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ON (p+3)-DIMENSIONAL COMPLEX LIE
GROUP AND SPECIAL FUNCTIONS

S, K. CHATTERJEA

1. Introduction: In a recent paper [4], C. F. Wong and R. N. Kesarwani have
considered the (p+3)-dimensional complex Lie group Ky, with elements
(1.1) g=g(r}c; dos Ay.e0p) 5 75 €5 a5 €C,
where the multiplication law is given by
(12) g(z; ¢35 Ao, ay,..8y) g (75" 500, 010 )
=g (r+7"; cteTc" 5 bo, bireePp)
and

P
(1.3) q:;:az+2( "f )c""e’”a'k s o<LI<p.
k=1

Indeed, K, ,, is a generalization of s-dimensional complex Lie group K;
studied by W. Miller, Ir. [2].

Now the operators A(g), g € Ky, defining the multiplier representation
of K,,s on thecomplex Vector Space V of all analytic functions f(z) which are
defined for all non-zero values of z, are defined by

D

(14) (A1) =exp(mor+u D aizt)(1+e/2)" " flerz+ere),

1=0
w-+m, being not an integer.

The matrix elements A, ;(g) of A(g) with respect to the basis fz)=2* ;
k=0, +1, +2,..., of V, as defined in [4, p 120] are as follows :

(15) A@KIE=Y | Aulghi(z) k=0, £1, £2,...

| m—

i.e. exp [(mo +k)7'+.ui\/ a;z‘] (l—{-c/z)m°+w+k S

=0

)

=N A L efz | <L,

lm-a

Wong and Kesarwani have examined one special case of A;.(g), viz.
the function ,F,, from which ,F, or usual Laguerre function L{}’(z) can be
easily studied.

The object of the present paper is to examine the general matrix element
A;.(g) and then to consider some interesting special cases.
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2. General Matrix Element : Let g=g(7; ¢ do, @1,...,8p). Then (1.5) reduces
to

mot+w+k %
(2.1)  exp((mo+k)r+puao)exp(u(a,z+asz®+...+ap2?)) (1+¢/2) z

=§:Au(g)zl-

l=—o

Expanding the left member of (2.1) with the help of binomial expansion
and the following expansion (3, p. 719]

(2.2) exp (byx+bgx34...)= I+a,x+azx2+...

where
b, -1 0 oo 0
a :_l_ 2b2 b1 -2 - 0o ... 0
i |
L 3bs 2bs b1 -3 ... 0

tin

1 ,e, €n
bl bﬁ -'-b'n.

e, leg!l. e, !

and e;’s are to have all positive integral values inclusive of zero
and e, +2e,+3e,+... +ne,=n,

in a power series and computing the coefficient of z!, we obtain the explicit
representation for the matrix element A;;(g) as follows

_ _ . (—c)f-? co1"(m I-my—w)
(2:3) Aj(g)=exp ((mo‘i'k)’f'l'ﬂao)p(_mo_w_k)m TFkFm—I+1) bmc™

where

(2.4) bo=1

pa, -1 0 0.. O
(2.5) bm=L, Qua; pa;, -2 0.. 0
m: | 3pag, 2ua, pa, -3 ... 0

Z(”a O (1)’ (nam)™

eé1 ‘eg....em!

and e1+2eg+363+...+mem=m.

If may be noted that there is no simple expression for A;(g), where
g=g(t3c; a0, a1,...a,), in terms of functions of hypergeometric type.
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However, if we put Ay, (= 1", then we obtain the following system of
equations :

f fiy = pay 0

20 = 2nae = fnay =0

.‘f?g - .‘N(’n - ﬂl .?ll('g - ﬂgll(h = ()

(."(‘) pﬁl‘ nl”“’)‘ ——ﬂl(p— I)H(Iﬂ-—t - ﬁﬂ(l) - z)ﬂnp_g ol < ﬂl""l””l = ”
(p+ l)ﬂ:\n —ﬂii’!mp —ﬂg([)-— l)ua,,_, - . =Pyna, =0
(P+2)ﬁp0n“ﬁﬂ[’ﬂ(’p“ _ﬂg-2ﬂﬂg =)

\ e K e “es o ses
By Laurent expansion the coeflicients A, (g) in (2.1) are given by

(2.7) Ax(g)

(0+)
_E%S expl(mo+k)r+n(ao+aiz+ . 4apz?)](14¢/z)m0twrkzk=1-1 4z,

where g=g(7; ¢ ; ao, ai, ... a,).
Comparing (2.3) with (2.7) we obtain

(0+)
(2.8) 2_1_7“8 f exP[I‘(012+ ...+a,,z”)](l +C/z)mo-0w!lczk—l-ldz

e, em

(—c)Ft ,,,_m Llm—I-m,—w) m Z‘(ﬂa "(pa,) ... (ua,)
I’(—mc,--w—k)m__0 I'k+m-1+1) Lleg!l.en!

where e, +2e,+3e,+. +mep=mand | ¢/z| <I.

3. Special Cases: If in particular, g=g(v; ¢;a,0,... 0, b), then from (2.3)
we have

_ (—c)f-! Pm l—m,—w) _am
(?‘l) All‘(g)—exp(”10+k)7+'ua) P(-’no—"’—k) I‘V(k+m I+ l) ﬂm ( C)
where
ﬂo-:l, ﬁ1=ﬂn= oo =ﬁp—1=0, ﬁp=.ub
b
ﬁwx:ﬂms: oo =Pgp-1=0, Bgp= (;,) )
Ay’
ﬁlc:t':‘(%-

Hence we deduce from (3.1)

(=c)k-1 c I‘(mp—l-—mo—w).
I'(=my—w—k) e Imp+k—-141)

Jub(=¢)*)™/m !

(3:2) Ayu(g)=cxp((mo+k)7+ pa)
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which has been obtained by Wong and Kesarwani for ,F,. This ,F, isa
particular case of our matrix element A, (g) given in (2.3).

Again in particular, if g=g(03;0;0,a,5,0,...0), then the generating
function (2.1) becomes

(3.3) exp(ulaz+bz))zF= D Auilg)z

Comparing (3.3) with the generating function of the Hermite
polynomials, viz.

(3.4) exp (xy— oy
Mg

we obtain

0if I<k

(3.5) Am(g)~{(—ub)” =il Ha ~
i W] 112

Furthermore, in particular, if g=g(0;0;0, 4,0, ... 0, b), then the genera-
ting function (2.1) becomes

(3.6) oxp (u{az+b:2))z= > Arylg)z'.

l=—o

Comparing (3.6) with the generating function of the polynomials g% (x)
considered by L. R. Bragg [1], viz.

(37) exp (pzx—z2)= >, 817 (),
il=0

we obtain

0 if I<k

(3.8) A (g)={(—ub)”"“”’ o ua
1k -1 gi-k (p——(—ub)l“’

When p=2, A;;(g) in (3.8) reduces to that in (3.5).

), if I>k.
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