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ABSTRACT: In present paper, we define asymptotically regular sequences and maps in partial cone 
metric space and prove some fixed point theorems for such maps. Our results extend the results of [9] 

in partial cone metric space. 
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1. INTRODUCTION 

In 1980, Rzepecki [15] introduced a generalized metric by replacing the set of real numbers 
with a Banach space E in the metric function where P is a normal cone in E with partial order S. 

Lin (8] considered the notion of cone metric spaces by replacing real numbers with a 
cone P in the metric function in which it is called a K-metric. Without mentioning the papers 
of Lin and Rzepecki, in 2007, Huang and Zhang [5] announced the notion of cone metric spaces 
(CMS) by replacing real numbers with an ordering Banach space. The authors obtained some 

fixed point theorems for mappings satisfying different contractive conditions. Afterwards several 

fixed and common fixed point results on cone metric spaces were introduced in (see [l), (2). 
[12]. [13], [16]. [191). 

Recently, in 2013, based on the definition of cone metric spaces and partial metric spaces, 
Sonmez [17] defined a partial cone metric space. The author developed some fixed point 

theorems in this generalized setting. Very recently, without using the normality of the cone, 

Malhotra et al. [10] and Jiang and Li [7] extended the results of [17, 18] to -complete partial 

cone metric spaces. 
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In the present paper, we define asymptotically regular maps and sequences and present 

some fixed point results for these maps in partial cone metric space. 

2. PRELIMINARIES 

First, we invite some standard notations and definitions in cone metric spaces and partial cone 
metric spaces. 

A cone P is a subset of a real Banach space E such that 

(i) P is closed, nonempty and P # {0}; 

(i) if a, b are nonnegative real numbers and x, y E P then ax + by E P; 

(iii) Po (-P) = {0}. 

Given cone P sE, we define a partial ordering S with respect to P by x S y if and 
only if y- x e P. We shall write x < y to indicate that x[y but x # y, while x «y will 

The cone P is called normal if there is a number k > 0 such that for all x, yE E, 
0Sxs y implies || x|| S k || y | 

The least positive number k satisfying above is called the normal constant of P. 

The cone P is called regular if every increasing sequence which is bounded from above 
is convergent. That is, if {x} is sequence such that x S X, S ... S x, S ... Sy for some 
ye E, then there is x e E such that || x, -x|’ 0(n ’ o). Equivalently, the cone P is 
regular if and only if every decreasing sequence which is bounded from below is convergent. 
It is well known that a regular cone is a normal cone. 

Definition 2.1. [S] Let X be a nonempty set. Suppose the mapping d : XxX ’ P satisfies 
(dl) 0 < dx, y) for all x, ye Xand d(x, y) =0 if and only if x = y; 

(d2) d(x, y) = d(%, x) for all x, y E X; 

(d3) d(x, y) S dx, z) + dz, y) for all x, y z E X. 

Then d is called a cone metric on X. and (X, d) is called a cone metric space. 

stand for y - x E int P, int P denotes the interior of P. 
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Definition 2.2|17] A partial cone metric on a nonempty set X is a function p:X x X ’ 
P such that for all x. y. z ¬ X: 

(pl) x = y pr, x) = p(x, y) = p(y. v), 

(p2) 0 s p(r, x) S px, y), 

(p3) p(x. y) = poy. x), 

(p4) p(r, y) [ px, z) + p(z. y) - p(z. z). 

3 

A partial cone metric space is a pair (X, p) such that X is a nonempty set and p is a 

partial cone metric on X. It is clear that, if p*. y) = 0, then from (pl) and (p2)x = y. But 
if x = y. p(x. y) may not be 0. 

A cone metric space is a partial cone metric space. But there are partial cone metric 

spaces which are not cone metric spaces. The following an example illustrate a partial cone 

metric space but not a cone metric space. 

Example 2.3. [17] Let E = R?, P= (. y) e E:x y > 0}, X= R* and p: X * X ’ P is 
defined by 

p(x. y) = (max (x, y}, a max (x, y}) 

where a0 is a constant. Then (X, p) is a partial cone metric space which is not a 
cone metric space. 

Theorem 2.4.[17] Any partial cone metric space (X. p) is a topological space. 
Theorem 2.5.(17] Let (X, p) be a partial cone metric space and P be a normal cone with normal 

constant K, then (X, p) is To. 

Definition 2.6.(17] Let (X, p) be a partial cone metric space. Let {x,} be a sequence in X 

and x E X. If for every ce intP, there is N such that for all n > N, p(x,, x) «c t p, x), 

then x, Is said to be convergent and x.} converges to x, and x is the limit of x,}. We 

denote this by lim x, =X or, X,, ’ X ans n’ 0. 

Theorem 2.7.[17] Let (X, p) be a partial cone metric space, P be a normal cone with 
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normal constant K. Let {x,} be a sequence in A Ihen converges to x if and. 

P, N) ’ p(r, ) as n ’ o,. 

Sonmez [17] also noted that if (X, p) is a partial cone metric space, P be a normal cone D 

with normal constant K and 

px,, x) ’ p(x, x) (n ’ oo), then pa ,)’ p, x) as n ’ o 

Lemma 2.8.[ 17] Let {x} be a sequence in partial cone metriC space (A, p). If a point r is 

the limit of {x} and p(. v) = p(. ) then y is the limit point of {x,}. 

Definition 2.9. [17] Let (X, p) be a partial cone metric space. (x,} be a sequence in X. x,) 
is Cauchy sequence if there is a ¬ P such that for every [ > 0 there is N such that for all 

lp n)- a|| < E. 

Definition 2.10.[17] A partial cone metric space (X, p) is said to be complete if every Cauchy 

sequence in (X, p) is convergent in (X, p). 

Theorem 2.11.[17] Let (X, p) be a partial cone metric space. If {x,} is a Cauchy sequence 
in (X, p), then it is a Cauchy sequence in the cone metric space (, d). 

Proposition 2.12(3]: Let P be a cone in a real Banach space E. If ae P and a s ka, tor 
some k E J0, I) then a = 0. 

Definition 2.13(9]: Let (X, p) and (X, p) be a partial cone metric space. Tiea 
f:X’ X'is said to be continuous at a point xE Xif and only if it is sequentially continuous 

at x, that is whenever {x,} is convergent to x we have is convergent to x). 

Lemma 2.14|9|: Let (X, p) be a partial cone metric space, P be a normal 

constant K. Let {x,} and y,} be two Sequences in X and suppose that , 
n -’ o, Then px, y�) ’ p(x, y) as n ’ o. 

Proposition 2.15|6] : Let (X, d) be a cone metric space E. If uS V, V KW then u < W. 

cone with normal 

’X, ., 
’y as 

real Banach 

He 

Space and P be a cone in a re 

be 

p 



3. ASYMPTOTICALLY REGULAR SEQUENCES AND MAPS 

Here we will define asymptotically regular sequences and maps in partial cone metric spaces. 

Deffnition 3.1: Let (X, p) be a partial cone metric space. A sequence (x,} in X is said to 

be asymptotically T-regular if lim p(ns Xn) = 0 or lim p(Tx,, x,) = 0. 
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Example 3.2. Let E = R, P= {(x, y)¬ E:xy> 0}, X = R* and p:XxX P is defined by 

p(%, y) = (max {x, y}, a max{x, y}} y e X 

where a 20 is a constant. Then (, p) is a partial cone metric space. Now let T be a self 

map of X such that 7x = and choose a sequence {x}, x, # 0 for any positive integer n, 

which converges to zero. We deduce that 

lim p(xp, Tx,) = lim (max{x,, Txn}. a max {,, Tx}) 
n’0 

- lim (max 
n’0 

lim 

n’0 

n’0 

lim (, ax) 
n’0 

(0, 0) 

= 0. 

Hence {x} is an asymptotically T-regular sequence in (X, pP). 

Definition 3.3: Let (X, p) be a partial cone metric space. A mapping T of X into itself is said 

to be asymptotically regular at a point x in Xif lim p(r", T* = (0 or lim p(T*x, T"x) 

= 0 where Tx denotes the nh iterate of T at x. 

Example 3.4. Let (X, p) is a partial cone metric space which is defined in example 3.2 and 

n-’0 

4 let T be a self map ofX such that Tx = where x e X. Then, we have 

n’0 

n’0 

p(r', r) - lim (maxr", T amaxr"*, 7) 

{amax 
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lim max 
n->0 

lim 

= (0, O0) 

= 0. 

a max 

Hence T is an asymptotically regular map at all points of X. 

4. MAIN RESULTS 

As an application of asymptotically regular maps and sequences, we present some fixed point 
theorems in the partial cone metric spaces. 

Theorem 4.1. Let (X. p) be a complete partial cone metric space ant T be a self mapping 
of X satisfying the inequality. 

p(Tx. Ty) < ap(x. Tx) + a,p(y. T) t a,p(x, Tó) + a,p(, Tx) + azp(x, y) 

for all x, y E X where a,, a, a, ajy a, 2 0 and (a, t a, + 

plx, x) Z pip T,) t p(Txy m)- p(Tx, Tx,) 

If there exists and asymptotically T-regular sequence in X, then T has a unique fixed point. 

Proof : Let (x,) be an asymptotically T-regular sequence in X. Then 

s px, Tx) t pl.m Tx) - p(Tx, Tx) 
S plx 1x) + prm Tx) t p(xm Tx) -p(Tx,p Tx) - p(Tx, Tx) 

< px,, Tx,) + pom Tx) t p(Txm Tx) 
< plx,, 1,) t pom x,)t a p(x,m Tx) + 

...(4.1.1) 

Tx) 

...(4.1.2) 

4P Tx) + a,px, 
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splk Tx) + pl.m Tx) + ap.m, Tx) t a,pi, Tx) + a,lp(, m) t plx, T,)] 
a,[p(x m) + p(Tx x)) t apl m ) 

= (1 + a, t a,)px, Tx) + (l + a, + a)p(x Tx) + (a, t a, t a,)py Xm) 

[by p;l 

[l -(a3 t a, t a)lp(x,, x,) s (1 + a, t a,)p(x, Tx) + (1 + a, t a)pm Tx) 

So. p(x X) S 
(1+ a, t a) 

|-(a3 +a4 tac)] Pg ) + 

n’0 

Since (x,} is an asymptotically T-regular sequence and m > n. Therefore p(x, Tx,) ’0 and 

pm x) ’ 0 when n ’ oo 

This implies that p(x, x)’ 0 as n, m ’ oo. Hence {x} is a Cauchy sequence. By 
Therefore completeness of X, there is x E X such that x. ’x as n ’ o, 

Iim p(p x) = p(x, x) = lim p(p n) = 0. 

Existence of Fixed Point: 

(1+a +a4) 

n’0 

Consider, p(Tx, x) s p( Tx, Tx,) + p(Tx *)- p(T T») 

S p(Ts, Tx,) + p(Isy x) 
Sa,p(x, Tx) + a,p(r, T) t a,p(x, Tx) t a4p(, Tr) + a,p(x, x,) + p(Tr,, x) 

S aplx, Tx) t a,p(x, Tx) + a,[p(r, x) t pl, Tx) - p x,)] 

t a,lpx,, x) + p(r, Tx) - p(x, x)] + açP(x, x) t [p(T ) 

+ pa x) - p x,)) 

7 

S aplr, Tx) + aspx,, Tx) + a,[p(x, x,) + pr 

t p(x, Tx)] + a,p(r, x) + 

...(4.1.3) 

= (u t ,)p(Tx, x) +(| + a, t a,)p(Tx 

Tx,)] + a,lp(, x) 

[p(Tx x) t plx,, x)] 

) + (1 ta, t a, t a,)p(x, x) 
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Theretore 
PTr, x)) = 0. 

T= . 

Since {, is an asymptotically T-regular sequence and x} is a Cauchy sequence in X. 

-’r implies that p(x, Tx) ’ 0 and p(x, x,) ’ 0 as n ’ co by (4.1.3). So 

Then p(x. ) 

(1+ay t a) 

Uniqueness : Let z be another fixed point of T. 

p(x. )= 0 

(1+ag + a4 t as) 
1-(a + a4) 

= p(Tx, Tz) 

So. p(r. ) s (a; t a, t as)p(x, z) 

p(x, x,) 

S a px, Tx) + a,p(2, Tz) + azp(x, Tz) + asp(z. Tx) + açP(I, z) 

ap(x, x) + a,p(z. z) + azp(x, z) + aap(z, x) + ap(x, z) 

This completes the proof of the theorem 4.1. 

[by Prop. 2.12 and (a, + a, t a) < 1] 

Theorem 4.2. Let (X. p) be a complete partial cone metric space and Ta self mapping of 

X satisfying the inequality (4.1.1) for all x, y E X and a,, a,, aq, aj, a, > 0 and 

max?\u, * u,), (a, t a, t a)}<I 

If7is asy mptotically regular at some fixed point x of X, then there exists a unique fixed point of T. 

Proof : Let T be an asymptotically reguar at X,¬ X. Consider the sequence (7" x then for 

all m, n! 

S a,p(T" ', T") + a,p(7"', T"x) t a,p(T"-x T") 

ap(7' ") t ap( T"- Tx) 
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S ap(T"-N T"xg) t ayp(T"-X T"x) + a,[p(T"-'X T"x) 

+ p(T"xp T"x) -p(T"Xg Tx)] + a,p(Tx T"x) + p(T"Xgy T"x) 

- p(T"xg T"x)] + a,[p(T"-'xo T"x) + p(T"='x T"x) - p(T"X, T"x,)) 

Sa,p(T"-'X T"x) t ayp(T"-'xo, T"x) + a, [p( T"-'x T"x) t p(T" No, T"x)] 

t a,lp(7x T"x) + p(T"X T"x)] + a,lp(T-'Xo T"x)t p(T='x T"x) 

t p(T"x T"x) - p(T"xo: T") - p(T"x T"x] 

Sap(T"'x, T"x)+ a,p(T"=XÍ, T"x) + a,[p(T-'xo T"x) t p(T"xo, T")] 

t a,[p(T"'x P"x) + p(T" T")] + a,p(T"-x T"x) t p(T"Xo T"o) 

= (a, + a, t a,)p(T=X T" x,) + (a, t a, t a,)p(T"-'x T"x) 

’0 as m, n ’ o, 

p(Tx. x) 

(a t az t a_) 
So, p(T"Xg> 1"x) |-(a, + a4 t a_) p(T" T"x) t I-(ay t a4 + as) P(?"o T") 

Since T is an asymptotically regular at xo therefore p(T- T"x) ’0 and p(T"-X), T"x) 

+ (a, + a4 t az)p(T"x: 1"x) 

(a t a4 + as) 

This implies that p(T"x T"x) ’ 0 as n, m ’ o, Hence {T"x} is a Cauchy sequence in 

X. By completeness of X, there is x E X such that T"x, ’x as n ’ o, 

n’0 lim p(T"x, x) px. x) - lim p{T"x. T"xo) 

S p(Tx T"x) + plT"xo- x) - p(T" 7"x) 

S apx, Tr) + apl(T"' 

= 0. 

Therefore, {T"x is a Cauchy sequence in X which is complete space. So, {T"x%} ’re X. 

Now, we claim that x is a fixed point to T. For this we have, 

Therefore 

T"x) + azp(x, T'x) t ap( T" 'xo T) 

+ açp(x, Tx) t p(T"x *) 

+ p(T"x T"x)] 
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S ap(r. Tx) + a,p(-'X, T"x) t azp(x, T"x) t a,p(T=x T"x) t p(T"xo Tx) 

- p(7" T"x)] + a,[p(r, T"x) + p(T'X T"x) - p(": T")] + p(T"xo x) 

S apr, 7Tx) + ayp(Tx T"x) + ap(x, T"x) t a,lp(T"'x T"x) t p(T"x0: Tx)] 

a,[p(x, Tx) + p(Tx T"x)] + p(T"xo x) 

’ Tx = x 

p(Tx, x) s (a, + a,)p (x, Tx) [as n ’oo] [Since (T} is a subsequence of {7"x0}} 

’ p(Tx, x) = 0 

+ 

The unigqueness of the fixed point x follows as in theorem 4.1 using (a, t ay t a) < 1. This 

completes the proof of the theorem 4.2. 

The following example demonstrates theorem 4.2. 

[by Prop 2.12 and as a, t a, < 1] 

Example 4.3 : Let (X, p) is a partial cone metric space which is defined in example 3.2 and 

let T be a self map of X such that Tx = where xe X. Clearly T is an asymptotically regular 
map at all points of X. If we take a, F a, = a = a, = 0 and as Then the contractive 

condition (4.1.1) holds trivially good and 0 is the unique fixed point of the map T. 

Conclusion : The asymptotically regularity of the mapping T satisfies the Hardy Rogers 
contraction condition. It is actually a consequence of a<1.Thus the theorem 4.1l and the 
theorem 4.2 extend results due to Hardy Rogers (4] in partial cone metric spaces. It is also worth 

mentioning that our condition on controls constants says that a, may exceed 1. 
Acknowledgement : The first author is thankful to Prof. Geeta Modi [Govt. Motilal Vigyan 
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