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1. INTRODUCTION 

The notion of Lorentzian Para-Sasakian manifolds was introduced by K. Matsumoto [1] in 

1989. Then Mihai and Rosca [2] introduced the same notion independently and obtained several 
results on this manifold. LP-Sasakian manifolds have also been studied by Matsumoto and 

Mihai [31, Mihai et al. [9), Venkatesha and Bagewadi [4), and many others. 

On the other hand, Pokhariyal and Mishra [S] have introduced new curvature tensor called 
a M-projective curvature tensor in a Riemannian manifold and studied its properties. Further, 

Pokhariyal [6] has studied some properties of this curvature tensor in a Sasakian manifold. 

Chaubey and Ojha [7], Singh et al. [11] and may others geometers have studied this curvature 

In the present paper we study some curvature conditions on LP-Sasakian manifolds. The 

paper is organized as follows: Section 2 consists the basic definitions of Einstein and n-Einstein 

manifold. Section 3 is about the study of M-projective curvature tensor in LP-Sasakian manifolds. 

Section 4 is devoted to the study of an LP-Sasakian manifold satisfying P(E, X) W* =0 and W* 

($, X) P= 0. Section 5 deals with properties of conformal curvature tensor satistying C 

(5, X) W*= 0 and W*(, X)C= 0. Finally, we consider LP- Sasakian maniolds satisfying 

C(, X) W* = 0. 
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An n-dimensional differentiable manifold M" is called a Lorentzian Para-Sasakian (briefly LP. 

Sasakian) manifolds ((11, [2]) if it admits a (1, 1) tensor field 0, a contravariant vector feld 

2. PRELIMINARIES 

S. a covariant vector field n and the Lorentzian metric g, which satisfy 

If we put 

¢2X = X + n(),, 

nE) = -l, 

g(0X, Y) = g(X, ) + n()n(), 

g(X, E) = n(), 

(V0)Y = g(X, Y% + n()X + 2n(X)n(Y);, 

for any vector fields X and Y. 

oE) = 0 n(oX) = 0, rank($) = (n - 1) 

O(X, ) = g(X, Y), 

(2.) 

for any vector fields X and Y, where V denotes the operator of covariant differentiation with 

respect to the Lorentzian metric g, It can be easily seen that in an LP-Sasakian manifold, the 

following relations hold : 

(22) 

g(R(X, Yz, ~) = n(R(X, YZ) = g(Y Z)n(*) - g(X, Z)nm(), 

(2.3) 

R�, X)Y= -R(X, E)Y = g(X, nE - n(YX, 

(24) 
(2.5) 

(2.6) 

for any vectort fields X and Y, then the tensor field (X, is symmetric (0, 2) tensor tiel 

[I]. Also, since the I - form n is closed in an LP - Sasakian manifold, we have ([1), |19 

(V,) = (X, ), o(X, E) = 0, 

(2.) 

(28 

Let M" be an n-dimensional LP-Sasakian manifold with structure (0. E n, g) then 
have ([3, [10]) 

(29 

(210 

(211 
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where k is constant. 

R(X, YE = n(YX - n()Y, 

for any vector fields X, Y, Z, where R is the Riemannian curvature tensor. 

S(X, E) = (n - I)n(X), 

S is of the form 

S($X, G = S(X, Yn + (n - 1)n()n(). 

as 

An LP-Sasakian manifold M(n > 2) is said to be Einstein manifold if its Ricci tensor 
S is of the form 

S(X, ) = kg(X, ), 

S(X, ) = ag(X, ) + Bn()n(n. 
for arbitrary vector fields X and Y, where a and B are smooth functions. 

An LP-Sasakian manifold M" is said to be an n-Einstein manifold if its Ricci tensor 

Wx nZ = R(X, nz - 2n-) [S(, Z)X 

15 

(2.12) 

- S(X, Z)Y + g(Y, Z)QX - gX, ZQY, 

(2.13) 

(2.14) 

3. M-PROJECTIVE CURVATURE TENSOR OF LP-SASAKIAN MANIFOLDS 

In 1971, Pokhariyal and Mishra [5] defined a tensor field W* on a Riemannian manifold M" 

W*E, nZ = -W*(Y, E)Z = g(Y, ZE - n()n 

(2.15) 

2(n -1) [S(Y DE � n(ZON, 

(2.16) 

for vector fields X, Y and Z, where S is the Ricci tensor of type (0, 2) and Ì is the Ricci 

operator. 

(3.1) 

Putting X =E in equation (3.1) and using equatings (2.2), (2.4), (2.11) and (2.13) we get 

(3.2) 
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Again, putting Z = in the cquation (3.1) and using equations (2.4), (2.12) and (2.13), we get 

and 

J.P. SINGH, ARCHANA SINGH AND RAJESH KUMAR 

WX. n = n(nx - n()n 

Now, taking the inner product of equations (3.1), (3.2) and (3.3) with and using equations 

(2.2), (2.4) and (2.13), we get 

Z(n -1j [n(rnox -n(Qn 

n(WX. Yn =Ig(Y, Z)n(X) - gX, Z)n(Y] 

respectively. 

n(W*E, nz) =n(W*(Y E)Z) 

Einstein manifold. 

2(n -1) [S(, Z)n()- S(X, Z)n()], 

= 

n(WX, n�) = 0, 

Proof. Let R(E. ) W*(Y Z)U = 0. Then we have 

R(E, X)W(Y, Z)U - W*(R(E, )Y, Z)U 

Theorem 3.1. An LP - Sasakian manifold M" satisfying the condition R(E, X W* = 0 is an 

- W(Y, R(E, X)Z)U � W*(Y Z)R(E, X)U = 0, 

which on using the cquation (2.11), gives 

gX, W*Y, Z)UE - n(W*(, Z)UX - gX, )w*E, Z)U 

(3.3) 

gX, )W(Y, E)U - g(X, U)W(Y. Z)� + n(YWX, Z)U 

+ n(Z)wY, x)U t n(U)W*(Y Z)X. 

(3.4) 

(3.5) 

(3.6) 

(3.7) 

(3.8) 

No 

(2. 

Ta 

T 
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Now, taking the inner product of the above equation with and using equations (2.2), (2.4), 
(2.11), (3.1), (3.4), (3.5) and (3.6), we obtain 

"R(Y, Z, U, X) = g(X, nglZ, U) - g(X, Z)g(Y, U) 

+ Lg(X, Z)n(n(U) - gX, n(Z)n(] 

S(X, Z)n(Yn(). 
Taking a frame field and contraction over Z and U, we get 

S(X, Y) = (n - 1)g(X, ) 

This shows that M" is an Einstein manifold. 

S(QX, ) = (n - 1' g(X, ). 

Theorem 3.2. If an LP-Sasakian manifold M" satisfies the condition W*E, X). R = 0, then 

Proof. Let W*E, X) R(Y, Z)U = 0. Then, we have 

WE, )R(Y Z)U � R(WG, X)Y, Z)U 

- R(Y, WE, )Z)U - R(Y, Z)WE, X)U = 0, 

which on using the equation (3.2), gives 

g(X, R(Y, Z)UUE - n(R(Y, Z)UX- g(X, YRE, Z)U 

n(YR(X, Z)U - gX, Z)R(Y, E)U + n(Z)R(Y, X)U 

-gX, U)R(Y, Z)� + n(U)R(Y Z)X - [S(X, R(Y. Z)UNE 

17 

n-1 

n(R(Y, Z)UQX - S(X, YR(E, Z)U + n()R(QX, Z)U 

S(X, Z)R(Y, E)U t n(Z)R(Y, QX)U - SX, U)R(Y, Z)E 

+ n()R(Y, Z)QX] = 0. 

(3.9) 

(3.10) 

(3.11) 



18 J.P. SINGH, ARCHANA SINGH AND RAJESH KUMAR 

Now, taking the inner product of the above equation with and using equations (2.2), (2.4, 

(2.11), (2.12) and (2.13), we obtain 

gX, R(Y, D)- gX, Yn(RE, Z)U) + n(Ym (R(X, Z)U) 

- g(X, Zyn(R(Y, E)U) + n(Zn(R(Y, X)U) - g(X, U)n(R(Y, Z)5) 

+ n(UnR(Y, Z)x) -

+ n(m(R(QX, Z)U) � S(X, Zn (R(Y, E)U) + n(Z)n(R(Y, QX)U) 

H(R(Y Z U. Ox -S(X, Yn(R(E, ZU) 

- S(X, Un (R(Y, Z�) + n(UnR(Y, Z)QX)) = 0. 

Taking a frame field nad contraction over Z and U, we get 

S(QX, ) = (n - 1'g(X, n. 

This completes the proof. 

S(QX, ) =n- lg(X, ) + 2(n - 1)S(X, Y). 

Proof. Let W*(
, X) SY Z) = 0. Then, we have 

Theorem 3.3. If an LP-Sasakian manifold M satisfies the condition W*, X). S= 0, then 

S(W*E, X)Y Z) + S(Y, W*�, X)Z) = 0, 

which on using the equation (3.2), gives 

(n - 1)[g(X, Yn(Z) + g(X, Zyn(] - S(X, Z)n() - S(X, Yn (2) 

n-DSQX, Ym(Z) - S(Qx, Zn(Yn] = 0. 

Putting 

This completes the proof. 

Again 

(3.12 Now, 

and 

esp 

(3.13) 
The 

Dro 

(3.14) 

Now, putting Z = in the above equation and using equations (2.2), (2.4) and (2.13), we get 

S(QX, n = n - lg(X, ) + 2(n - 1)S(X, Y). 
vh 

4. LP-SASAKIAN MANIFOLDS SATISFYING PE, X) · W* = 0 AND W*E, X)"P=0 

Projective curvature tensor P of the manifold M is given by [8] 
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P(X, Y)Z= R(X, nz -

and 

Putting X = , in the above equation and the using cquations (2.11) and (2.13), we get 

respectively. 

PG, YZ = -P(Y, E)Z = g(Y Z% - S(Y, Z)$. 

IS(E Z)X � S(X, Z)r. 

(4.2) 

Again, putting Z = � in the equation (4.1) and using the equations (2.12) and (2.13), we get 
P(X, Y) = 0. 

Now, taking the inner product of equations (4.1), (4.2) and (4.3) with , we get 

n(P(X, Y)z = g(Y, Z)n(X) - g(X, Zn() 

n(P(X, % = 0 

n-1 

T(S(Y Zn() - S(X, Zn(n, 

n(PG, YZ) = - nP(Y, E)Z) =- g(Y Z)+�S(Y, Z), 

S(QX, Y = 2(n - 1)[S(X, ) - (n - 1)g(X, )]. 

Proof. Let P(E, X) W*(Y, Z)U = 0. Then, we have 

PE, )W(Y, Z)U - W(PG, XY Z)U 

WY PE, X)Z)U � W*(Y, Z)P(E, X)U = 0. 

which on using the equation (4.2), gives 

g(X, U)w*Y ZE -

Theorem 4.1. If an LP-Sasakian manifold M" satisfies the condition P(E, X). W* = 0 then 

gX, WY, z)UE - gX, nwG, Z)U - g(X, Z)W*(Y EyU 

19 

(4.1) 

ISX, WY Z)UE � S(X, YW*(5, Z)U 

- SX, Z)W*Y E)U - S(X, )W(Y Z)EI = 0. 

(4.3) 

(4.4) 

(4.5) 

(4.6) 

(4.7) 

(4.8) 
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Now, taking the inner product of above equation with and using equation (2.2), ,(2.4). (01 

(3.4), (3.5) and (3.6), we obtain 

(n-) R(0, Z, U QX) = 'R(Y z, U, ) + 

This completes the proof. 

g(X, ngZ, D] -

Taking a frame field and contraction over Z and U, we get 

- g(, US(QX, Z)]. 

S(Qx, Y) = 2(n - 1)[S(X, Y) � (n - 1)g(X, N]. 

S(QK, n = nn-1)² 

Theorem 4.2. If a LP-Sasakian manifold M satisfies the condition W*(, X). P= 0 the 

-g(X, Y) + 

Proof. Let W*(E, X)· P(Y, ZU = 0. Then, we have 

n-1 

n-2 

W�, X)P(Y Z)U - P(W"G, X) z)U 

- P( W*�, XZ)U - P(Y, Z)W*G, x)U = 0. 

which on using the equation (3.2), gives 

2(n- 1) 

g(X, P(Y, Z)U)E - n(P(Y ))X - g(X, YPE, Z)U + n(YP(X, Z)U 
g(X, Z)P(Y E)U + n(ZP(Y, XU - g(X, UUP(Y Z)~ + n()P(Y, Z)x 

S(X, P(Y, Z)UE - n(P(Y Z)U)QX - S(X, YP(S, Z)U 

+ n(Y)P(Qx, Z)U - S(X, Z)P(Y, E)U + n(Z)P(Y, Qx)U 
- S(X, U)P(Y, ZE + n()P(Y, Z)Qx]= 0. 

(49 Ta 

(4.10 

(4.1 

Now, takiing the inner product of above equation with , and using equations (2.2), (2.4), (4.1 
(4.4), (4.5) and (4.6), we obtain 

Th 

5 

Co 

Pu 

Ag 

n-2 
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'R(Y, Z, U, X) + g(X, ng(Z, U) - g(X, Z)g(Y, U)t g(X, Zn(n(U) 

g(X, Yn(Zn(U) - H-[RY Z, U. Qx + 2S(X, Ym(Zn(U) 
- 2S(X, Z)n(n(U) + S(X, Z)g(Y U) � S(X, ng(Z, U)] 

(2-) S(OX, Zn(n(U) - S(QX, Yn(Z)n(U)) = 0. 

Taking a frame field and contraction over Z and U, we get 

2n(n-1) 
n-2 

S(QX, n = n(n-1) 
n-2 

This completes the proof. 

g(X, ) + 

C(X, YZ= R(X, nZ - S(Y Z)X - S(X, Z)Y 

5. LP-SASAKIAN MANIFOLDS SATISFYING CE, X) w*= 0 AND W*(�, X)C= 0 
Conformal curvature tensor C of the manifold M" is given by [10] 

+ g(Y Z)QX - g(X, Z)QY| 

+ 

C(X, n� 

(n-1)(n -2) l3(, Z)X - g(X, Z)n. 

CE, Y)z = - C(Y, )Z = 

-S(X, Y). 

Putting X= in the above equatin and using the equations (2.1 1) and (2.13), we get 

|+r-n 

]+r- n 

21 

(n-1)(n �2) l8(1, Z), -n() 

(4.12) 

(n-I)(7-2) ln(MX - n() 

Again, putting Z = in the equation (5.1) and using the equations (2.12) and (2.13), we get 

(5.1) 

(5.2) 

(5.3) 
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Now, taking the inner product of the equations (5.1) and (5.2) with , we get 

n(C(x, nz = 

S(Qx, Y) = 

1+r-n 

n(C(�, nz) = - n(C(Y, E)Z) 

(n-1(7 �2) ls(Y, Z)n(X) - g(X, Z)n(] 

�-5S(Y }m() - S(X, Zn(N), 

1+r- n 

1+r-n 
(n-1)(n -2) lg/, Z) - n(n (2)] 

�3-SX Z) - n(Zn(n) 
Theorem 5.1. f an LP-Sasakian manifold M" satisfies the condition C(E, X). W*= 0 then 

n 

(n-3n 2+r+2) 

Proof. Let C(�, X)- W*(Y, Z)U = 0. Then, we have 

Cg, X)y*(Y Z)U - W*(CE, X)Y, Z)U 

(n-1) |S(X, Y) + (1 + r - n)g(X, ) 

WY, C5, X)Z)U - W(Y Z)C�, X)U = 0, 

which on using the equation (5.2), gives 

(n�1)(n-2) W*(Y )UE - n(WY )UJX 

g(X, nw*E, Z)U + n(Yw*(X, Z)U - g(X, Z)W*(Y, E)U 

+ n(Z)w*Y X)U - g(X, U)W*(Y ZE + n()wY, Z)x] 

[S(X, W*(Y, Z)US - n(r(Y Z)UNQX - S(X, YW*G, Z)U 

+ n(nW*(QX, Z)U - S(X, Z)W(Y E)U+ n(Z)W*( Qx)U 

(5.4) 

-S(X, U)W*(Y, Z)} + n(UW*(Y, Z)QX = 0. 

(5.5) 

(5.6) 

(5.7) 

N 

( 
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Now, taking the inner product of the above equation with , and using the equations (2.2), (2.4). 
(3.1), (3.4), (3.5) and (3.6), we obtain 

(n -I)(n-2) -R(Y, Z, U, X) + 2n-){g(Z, U)S(X, ) - g(, US(x, )} 

+ 

1+r-n 

+ (gX, Yg(Z, U) - gX, Z)g(Y, U) + g(X. Zn(Yn(U)- g(X. n(Zn 

+ 

2(n-)) (S(X. Yn(ZN(y - S(Z, Xn(n(U)}I 

(n-2) -R(Y, Z, U, OX) + 2n- ID (sZ. US(QX, n - g(Y U)S(QX, D} 

{S(X, gZ. U) -S(X. Z)g(Y. y+ SX, Zn(n(y- S(X, Yn(Zn(U)) 

{S(QX, Yn(Zn(U) - S(QX, Z)n(Yn(U}] = 0. 2(n-I) 

Taking a frame field and contraction over Z and U, we get 

This completes the proof. 

(n-3n +r+2) 
(n-1) S(X, Y) + (1 - n + r)g(X, n. 

Proof. Let W*E, ) C(! Z)U = 0. Then, we have 

Theorem 5.2. If an LP-Sasakian manifold M satisfies the condition W*(, ). C = 0, then 

the manifold is an Einstein manifold. 

W�, XYC(Y, z)U � C(WG, X)Y, Z)U 

- C(Y, WE, )zU � C(Y, Z)W*E, X)U = 0, 

which on using the equation (3.2), gives 

23 

g(X, C(Y, Z)U) - n(C(Y, Z)U)X - g(X, YCE, Z)U 

+ n(YCX, Z)U - g(X Z)C(Y, E)U + n(Z)C(Y, X)U 

(5.8) 

(5.9) 
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- g(V. UCQ. ZE + n(UC(Y )X - ISX, C(Y ZUE 

-n(CY. )U)QN - S(X, nC�, )U + n(nC(Qx, Z)U 

- S(X, Z)C(Y, E)U + n(Z)C(Y QnU- S(X, U)C(Y, Z)E 

+ n(UC(Y, DQX =0. 

1 

Now, taking the inner product of above equation with , and using equations (2.2). (2 4)e. 

(5.4) and (5.5), we obtain 

(n-2) S(X, Ng(Z, U) 

- S(X, Zg(Y, U) + (n - 1){g(X, Zn(Yn()-g(X, Yn(Zn()} 

(n-) K(Y, Z, U Q) = - 'R(Y Z, U, X) + 

+ 2{S(X, Ym(Zn(U)- S(X, Z)n(Yn (U)} + (n-1) {S(QX, Z)g(Y U) 

- S(QX, ne(Z, U) + S(Qx, Zn(n(y- SOx, Yn(Zn(U))] 

(n-)(n-2) l8(2 U)g(X, ) - g(Y Ug(X, Z) + 

g(Y US(X, Z)}] + 1+r-n 

+ n-(SX, Dg(Y U) - S(X, Ng(Z, U)}]. 

S(X, ) = 2rg(X, ). 

Taking a frame field and contraction over Z and U, we get 

This completes the proof. 

(n -l(n �2) lg(2, U)g(X, n - g(Y Ugx, Z) 

(610) 

(n-) AZ, US(X, n 

6. LP-SASAKIAN MANIFOLDS SATISFYING G (E, X)" W* =0 

101. They defined the quasi-conformal curvature tensor by 

(S.11) 

The notion of the quasi-conformal curvature tensor C was introduced by Yano and Sawaki 



SOME CURVATURE PROPERTIES OF LP-SASAKIAN MANIFOLDS 

7A. nZ = aR(X, YZ + b[S(Y, ZX - S(X, Z)Y 

+ g(Y, ZQX - gX, Z)Qr 

where a and b are constants such that ab 0. If a = 1 and b= 

and 

n-2 

reduces to conformal curvature tensor given by (5.1). Thus the conformal curvature tensor C 

is a particular case of the Quasi-conformal curvature tensor . 

Lg(Y Z)` - n(Z)n + bÊS(Y, Z); - n(Z)or. 

Putting X = in equation (6.1) and using the equations (2.11) and (2.13), we get 

+ b[n(NQX - n(X)Qn. 

(6.2) 

Again, putting Z = in the equation (6.1) and using the equations (2.12) and (2.13), we get 

Now, taking the inner product of equations (6.1), (6.2) and (6.3) with , we get 

n(C(X, nz) = 

then above equation 

25 

nT5, n) - n(C(Y, }YD 

(6.1) 

- g(X, Z)n(Y)] + b[n(nQx - n(X)Q, 

+ b[- S(Y, Z) - n(2Zn(gI 

Zn() 

(6.3) 

(6.4) 

g(Y. Z) - n(: Z) - n(n(Z)) 

(6.5) 



26 

respectively. 

J.P. SINGH, ARCHANA SINGH AND RAJESH KUMAR 

n(cX, YE) = 0 

S(QX. Y) 

Theorenm 6.1. If am LP-Sasakian manifold M" satisfies the condition C (E. W* 
=0 then 

- (a-9-}stx.n-3ejen0)nt) 

+ 

where A = la+bn -)-L:2 
Proof. Let X W*(. Z)U = 0. then, we have 

CE, x)W(Y Z)U - W(C(E, X)Y )U 

-W*(Y, CE, X)Z)U � W(, Z)CE, )U = 0, 

which on using the equation (6.2), gives 

A[g(X, W*(Y, Z)UA - n(W*( ZUX - g(X, nw�, Z)U 

+ n(nW(X, Z)U - g(X, Z)W*(Y, E)U + n(Z)W*(Y, X)U 

- g(X, U)W*(Y Z) + n(yw*(Y Z)X] 

+ b[S(X, W*(Y Z)UE + n(W*(Y Z)U)n(X) - S(X, nw*a, Z)U 

+ n(nwex, Z)U � S(X, ZW(I E)U + n(Z)W(Y Q)U 
- S(X, U)w*(Y, ZE + n(ywY Z)QX] = 0. 

(66 

A[-R(Y, Z, U, X) - 20n-D (g(Z U)S(X, Y) - g(X, U)S(X, Z) 

(6.) 

(6.8) 

Now, taking the inner product of above equation with and using equations (2.2), (2.4). (0:1} 
(3.4), (3.5) and (3.6), we obtain 

- 2S(Y Um(Xn(Z) - S(Z, Ug(X, ) - S(Z, U)n(Xn(Y) - S(X, Zn(In(U) 



1. 

2. 

g(X USX, Z) + S(X, Zn(Yn(U) - S(X, Ym(Zn(UD}]. 
Taking a frame field and contraction over Z and U, we get 

4 
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5. 

+ S(X. Yn (Z)n()} + (s(Z. UNg(X, ) - g(X, Z)g(Y ) 

This completes the proof. 

6 

t g(X, Zn()n(U) - gX, n(Zyn()}] 

7 

+ b[-R(Y, Z U QY + - (g(Z U)S(X, Q) - (g(X yS(X 92) 

+ S(QX, Yn(Z)n(U) - S(QX, Zn (Yn (U)} + {e(Z. US(X, ) 

S(QX, ) = |a-9-4sx, n-2bec0n(9 
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