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ABSTRACT : In present paper, we define asymptotically regular sequences and maps in partial cone
metric space and prove some fixed point theorems for such maps. Our results extend the results of [9]

in partial cone metric space.
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1. INTRODUCTION

In 1980, Rzepecki [15] introduced a generalized metric by replacing the set of real numbers

with a Banach space E in the metric function where P is a normal cone in E with partial order <.

Lin [8] considered the notion of cone metric spaces by replacing real numbers with a
cone P in the metric function in which it is called a K-metric. Without mentioning the papers
of Lin and Rzepecki, in 2007, Huang and Zhang [5] announced the notion of cone metric spaces
(CMS) by replacing real numbers with an ordering Banach space. The authors obtained some
fixed point theorems for mappings satisfying different contractive conditions. Afterwards several

fixed and common fixed point results on cone metric spaces were introduced in (see (17, (2],

[12], [13], [16], [19]).

Recently, in 2013, based on the definition of cone metric spaces and partial metric spaces,
Sonmez [17] defined a partial cone metric space. The author developed some fixed point
theorems in this generalized setting. Very recently, without using the normality of the cone,

Malhotra et al. [10] and Jiang and Li [7] extended the results of [17, 18] to f-complete partial

cone metric spaces.
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In the present paper, we define asymptotically regular maps and sequences and Presen

some fixed point results for these maps in partial cone metric space.

2. PRELIMINARIES

First, we invite some standard notations and definitions in cone metric spaces and partial cope

metric spaces.
A cone P is a subset of a real Banach space E such that
(i) P is closed, nonempty and P {0};
(n) if a, b are nonnegative real numbers and x, y € B then ax + by € P;
(i) P N (-=P) = {0}.

Given a cone P c E, we define a partial ordering < with respect to P by x < y if and
only if y — x € P. We shall write x < y to indicate that x < y but x # y, while x « y will

stand for y — x € int P, int P denotes the interior of P.

The cone P is called normal if there is a number k¥ > 0 such that for all x, y € E,

0 <x <y implies | x| < k| y]
The least positive number £ satisfying above is called the normal constant of P.

The cone P is called regular if every increasing sequence which is bounded from above
is convergent. That is, if {x,} is sequence such that XS xy <. < x, < ... <y for some
y € E, then there is x € E such that || X, = X|| = 0(n - o). Equivalently, the cone P is
regular if and only if every decreasing sequence which is bounded from below is convergent.

It is well known that a regular cone is a normal cone.

Definition 2.1. [5] Let X be a nonempty set. Suppose the mapping d : X x X — P satisfies
(dl) 0 < d(x, y) for all x, y € X and d(x, y) = 0 if and only if x = y;
(d2) d(x, y) = d(y, x) for all x, y € X,
(d3) d(x, y) < d(x, z) + d(z, y) for all x, y, z € X.

Then d is called a cone metric on X, and (X, d) is called a cone metric space.
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Definition 2.2[17] A partial cone metric on a nonempty set X is a function p : X x X —

P such that for all x, v, z € X :

(ph) x =y < pl x) = p y) = py y),
(2) 0 < p(x. x) < p(x, y),

(P3) plx. ») = p(y, ),

P4 plx. y) < plx, 2) + p(z, y) - p(z z).

A partial cone metric space is a pair (X, p) such that X is a nonempty set and p is a

partial cone metric on X. It is clear that, if p(x, y) = 0, then from (pl) and (p2)x = y. But
if v =) p(x, y) may not be 0.

A cone metric space is a partial cone metric space. But there are partial cone metric
spaces which are not cone metric spaces. The following an example illustrate a partial cone

metric space but not a cone metric space.

Example 2.3. [17] Let E=R, P={(x, y)) e E:x, y20}, X=R'andp : X x X > P is
defined by

p(x. y) = (max {x, y}, a max{x, y})

where o > 0 is a constant. Then (X, p) is a partial cone metric space which is not a

cone metric space.
Theorem 2.4.[17] Any partial cone metric space (X, p) is a topological space.

Theorem 2.5.[17] Let (X, p) be a partial cone metric space and P be a normal cone with normal

constant K, then (X, p) is T,

Definition 2.6.[17] Let (X, p) be a partial cone metric space. Let {x,} be a sequence in X

and x € X. If for every ¢ € intP, there is N such that for all n > N, p(x,, x) « ¢+ p(x, x),

then |x | is said to be convergent and {x,} converges to x, and x is the limit of {x,}. We

denote this by lim x, =x or, x, > x ans n —> ©.
n—rosn

Theorem 2.7.[17] Let (X, p) be a partial cone metric space, P be a normal cone with
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i x, } converges X
| constant K. Let {x,} be a sequence In X. Then {x,} ges to x if and only i
normal cc a . n

pLx,. v) = p(x, x)asn — .

Sonmez [17] also noted that if (X, p) is a partial cone metric space, P be a normg] -
with normal constant K and

p(x,, x) — p(x, x)(n — ), then p(x,, X,) = p(x. X) as n — e,

Lemma 2.8.[17] Let {x,} be a sequence in partial cone metric space (X, p). If a point y i

the limit of {x } and p(y, y) = p(y. x) then y is the limit point of {x }.

n

Definition 2.9. [17] Let (X, p) be a partial cone metric space. {x,} be a sequence in JX. i)
is Cauchy sequence if there is @ € P such that for every € > 0 there is N such that for all

nm>N

I pCx,, x,) —al <&

Definition 2.10.[17] A partial cone metric space (X, p) is said to be complete if every Cauchy

sequence in (X, p) is convergent in (X, p).

Theorem 2.11.[17] Let (X, p) be a partial cone metric space. If {x,} is a Cauchy sequence

in (X, p), then it is a Cauchy sequence in the cone metric space (X, d).

Proposition 2.12[3] : Let P be a cone in a real Banach space E. If ae Pandas ka, for
some k € [0, 1) then a = 0.

Definition 2.13[9]: Let (X, p) and (X', p) be a partial cone metric space. Then 2 function

[:X = X'is said to be continuous at a point x € X if and only if it is sequentially continuous

al x, that is w : ‘
henever {x,} is convergent to x we have {fx,} is convergent 10 fix)

Lemma 2.14[9] : et with pormal

(X, p) be a partial cone metric space, P be a normal con¢€
[}

x § and v

’7 ‘“’) co, IhCn p(x

consts . 5
stant K. Let { y, V2

be two sequences in X and suppose that x, = N

w V) = p(x, y) as n — oo

Proposition 2.15(6) | Banach

C e - i ea
Let (X, d) be a cone metric space and P be a cone If A

space I Af 4y <y w

then y «

He

D¢

be
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3. ASYMPTOTICALLY REGULAR SEQUENCES AND MAPS
Here we will define asymptotically regular sequences and maps in partial cone metric spaces

Definition 3.1: Let (X, p) be a partial cone metric space. A sequence {x,} in X is said to
b .

be asymptotically T-regular if Jif:]ﬁp(-\'n, Tx,) =0 or lim p(Tx,. x,,) = 0.

n—w

Example 3.2. Let £ = R, P={(x,y)€ E:xy>20},X=R"and p: X x X = Pis defined by

p(x, y) = [max{x, y}, o max{x, y}] vx ye X

where o > 0 is a constant. Then (X, p) is a partial cone metric space. Now let T be a self
_ X

map of X such that Tx = < and choose a sequence {x,}, x,# 0 for any positive integer n,

which converges to zero. We deduce that

lim p(x,, Tx,) lim (max N
X, Ix,) = ax {x,, Tx,}, amaxix,, Tx
e "_)00( { n n} { n n})
. ). n ). Xn
= lm (ma.\ {.1”. ‘7_} « max {.\,,. —;—})
n—o0 - -

_ lim (x,, ax,)
n—w

= (0, 0)
= 0.

Hence {x,} is an asymptotically T-regular sequence in (X, p)

Definition 3.3: Let (X, p) be a partial cone metric space. A mapping T of X into itself is said

. . " n-+-l . +] Tﬂ
to be asymptotically regular at a point x in X if nl_‘flop(T x T x) =0or ,}i?op(ﬂ x, x)
= 0 where I"x denotes the n'”" iterate of T at x.

Example 3.4. Let (X p) is a partial cone metric space which is defined in example 3.2 and

let T be a self map of X such that Tx = % where x € X. Then, we have

lim p(T"x, T"Hx) = lim (max{T"x, Tn+1x}, amax{T”x, TnH)C})

n—oo n—0
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X X
_ X X L amaxy—-» +I}J
_ lim max{?’ ,,n+l}’ {2" 2

1n—»00

0

_ lim | =, a_)%)
n—o\ 2" 2

= (0, a0)

= 0.

Hence T is an asymptotically regular map at all points of X.

4. MAIN RESULTS

As an application of asymptotically regular maps and sequences, we present some fixed point

theorems in the partial cone metric spaces.

Theorem 4.1. Let (X, p) be a complete partial cone metric space ant T be a self mapping

of X satisfying the inequality.
p(Tx. Tv) < applx. Tx) + ayp(y, Tv) + ayp(x, ) + agp(y, Tx) + agp(x, y)  ..(4.11)
for all x. v € X where a, a,, as, a,, as 2 0 and (a3 +ta, + as) < | .(4.12)
If there exists and asymptotically T-regular sequence in X, then T has a unique fixed point.

Proof : Let {x } be an asymptotically T-regular sequence in X. Then

IA

/)( (n‘ 'rn/)

plx,. Tx,) + p(Tx w X)) — P Txn, Tx”)

IA

p(x, Tx,) + p(x,, Tx,) — p(Tx,, Ix,)

- p(x”, TX”) " p(x'", Txm) + p(Txm’ Txn) - p(Txm’ Txm) - p(Txn’ Txn)

IA

/)(X", TXn) s /)(Xm, Txm) + p(T'\ Tx )
n

n’

IN

plx | Tx ) + , Tx ) +
" ") /](X"' x’") i alp(xm' Txm) + aZP(xn’ Txn) + a3p(xm’ Tx”)

+ a4p(xn, Tx ) + asp("‘m’ X,,)

m
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< pv,, Tv,) + PV, Tx,) tap(x, . Tx, ) + a,p(x,, Tx,) + a;[p(x,, x,) + p(x,, Tx, )
= px,, X )1+ aylp(x, x,) + p(Tx,, x,) = p(x,, x,)] + ap(x,, x,)

< p(x,, Tx,) + plx,, Tx,) + ap(x,, Tx,) + ap(x,, Tx,) + as[p(x,, x,,) + p(x,, Tx,)]
+ aylp(x,, x,) + p(Tx,, x,)] + aplx,, x,)

= (1 +a, * ay)plx, Tx,) + (1 + a; + ayp(x,, Tx,) + (a; + a4 + ag)p(x,, x,)
[by ps]

= [I - (a5 + ay *+ ay)lp(x,, x,) < (1 +a,+a)plx, Tx,) + (1 + a + a,)p(x,, Tx,)

So. p(x,, 'rm) = (1+02 +a3) 'P(X,,, Txn) + - (]+al +a4)
[l—(a3+a4+a5)] [1—(03+a4+a5)

] p(x,, Ix,)

Since {x } is an asymptotically 7-regular sequence and m > n. Therefore p(x,, Tx,) — 0 and
plx . Tx,) — 0 when n —
This implies that p(x,, x,) = 0 as n, m — o= . Hence {x,} is a Cauchy sequence. By

completeness of X, there is x € X such that x, = x as n — . Therefore

lim p(xp %) = p(x, x) = lim Pl %) = o, (4.13)

n—® n—o
Existence of Fixed Point:
Consider, p(Tx, x) < p(Tx, Tx,) + p(Tx,, x) - p(Tx,, Tx,)
< p(Tx, Txn) + p(Tx,, x)

<ap(x, Tx) + a,p(x, Tx,) + a3p(x, Tx,) + a,p(x,, Tx) + asp(x, x,) + p(T.x)

IN

ap(x, Tx) + ap(x,, Tx,) + aslp(x, x,) + plx, Tx,) = p(x, x,)]

+

04[,)()(,1* X) + P(x» TX) - P(x, X)] + a5p(x’ Xn) + [p(Txn’ Xn)

*.

/?(Xn, X) - /)(X”, x,,)]
< aplx, To) + ayplx,, Tx,) + aylp(x, x,) + plx,, )] + alp(, x)
+ plx, TO] + agp(x, x,) + [p(Tx,, x,) + PO X)]

= (a, + a,)p(Tx, x)+ (1 +a,*+ a3)p(TXn, x)t(l+ay+a,+ 05)P(X, X%0)
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U byt (J;\) (l +aytdy -+ (15)

| - ((l| {+ (74) M 7?\'". '\,") " |- (a| + Ll4)

So. p(Tv, x) =

p(x, x,)

Since {v, ! 18 an asymptotically T-regular sequence and {x,} is a Cauchy sequence in X.
Therefore v, — v implies that p(x,, Tx,) — 0 and p(x, x,) > 0 asn — by (4.1.3). So

AR T\l ,\')1 - 0

Uniqueness : Let = be another fixed point of T.
Then p(x. 2) = p(Tx, Tz)
< ap(x, Tx) + ayp(z, Tz) + ayp(x, Tz) + ap(z Tx) + asp(x, z)
= ap(x. x) + aplz 2) + ap(x, 2) + ap(z x) + asp(x, 2)
So. p(x. z) < (ay + a, + ag)p(x. )
= p(x. 2) =0 [by Prop. 2.12 and ‘(a3 +a, t a5 < 1]
= x ==

This completes the proof of the theorem 4.1.

Theorem 4.2. Let (X, p) be a complete partial cone metric space and T a self mapping of
¥ catisfving  the inequality (4.1.1) for all x, y € X and a, a,, a5, a,, a5 2 0 and

marila, ~ ay), (a3 + ag + ag)} < 1
[ 7 1o asymptotically regular at some fixed point x of X, then there exists a unique fixed point of T.

Proof : Let 7 be an asymptotically reguar at x, € X. Consider the sequence {7"x,} then for

',4” i i < !
p(T"x,, T"x,) < apl Vi 'r“, Tx,) + 112/)('[" l.\‘“. x,) + “3/’(7,""'\‘0' x,)

Fagp(T Yy, T + agp(T"'x, ™ 'x,)
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< a,p(Y’”“'.\‘(). T"x,) + a,_,p(T’“'xO, T'xy) + a3[p(T"’“x0, T'"xo)

+ p(T"xy, T'xy) — p(T"x s Txy)] + a4[p(7"’"x0, T'x,) + p(T"x,, T'x;)
— p(T"xs T'xy)] + as[p(T’"“xO. T"xy) + p(T"“'xO, Txy) — p(T"x,,, T"x,)]
<ap(T" xg, TVxg) + ap(T" Vxg, T'xg) + a3 [p(T™ " xg, T"xq) + p(T7x,, T"x,))
+ay P xg, Txg) + p(T™xg, Txg)] + a[p(T"xg, T"xg) + p(T™ g, T7%0)

+ p(T"xy, T'xg) — p(T"x,, T"xq) — p(T"x, T'x)]
< ayp(T"xg, Tx0) + ap(T"x, ') + as[p(T" g ")+ p(T"%0 T'X0)]
+ a,[p(T™'xg, T'x) + p(T"xg, T"xp)] + ag[p(T" " xq, T"xg) + p(T"'x,, T"x;)

+ p(T"xg T'p)]
= (a, + a3 + agp(T" 'xg, T"xg) + (ay + az + ag)p(T" ' x, T'x)
+ (a3 a4 * ag)p(T"xy, T"x)

< - 717 - (al +az+ 675) B . ((12 +ay + a5) O
O p( '\0’ x()) — 1= (03 +day +05) p(Tm xo’ r XO) * 1 - (03 + ay + 05) p(T' XO, Tnxo)

Since T is an asymptotically regular at x,, therefore p(T" 'x,, T"x;) — 0 and p(T'x, T'x)

— 0 as m n — .
This implies that p(T"x,, T'x,) — 0 as n, m — o. Hence {T"x,} is a Cauchy sequence in

X. By completeness of X, there 1s x € X such that T"x; — x as n — ee. Therefore

lim p(T"x0 x) = p(x, x) = Jim p(T"x0. Tx0) = 0.

n—r< n—»x0
Therefore, {T"x,} is a Cauchy sequence in X which is complete space. So, {T"xy} — x € X.
Now, we claim that x is a fixed point to T. For this we have,

p(Tx. x) < p(Tx T'xy) + p(T"xy, x) — p(T"x, T'x,)

IN

a,p(x, Tx) + azp(T” 'x(), T'x,) + asp(x, T'x,) + a4p(T”"x0, Tx)

+ asp(x, 7""'x0) + p(T'x, X)
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< apix. Tx) + ap(T'xg, T'xg) + agp(x, Tx) a [p(T" ' xq, T'xg) + P(T"%¢, TX)

— p(Txy. T'x)] + aslp(x, T'xp) + p(T1x,, T'xg) — p(T'xg Txg)) + p(T"xg, x)

< aplx, Tx) + ayp(Txg, T'xg) + ayp(x, T'xp) + 04[p(7"_1x0, T'x,) + p(T"xq, TX))

+ ag[p(x, T'x,) + p(T""xO, T'x)] + p(T"xy, X)

p(Tv. x) < (a, + a)p(x, Tx) [as n — ] [Since {T"'xy} is a subsequence of [T"x0}]

= p(Tx, x) = 0 [by Prop 2.12 and as a; + a4 < 1]
= Tx =x

The uniqueness of the fixed point x follows as in theorem 4.1 using (a3 + a, + as) < L. This

completes the proof of the theorem 4.2.
The following example demonstrates theorem 4.2.

Example 4.3 : Let (X, p) is a partial cone metric space which is defined in example 3.2 and
let 7 be a self map of X such that Tx = % where x € X. Clearly T is an asymptotically regular
map at all points of X. If we take a; =a,=a;=a,=0 and a5 = % Then the contractive

condition (4.1.1) holds trivially good and 0 is the unique fixed point of the map T.

Conclusion : The asymptotically regularity of the mapping 7 satisfies the Hardy Rogers
contraction condition. It is actually a consequence of Z?ai < 1. Thus the theorem 4.1 and the
theorem 4.2 extend results due to Hardy Rogers [4] in partial cone metric spaces. It is also worth

mentioning that our condition on controls constants says that Y2 _1a; may exceed 1.

Acknowledgement : The first author is thankful to Prof. Geeta Modi [Govt. Motilal Vigyan

Mahavidhyalaya, Bhopal, M.P., India] for constant encouragement and valuable comments.
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