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CLASS OF UNIVERSAL ALGEBRAS VALUED
ONTO THE SAME UPPER SEMILATTICE

S. P. BANDYOPADHYAY and S. CHANDRA

1. The valuation of a universal algebra has been introduced and studied
recently [1,2,4]. In fact, it has been defined asa mapping of the universal
algebra into an upper semilattice. It has been observed [1] that the lattice of
convex subalgebras of a universal algebra is isomorphic to the lattice of convex
subsemilattices of the upper scmilattice onto which the universal algebra is
valued epimorphically.
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In the present paper, the authors have studied the class of universal
algebras which are valued epimorphically onto the same upper semilattice. It
has been shown that these are exactly those universal algebras which have the
same upper semilattice of principal convex subalgebras.
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2. Let A be a universal algebra with @ as its domain of operators and
let P be an upper semilattice.

A mapping N : A—>-P, of A into P, is called a valuation if, and only if,

(i) N(a, ... a, o,) < N(a,) U ... U N(a,), where a,, ..., a, € A}
o, € Q| n(e,)=n>| (niscalled the arness of the operator o).

(ii) if oy € Q| n(w,)=0, then N(O,) < N(a) & a € A, where O, is the
element of A specified by w,.

A subset Q of an upper semilattice P is called convex, if, and only if,
LEQ,xeP,x<«=x€Q.

A subsemilattice Q of an upper semilattice P is called a convex subsemi-
lattice of P if, and only if, Q is a convex subset of P.

" Let N : A>P, be a valuation of a universal algebra A into an upper semi-
lattice P. A subset B of A is called convex if, and only if,

(1) b€&B,ac A, N <N(@)=>atB,
(2) a,b€&B,N (c)=N(a) UN(),CcA=ceB.
A subalgebra B of A is called convex if, and only if, Bis a convex subset

of A.

The valuation N : A-P is called epimorphic if, and only if, for each
« € P,ga € A|N(a)=<. In this case, we say that the universal algebra A is
valued epimorphically onto the upper semilattice P.
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3, Let P be an upper semilattice and « € P.
Let P()={f€P [ < «}.

Proposition 1. P(«) is a convex subsemilattice of P.

Proof. Indeed, B, 7 €P(«) = <« ¥ < .
=pUy<«=BU7EP«).

Also, 8 < 717 EP(«),8€P
S8<y << EPX). e 4

Thus, P(«) is a convex subsemilattice of P. P(«) will be called the
principal convex subsemilattice of P, generated by «.

Proposition 2. The set L‘: (P) of all principal convex subsemilattices of P

of P will form an upper semilattice isomorphic to P.

Proof : Let P(«), P(8) ¢ L) (P).

Then P(«)={v € P | » < «} and P(8)={8 € P | 8 < P}
Now P(« U B){u€P|n <« UB
Obviously, P(«), P(8) € P(« U B).
Now let P(«), P(8) C P(»).
B4y, <y S« U B < v« U BEP)
=P(« UB)CP(). '
Hence P(« UB)=P(«) UP(B).

Further, «—P(«) is an isomorphism.

4, Let N:A-P,bea valuation of a universal algebra (A, @) into an
upper semilattice P,

Let x € A.
Let A(x)={a ¢ A | N(a) < N(x)}
Proposition 3 : A(x) is a convex subalgebra of A.

Proof : Indeed, a,......a, € A(x), v, € Q| n(w,)=n21
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Also w, € Q=>0, ¢ A.

=>N(O,)=N(x)—04, € A(x).
Thus, A(x) is o subalgebra of A,

Further, b ¢ A(x), a ¢ A | N(a) <N(bH)
=S N(a) K N(D)<N(x)—a ¢ A(x).
Also a, b ¢ A(x), N(¢)=N(@@)UN®D),c € A
= N(e)<N((x)=>c € A(X)
Conscquently, A(x) is a convex subalgebra of A.
A(x) will be called the principal convex subalgebra of A gencrated by x.
Proposition 4 :  Let N, A—>P be an epimorphic valuation of the universal
A onto the upper semilattice P, Then the sct L’;(A) of all principal convex

subalgebras of A will form an upper semilattice.

Proof: Let A(x), A(») € L} (A)

Then A(x)={a € A | N(@) <N}, A(Y)={h € A | N(b)<N(}.
Let A(x, »)={c € A | N(e)<N(x) U N(»)}

As N is epimorphic, g z € A | N(z)=N(x) UN(y).

Then, by proposition 3, A(z) is a convex subalgebra A.
Evidently A(x), A(y) & A(z).

Also, if A(x), A(y) & A(w), then N(x), N(y) < N(w).

N(z) =N(x) UN(») < N(w).

Thus A(z) is the least upper bound of A(x), and A(y).

5. Let A be a universal algebra with @ as its domain of operators and P
be an upper semilattice and N : A—-P, be an ecpimorphic valuation of A onto P.

Theorem 1. L (A) =L> (P).

Proof : Let P(«) L: (P), where < ¢ P.
As N is epimorphic, g x ¢ A | N(x)=«.
Then A(x) € L} (A).

Ify € A| N(p)=«, then A(x)={a € A | N(a) <«}=A(v).
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Define P(«)f=A(x).

Thus, fis a mapping of L: (P) into L: (A).
Evidently, fis a bijection.
Further, P(<) € P(8).in L} (P)

&« < pfinP.

©P(x) fS P(B) fin L} (A).

Hence the theorem. From proposition 2 and theorem 1 follows

Theorem 2. Let (A,, Q,), (A, Q,) be universal algebras and P,, P, be

upper semilattices and let N, : A,—»P, and N;:A,»>P, be epimorphic
valuations.

If L) (A,) = L) (A,), then P, ~ P,.

Theorems 1 and 2 completely determine the class of universal algebras
which are valued epimorphically onto the same upper semilattice.
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