neumann boundary conditions, and let

(ii) lp(é)—p(x)l,lq(é)—q(x)léCl&-—xl(pAq)’} (x) for 0<| é-x|<I,

C a positive constant and (pAQ)(x) = Min (p(x), 4(x));

i) p®) a(f) < Ko exp (3| £=x 1 (pAQTE)] for [ §=%1>1, K,

a positive constant }

(iv) g p-% dx and g q"l‘ dx, are convergent.
o V] ’

V) (pAQ(x) = 1x*? (pAq)(a) for all sufficiently l_argei.»x; 0<a< o)

—

(vi) |px)—gx)| < Ae %% A,a, positive constants.

Then (i) 2 )\—lé is convergent }
n

n=o0

]

- | :
(ii) as p—>», — — ~ 11, where
“_Zol A\atw)®

L S ]
§ [(u+p)g+(u+q)§] i

2. Proof of the theorem.

g g
= “) be the Green’s matrix for the “Fourier system”,

If g(¢, x, K)E(
glﬂ gﬂﬁ

i.e. the system

3 .

T = Kol

(2.1) |
A% _ s = g3 -
‘75—9 = K? v(¢) '
with either the Dirichlet or the Neumann boundary conditions’ then it is €asy
to detive, that for any x € [0, » ), and with K8 = ¢ + p(x), where u >0,
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_ . $yn(é)
Vil o2\ (g4, (6 ¥, K), gas(é v, K) ( )Jé
Aot é(\ ) ¢9|I(E)

a0 K) g xR (PETPO 0 g
(2.2) =a,(x) + ba(x), say.
And
VR (\) N . Yan($)
\ .T;. " \(Q“(t’ X, K) gqaa(é, x, K)) dé
Y 0 Van($)

i S pH=-px) 0
gu1(& N K) gaa(é v, K) ( n(8)dé
) I q(e)—q(x))“b ¢

0 0

ga1(8 v K) gqe(é X, K) ( bn(§)dE
\..+ " ( ) 0 g(x)=p(x)

(2~2)'\ ='(u(-\‘) + ﬁn(-\.) + Yulx), say
It can be easily verified, by the application of the Schwarz inequality,

that the infinite integrals involved are convergent,
It is easy to see that the explicit form of the Green’s matrix for (2.1), with

Dirichlet's and Neumann’s boundary conditions are, respectively,

with Dirichlet’s boundary conditions,

(1)
(g¢5(& = K) = M(§ 2) By forz<¢
= M(z, §) E; for z>¢
~Kim ) _ =Kif-2) . . .
where M(g, 2)=" " < , and Eq is the unit matrix L0 ]
2K
0 1
(i) with Neumann's boundary conditions,
(24565, K)) = L(§,2) Eq forz < §
= L(z, §) Eq forz > §,
; & o _(,-K(nf)_'_e-l((f—:)
where L(§ )= —K X
Therefore
1 _ e 3K®  xe~3K=  with Dirichlet’s
c 4K®*  4K* 2K* ’  boundary conditions ;
@)\ gate n K)ag= . I el
s 1 + & ¥ xe~3kx with the Neumann
4Ks ° 4K 2K*®* ’  boundary conditions,
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In the following we prove the theorem for the system (1.1), with Dirichlepg

boundary conditions. The snme analysis holds, when we take the system with
Neumann's boundary conditions.

It follows from (2.2) and (2.3), with K*=pu+p, and the Parseval
relation, that

@® [+ J ®

(2.4) S 2 a,t(x) dx :;—S _dx = e 0( pt S ‘%) as n tends to
0 n=0 o (ut+p)® o p
infinity.

A similar result holds for «,,(x) in (2.2)A.
From (2.2)

1 p(€) —p(x) 0 )
bn X) = 11 18 lﬁﬂ(é) IE
= | RSI e £ ( 0 a®-a /"

p(§) 0 - p(x) 0
¥ S (8115 81a) ( )d‘c»(‘g)dé“ S(gus gxn)( )gb"(f)dé]
i 0 g(¢) 2 0 4x)

(2.5) . A"}'_" [ byn(x) + ban(x) = bgn(x)], say,

where R, = | {—x | < 1c R and R;=R\R,. Usingthe conditions (ii), satisfied
by | p(§)—p(x) |, | q(§) —q(x) | , holding for R,, it follows that

H} b
by < 4c
up* (x)

, leading to

d
—f y AS {i—>»0,
T

(2.6) § byn(x) dx = o( o

(4]

oL 18

s

Similarly, using the conditions (iii) satisfied by p(¢), q(¢) holding for R,

(2.7) \ ban() dx = 0 (u1), a5 rso.

(/]

- Y
Again by, < p°(x) (gi2 dg (yn df < 202D

which leads to

(2.8) S b.: (x)dx = O(pu~* ) as u—oa,

(/]
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Hence, altogether, we have from (2.5)

= . y‘l
2.9) ba*(x)dx = 0(—— » AS U=,
( § (.\,,—Hz)’) =

A similar result holds also for 8,(x).

To find Yn¥(x) dx, we have

Qi 4

(q(x) — p(-\'))’(
(-\n+l‘)s

}’:(.\') =

gaald ¥, K) dy(6) ¢ )’

Ot—i8

(g(x) —p(x))
< (\n+un)®

8:37(§, x, K) dé.

[~ X ] ]

We have therefore,

yo(x) dx = O(u‘1 . by condition (vi).

(:\mlhﬂ)’)

De_~"I8

Therefore from (2.2) and (2.2)4, for any positive integer m, we obtain
by using the condition (v)

dx + O(u~rS,) + O(u~1), asu—>0, where

@10 Sa<3H)

[~y ]

Hence Z —l, is convergent, when S p Edx is so.
A (]

n=0 n
Putting K*=u+g¢, and proceeding as before, we also obtain that

Z_:E is convergent, when S., g ¥(x) dx is so.
Since § E [an(x) b,.(x)] dx = 0[ If st 4% ] where
0 nN=0

I, =

oL~18

dx _ < 1 . .
and S—”Z-': '—_()\,,+u)” it follows by squaring (2.2),
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proceading as betore and making m tend to infinity, that

by ) R
S\ l":“ d‘.\‘ ih ‘ ()Jl ‘S) ’l‘ ()(‘“-l),l-O(“ I“ Sﬂ ]?)v

as g=>20, with a similar relation for S a/,:" dx.

Se_~"5

Therefore, by addition
N 1
QD S=3 L+O0WS)+0(u"1)4+0(u T ST ]1‘11), as j1—»o00 .

Again, proceeding similarly with K? =pu+¢q, we obtain

1 1

(212) S=3 I;+0{uS)+O0(u1)+0(u ¥ ST 1

x
-

- =

) as u—>»,

dx

where Iy = (W.

Combining (2.11) and (2.12), we obtain

S~ 1, as g,

The authors express their grateful thanks to the referee for his extremely
valuable criticisms and comments.
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