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SOME MULTILATERAL GENERATING RELATIONS
INVOLVING HERMITE AND TCHEBICHEF

POLYNOMIALS
S. K. CHATTERIBA

1. In a recent paper [4], P. A. Lee obtained the following trilateral generating
relation involving Charlier and Tchebichef polynomials :

(L) D Ta(x)Calk 5 Call; A/n !
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where p=(x+ /x3=1)z, p'=(x— Jx®-1)z,

and C,(x; a)=,Fo(—n, _xy - _le); a>0 and x=0, 1, 2, ......

The object of the present paper is to derive some multilateral generating
relations involving Hermite and Tchebichef polynomials by means of a method
which is much shorter than that adopted by Lee. It is interesting to remark that
our method of obtaining multilateral generating relations is perfectly general
and straightforward in the sense that one can easily apply our method to any
m-lateral generating relation in order to obtain the corresponding (m+-1)-lateral
generating relation involving Tchebichef polynomial as an extra polynomial.
The main results are contained in (2.3), (2.5), (3.5), (3.6) and (3.8).

2. First we consider the following generating relation of W. A, Al-Salam [1] :

o 25 Xt
(2.1) EAN.- 1oz (H)n !=(1—t:;3'9 =S8 (l+f)
n=0

where A, 1.2:= (H)=Hn+1(x)Hn+a(x)_Hn(x)tha(x)

and exp (xr—3%1%)= Z'H,,(x)t"/n !

n=0

The following relation of Tchebichef polynomials will be utilized throughout
the paper:
(22) Ta(x)=4l(x+ JXT =D+ (x= JXT=1)"].
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Instead of using (2.2), Lee used a number of relations (viz. generating
relation of T,(x), successive dilferentiation, multiplication and Rodrigues’
formulas for Laguerre polynomials) in order to prove (1.1).

Now it follows from (2.1) and (2.2) that
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(2.3)
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where  py=t(y+ VyT=T) and p,=1(y— J37-1).

Next we notice that

(2.4) Tpsn(x)t"/n!

N

-

=§[(x+ VX2 =T)* exp {t(x+ J/x2—1)}

+(x— VxP-1)¥ exp {1(x— JXT=1)}).
Thus we have
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(2.5)

=X (I—PL""B"" exp |p X%P, —_p 2)-3is x2p
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where £, =t(y+ Jy?—1) and p,=1(y— J3727).

3. For the sequence of Hermite polynomials {H n(x)}, let us suppose

(3.1) ZA Hnen() Haly) 7= JE0D b1 th, 3, 0,
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where the sequence ol coeflicients Ay, is selected in such a way that the scrics on
the left of (3.1) gives risc to a gencrating function separated like the right
member of (3.1), /, g, i being functions ol v, y, r and let

3.2)  F(x, 1) 2‘:,‘11 (x)1"

n=0

be a unilateral gencrating relation, where a,’s (#0) arc arbitrary constants,

Then
@® 'I_1
Z H, (x)" ZH"_A AH )2k
Nw0 k=0

Z 220, 3, )t
lg Xy )y

= J(x, p, 20) F(h(x, y, 20), 1/g(x, 7, 21))

Thus we obtain

@

(33) DHa(¥)ou(y, 2" =flx, . 21) Flh(x, y, 20), 1/g(x, 3, 2t))
Ne=()

n
where an(y, z)= Za'n—k A Hy(p)z*.

Now for the existence of a relation like (3.1) we notice that (3] :

(3.4) zz,é:-z-!Hm(x) Ha(y)

n=0

=(1__t2)-%-(m+1) exp 2xyt—(x”+y’)t’]H ( xX—yt )’

-7 "\T=r)rs

where exp (2xt—1t2)= ZHn(x)t"/n ! Wthh is slightly different from the symbol

nsQ

Hy(x) used in section 2.
Thus using A,=(2" n!)~* in (3.1) we observe that

fx, p, £)=(1=12)"1/% exp [nyt..l(izt:_ys)tz]

glx, y, )=(1—-g2)2/

h(x, y, t)=(x—pt)/(1—22)*/2,

so that we derive the trilateral generating relation in the form of the following
theorem :
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Theorem 1. If F(x, )= Zu,,l'],,.(.\')l"/n ks

%e 0
where exp (2xt—1%) le,,(\ y"/nl,
then "
(3.5) EH,,(.\‘)O‘"(}’. 2%/l
n=o
~(1 -z exp [P O E|F( em (raag)

n

where o,(, 2)= 2(‘)01.-»( z/2)*H,(y), |zt | <lI.

K =0
Now we are in a position to adjoin Tchebichef polynomial to (3.5) in order
to derive a quadrilateral generating relation. Indeed we have the following

theorem :

@

Theorem 2. If F(x, t)=zu."H,,(x)t"/n !

n=0

where exp (2xt—t2)= ZHq,(x)t"/n l

n=()

then

(3.6) > Ha(@)ou(y, DTal)i"/n !

n=0

_1 —»%p_ 2)-1/2 2xyzp¢—(3&ﬂ+yn)zzp 2
2 [(1 2o e | [—z2p,*

g=1

,p( x=yzPq Py )]
(1_zsp‘z)ux’(l_zzp‘e)ua !

where P, =t(u+ Ju=1), pa=t(u— Nu?—1),

o(n )= D (Dan s ZIDFHA(), | 2Py | <1(i=1,2).

k=0

As a nice application of theorem 2, we take a, =(c),, and use the following
divergent generating function due to F. Brafman [2] :
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(3.7) (1—2\1) gro (}.'CY %C+l§ r T (1_2-\.1)9)

in order to derive at once from Theorem 2 the following relation :

(38) D Hu()only, DTa(w)"/n !

n=0
. \
g}zZ[(l —28p,2)C T (1 —22p;2 = 2p; x4 2pzP 2)°.
$1=1
zxyzp‘._(xﬁ.l..yﬂ)zip‘,ﬂ (1 1 ( zpl )2)]
.€Xp ( l_zgpi‘_, )SFO 3C, '-_\:C+"I9 s 1—23P;9—2P;X+2y2pi

where p, =t(u+ Nu®- i), Pa=t(u— Jui—1)

7

and o,(3, 2)= D (B)(ehn-s(z/2) Hiy).

ks0

Thanks to the referee for some comments.
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