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1. INTRODUCTION

The notion of Lorentzian Para-Sasakian manifolds was introduced by K. Matsumoto [1] in
1989. Then Mihai and Rosca [2] introduced the same notion independently and obtained several
results on this manifold. LP-Sasakian manifolds have also been studied by Matsumoto and

Mihai [3], Mihai et al. [9], Venkatesha and Bagewadi [4], and many others.

On the other hand, Pokhariyal and Mishra [5] have introduced new curvature tensor called
a M-projective curvature tensor in a Riemannian manifold and studied its properties. Further,
Pokhariyal [6] has studied some properties of this curvature tensor in a Sasakian manifold.

Chaubey and Ojha [7], Singh et al. [11] and may others geometers have studied this curvature

tensor.

In the present paper we study some curvature conditions on LP-Sasakian manifolds. The
paper is organized as follows : Section 2 consists the basic definitions of Einstein and n-Einstein
manifold. Section 3 is about the study of M-projectiv
Sasakian manifold satisfying P(§, X) - W* =0 and W*

e curvature tensor in [ P-Sasakian manifolds.

Section 4 is devoted to the study of an LP-

(€, X)- P = 0. Section 5 deals with properties of co /ing
(€, X) - w* =0 and wxE, X)- C=0. Finally, we consider LP- Sasakian maniolds satisfying

C (& X)- w*=0.

nformal curvature tensor satisfying C
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An n-dimensional differentiable manifold M is called a Lorentzian Para-Sasakian (briefly Ip.

Sasakian) manifolds ([1], [2]) if it admits a (1,
or field n and the Lorentzian metric g,

1) tensor field ¢, a contravariant vecto, fielg
which satisfy

. a covariant vect

02X = X + n(X5, o

nE) = -1 (22

20X, oY) = g(X, V) + (D), (23)
gXx, &) = n(X), (24)

(V)Y = gX, DE + n(NX + 2n(XM(DE, D
V.E = 0X, 26)

for any vector fields X and ¥, where V denotes the operator of covariant differentiation with
respect to the Lorentzian metric g. It can be easily seen that in an LP-Sasakian manifold, the

following relations hold :
o) =0 n@X) =0, rank(9) = (n - 1) 27
If we put
(X, ¥) = g(oX 1), (28

for any vectort fields X and Y, then the tensor field ®(X, Y) is symmetric (0, 2) tensor fielc

[1]. Also, since the 1 - form 1 is closed in an LP - Sasakian manifold, we have ([1], [10/

V() = 0(X, 1), 6(X, &) = 0, i

for any vector fields X and Y.

Let M" be an n-dimensional LP-Sasakian manifold with structure (9, &, 1, g) the? "
have ([3], [10])

#(R(X, NZ, §) = N(R(X, NZ) = g(¥, Zm(X) - g(X, Zm(D), e
RE, X)Y = —R(X, §)Y = g(X, NE - n(N)X, @
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R(X. Y& = n(NX - ()Y, (2.12)
S(X, € = (1 — Dn(X), (2.13)
S(X, 61) = SX, 1) + (n — (XN, (2.14)

for any vector fields X, ¥, Z, where R is the Riemannian curvature tensor.

An LP-Sasakian manifold M"(n > 2) is said to be Einstein manifold if its Ricci tensor

S is of the form
SX, Y) = kg(X, V), (2.15)
where k is constant.

An LP-Sasakian manifold M" is said to be an n-Einstein manifold if its Ricci tensor

S is of the form

SX. Y) = og(X, Y) + Pn(Xn(D), (2.16)

for arbitrary vector fields X and Y, where a and B are smooth functions.

3. M-PROJECTIVE CURVATURE TENSOR OF LP-SASAKIAN MANIFOLDS

In 1971, Pokhariyal and Mishra [5] defined a tensor field #* on a Riemannian manifold M"

as

1
w*(X, WZ = R(X, NZ - 2_(,1___17[5()’, 2)X

_ S, 2)Y + g(Y, DOX - gX, D)0Y], (3.1)

for vector fields X, Y and Z, where S is the Ricci tensor of type (0, 2) and Q is the Riccl

operator.

Putting X = & in equation (3.1) and using equatings (2.2), (2.4), (2.11) and (2.13) we get

WHE NZ = WY, 92 = T8t D5~ Y]

1 (3.2)
- ) IS0 25 - 20"
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. : 13),
Again, putting Z = & in the equation (3.1) and using cquations (2.4), (2.12) and (2.13), we get

WX, NE

LM - nY]

1
- 30 =1y I(NOX = nX)QY) (33)

Now. taking the inner product of equations (3.1), (3.2) and (3.3) with & and using equations
(2.2), (2.4) and (2.13), we get

N(W*(X, 2) = 2[g(¥, ZnX) - gX, 2]

- 2(n1_ 1) [S( 2n@) - S 2], (3.4)
NW*E, NZ) = (WY, §)2)
= —3g(¥, 2) + 2(n1_ S 2), (3.5)
and
nw*Xx, NE) = 0, (3.6)

respectively.

Theorem 3.1. An LP - Sasakian manifold M" satisfying the condition R(§, X) - W* = 0 is an

Einstein manifold.
Proof. Let R(E, X)- W*(Y, Z)U = 0. Then we have

RE, YWY, 2)U — W*R(E, X)Y, 2)U

- WXY, RE, X)2)U - WXY, 2)R(E, YU = 0, (3.7
which on using the cquation (2.11), gives

gX, WXY, Z)U)g — n(WX(Y., 2)U)X - g(X, Y)W*(E, 2)U

- 8X, )WY, U - gX, WY, 2)& + n(NWXX, HU

+ NZ2)WH(Y, X)U + n(O)WXY. 2)X. (3.8)

No
(2.

T:



SOME CURVATURE PROPERTIES OF LP-SASAKIAN MANIFOLDS 17

Now, taking the inner product of the above equation with & and using equations (2.2), (2.4),
(2.11), (3.1), (3.4), (3.5) and (3.6), we obtain

R(Y Z U X) =gX NgZ U) - gX 2g(Y, U)

+ 1[gX, ZN(YMU) - gX, H@mU)]

]
* 2(n-1) [S(X, Y)m(2M(U)

= S(&X, Zm(Ym(U)]. 3.9)

Taking a frame field and contraction over Z and U, we get
SX, V) = (n - 1)gX, 1)
This shows that M" is an Einstein manifold.
Theorem 3.2. If an LP-Sasakian manifold M" satisfies the condition W*E, X). R = 0, then
S(QX, ¥) = (n - 1)? g(X, V).
Proof. Let W*(, X) - R(Y, Z)U = 0. Then, we have
WHE, YR, 2)U - RIW*E, XY, U
— R(Y, W&, X)Z)U - R(Y, Z)W*E, X)U = 0, (3.10)
which on using the equation (3.2), gives
g(X, R(Y, 2)U)E - n(R(Y, DU)X - g(X, NRE, HU
+ n(NRWX, 2)U - gX, ZR(Y, E)U + n(HR(Y, XU

1
— (X, OR(Y, Z)& + n(OR(Y. DX - 5—7[SX. R(Y 2)U)8

_ nR(Y, Z)U)QX — SX, NRE, DU + n(NRQX, HU

_ S(X, Z)R(Y, E)U + n(DR(Y, OXU — S(X, U)R(Y, 2)§

311
+ n(UR(Y, 2)QX] = 0. @11
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Now, taking the inner product of the above equation with & and using equations (2.2), (24)

(2.11), (2.12) and (2.13), we obtain
gX. R(Y, Z)U) — g(X, YmRE, 2)U) + n(IMRE, HU) Puttin
— o(X, ZMR(Y, B)U) + nZMRE, X)U) — gX, UnRE 2)%)

+ NUNMRE 2X) - —=[R(E, Z U, 0X) - X IRE D) Agair

£ NOMRQX, 2)V) - SX, IR, BU) + nEMRE Q0OU)

~ S(X UMR(Y, Z)E) + n(UNMR(Y, 2)0X)] = 0. N
Taking a frame field nad contraction over Z and U, we get

SOX. 1) = (n - 1Vg(X, 1),

This completes the proof.

Theorem 3.3. I[f an LP-Sasakian manifold M" satisfies the condition w*E, X). S =0, then

SOX, ¥) = ~n - 1%g(X, 1) + 2n — DS(X. V). "
Proof. Let W*E&, X)-S(Y, 2) = 0. Then, we have ‘
SOPHE, XY, 2) + S(X. WHE X)2) = 0, (3.13)::
which on using the equation (3.2), gives
(n - DiglX, Y@ + g 2] - SE 2n(Y) - 8K YD)
+ iy IS, Y@ - S@X, Zn(n] = 0. 61

Now, putting Z = £ in the above equation and using equations (2.2), (2.4) and (2.13), we get
vh
S(OX, Y) = ~(n — 1)’g(X, Y) + 2(n - DSX, 1).

This completes the proof.

4. LP-SASAKIAN MANIFOLDS SATISFYING PE, X) - W* =0 AND W*E, X)° p=0

Projective curvature tensor P of the manifold M" is given by (8]
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PX, V)Z = R(X, NZ — — S[S(Y. 2)X ~ S(X. 2)7).

n—

(4.1)

Putting X = & in the above equation and the using equations (2.11) and (2.13), we get

)

P NZ = =P(Y, §)7 = g(¥, 2% ~ —=5(, 2)%.

\

(4.2)

Again, putting Z = § in the equation (4.1) and using the equations (2.12) and (2.13), we get

P(X, 1)§ = 0. (4.3)
| Now, taking the inner product of equations (4.1), (4.2) and (4.3) with &, we get
NP, NZ = g(¥, Zm(X) - g(X. Zn(Y)
- IS Zn) - S Zm), (4.4)
NPE N2)= - P, ©)2) = - ¥, 2) + —=S(¥, 2), (4.5)
and
N(P(X, 1E = 0 (4.6)
respectively.
" Theorem 4.1. If an LP-Sasakian manifold M" satisfies the condition P(E, X). W* = 0 then
S(OX. ¥) = 2(n — DISX, 1) - (n = Dg(X, )]
Proof. Let P(E, X)- W*(Y, Z)U = 0. Then, we have
) P&, XOWHY, Z)U - WHPE, DY, 2)U
t - WHY, PG, X)Z)U — WHY, )PE, 1)U = 0. %)

which on using the equation (4.2), gives
g(X, WH(Y, Z)U)g — g(X, NW*E, 2)U - g(X, 2)W*(Y, U
- gX, UYWAY, 2 — —IS(Y WA DU - S(Y, DIV, DU

= S(X, WY, E)U — S(X, WY, 2)E) = 0. (4.8)

o A
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. : ation (2.2), (2.
Now. taking the inner product of above equation with & and using €qu (2.2), (2.9), (3
y UC S

(3.4), (3.5) and (3.6), we obtain

|
( n)'R(Y Z U ox) = R Z U X+ 58X g U)
n-—

I
_ gk V@ U - 0,172 [8Z VXX, 1

- g(¥, US(QX, 2)). 4y 0
Taking a frame field and contraction over Z and U, we get
S(OX. V) =2(n - D[S, Y) - (n - Dg(X, D]

Th

This completes the proof.

Theorem 4.2. If a LP-Sasakian manifold M" satisfies the condition W*&, X). P = 0 the 5

2n(n ) Co

S(x, 1 = 2L ’ gx 1)+ 2D gx vy

Proof. Let W*E, X)- P(Y, Z)U = 0. Then, we have
W&, )P(Y, D)U - PIWXE, X)Y, Z)U
- P(Y, WXE, X)D)U - P(Y, Z)WHE, X)U = 0. (4.10

which on using the equation (3.2), gives

oo
gX, P(Y, DU - n(P(Y, U)X - g(X, V)P, Z)U + n(Y)P(X, Z)U u
- 8X DP(Y, QU + n@P(Y, DU - g(X, U)P(Y, Z)E + n(U)P(Y, )X
+l[s(x P(Y 2)U) - n(P(Y, DU)QX - S(X, )PE, Z2)U
Ag

* N(NPQX, 2)U - S(X, 2)P(Y, §)U + n(DP(Y, 9xX)U
= S UPY, 2)6 + n(U)P(Y, 2)QX] = 0. (4.1

Now, takiing the inner product of above equation with € and using equations (2.2), (2.4), (4.1
(4.4), (4.5) and (4.6), we obtain
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—mxzuxwmemzw—ﬂxagxw+gxamth

- & Ym@n(U) - (,1 - (R Z, U, 0X) + 28(X, Ym(Z)n(V)

= 25X Zm(mU) + S(X, 2)g(Y, U) - S(X, Vg(Z U)]

|
T =12 QX Zm(n(U) - S(OX, Ym(@2m(U)] = 0. (4.12)

Taking a frame field and contraction over Z and U, we get

2/7(n 2n(n—1)
n-

SX, 1) = - ML D’ ox 1) + S(X, 7).

This completes the proof.

5. LP-SASAKIAN MANIFOLDS SATISFYING C(, X)- W* = 0 AND W*E, X)-C=0

Conformal curvature tensor C of the manifold M" is given by [10]
C(X. NZ = R NZ ~ Ty ISU 2K - S, 2)Y
+ g(Y 2)0X — g(X, 2)07]
+ oD e X - g(x. DY, (5.1)

Putting X = £ in the above equatin and using the equations (2.11) and (2.13), we get

l+r—n

CE NZ=-CXYZ= FHm-2 &L 2% - n(2)Y]
—1-5[S(Y, 2)5 - N(DPY). (5.2)

Again, putting Z = £ in the equation (5.1) and using the equations (2.12) and (2.13), we get

CX V% = Gy X - oY)

(5.3)

L m(NEx - n@erl
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Now, taking the inner product of the equations (5.1) and (5.2) with & we get

l+r—n

NCW. NZ = Gopozy [8(E 2n) - gX 2]

- —S[S(X 2 - S 2D, (5.4)

N(CE, N2) = - n(C(Y, £)2)

l+r—n

= DD e 2) - (@)

—L_[-S(X. 2) - n@mEn). 55)

Theorem S.1. If an LP-Sasakian manifold M" satisfies the condition C(§, X). W* = 0 then

(n° —3n+r+2)

S(OX, Y) = ( (-1 ]S(X, N+{+r-nglX Y

Proof. Let C(§, X)-W*(Y, Z)U = 0. Then, we have

CE, WX, DHU — WXCE, XY, 2)U

- WX, CE, NHU - WX(¥, 2)CE, YU = 0, (5.6)
which on using the equation (5.2), gives

l+r—n

Ty B WX DU — n(Y, DU

— g(X, DWHE, DU + n(OW*X, DU - g(X, Z)WHY, E)U

+ M@, XU - gX, XY, 265 + N, 2)X)

- LS [S(X WA DU - n(FX(Y, DUQX — SKX. DWHE, 2)U

+ NNWHEX, DU - S(X, 2) WY, E)U + n(2W*(Y, QX)U
- S(X, OWXY, D) + n(UWXY, 2)QX] = 0. (5.7

!
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Now, taking the inner product of the above equation with & and using the equations (2.2), (2.4),
(3.1), (3.4), (3.5) and (3.6), we obtain

l+r—n ‘ 1
(n-D(n—-2) PRI Z, U X) + 3515 {8(Z U)S(X. 1) - g, LS. 2))

I
5 {gX Vg(Z U) - g(X. D)g(Y, U) + g(X. Zm(m(U) - g(X. ym@m(L)}

|
* 2= S IM@nW) - S xmmWi]
l 1
~ -2y FRY Z. U 0X) + FETy (EZ UIS(QX. 1) - &Y, U)S(QX, 7))

] ,
+ S5 ASKX NEZ U) - S(X. 2g(Y. U) + S, Z2mrm(V) - S Ym@mu))

|
+ 30 (SO IM@N(W) - SEX. Zn(MW)Y] = 0. (5.8)

Taking a frame field and contraction over Z and U, we get

(n2—3n+r+2)
S(OX, Y) = (n-1) SX, )+ (1 -n+rgX Y.

This completes the proof.

Theorem 5.2. If an LP-Sasakian manifold M" satisfies the condition W*E&, X). C =0, then

the manifold is an Einstein manifold
Proof. Let W*E, X)- C(Y, Z)U = 0. Then, we have

wHE, X)C(Y, 2)U - C(W*E, Y)Y, HU

~ C(Y, WE, 12U — C(X, W*E 0U =0, (59)
which on using the equation (3.2), gives

g(X, C(Y, 2)U) - n(C(Y, U)X - g(X, NCE, HU

+ N(NCX, Z)U - g(X, DC(Y, U + n2)C, HU

e
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|
o\, DY, 2 + ek, DX - — IS CX DU

- N, D)X
_SWY, 2)C(Y, &)U + N2, 90U - S, U)C(Y, 2)§

~ S(X, hCE, DHU + nNCQ@X, 2)U

+ N)CY, 2)QX] = 0. (519

Now. taking the inner product of above equation with & and using equations (2.2), (2.4 (51

(3.4) and (5.5). we obtain

[S(X. Mgz v)

1
~ (n]_l)'R(Y, Z U QYN=-"RY Z UX)+ 577

- S(X, 2)g(¥, U) + (n - D{gX, 2m(¥YM(U) - g(X, MZ(U)}

+ 2{S(X, Ym@m(U) - S(X, Zm(ImO)} + (n—l—l)

WSOX, 2)g(Y, U)

= S(QX De(Z, U) + S(OX. Zm(Y)m(U) - S(OX, Y)(Zm(U)}]

- DG D I Vsl 1) - g(X UK D) + G (g(z, UL

1 —
- g DS D)) + oy (82, Ugx, 1) - (Y, Ug(x, 2)

|
o X 2De(X U) - S(X, Dg(z U, (5.1

Taking a frame field and contraction over Z and U, we get

S(X Y)Y = 2rg(X, 1),

This completes the proof,

6. LP-SASAKIAN MANIFOLDS SATISFYING £ & X)W =10

I'he notion of the quasi-conformal curvature tensor ¢ was introduced by Yano and Sa“/aLl

[10]. They defined the quasi-conformal curvature tensor by
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C X NZ = aR(X. NZ + bIS(Y, 2)X — S(X, Z)Y

+2(Y. 2)OX ~ g(X. 2)0Y)
= 2b) (Y. 2)X - g, 21, (6.1)

where a and b are constants such that ab # 0. If ¢ = 1 and b = #2’ then above equation

reduces to conformal curvature tensor given by (5.1). Thus the conformal curvature tensor ("

is a particular case of the Quasi-conformal curvature tensor (- .

Putting X = § in equation (6.1) and using the equations (2.11) and (2.13), we get

E(é,Y)=—6(Y,§)Z)=[“+b( -)-H5 ﬂ

[8(Y, 25 - n(D)Y] + BIS(Y, 2)§ — n(2)QY]. (6.2)

Again, putting Z = § in the equation (6.1) and using the equations (2.12) and (2.13), we get

C(X, Vg = [a+b("—1>-—(-—+2b)] (DX - n(X)7Y]
bIN(NOX — NXQEY]. (63)
Now, taking the inner product of equations (6.1), (6.2) and (6.3) with &, we get
T (X N2 = [a+b(n—'>-,r—1(,,—"_—1+2bﬂ[g(x @
— g(X, Zm()] + bI(NEX - n(X)QY], (6.4)
n(C (& Nz = -n(C, )2)
_ [a +b(n - l)—;’;-(;r‘i——l+2b)] oY 2) - (¥, 2) - D)
(6.5)

b bl S(Y, Z) - n@mED)

and
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n(T X NE) = 0

(6,6)

respectively. _
¢ the condition C & X)w* =
A they,

' v catisfie
Theorem 6.1. /f an 1. P-Sasakian manifold M satisfi

S(OX. ) = [(n—l)—-’g-]S(X, Y)~[2—(ﬁ—_;1-)—t’;}’l%n(X)n(Y)

+ [ﬂt’%)‘:'r’]%g()( D).

where A = [0 +b(n—-1) _%(nil + 2b)]

Proof. Let T (5, X)W*(Y, Z)U = 0. then, we have
T (& WY, 2)U - WX & DY DU
_wxY, TE, H2)U - WX, 2T € HU =0,
which on using the equation (6.2), gives
Alg(X, WX, U - n(WXX, U)X - g(X, nw*@g, 2HU
+ NNWHX, Z)U — g(X. WY, U + nOW*(Y, U
— g(X, WX, 25 + (D)WY, D)X]
+ BIS(X, WY, 2)U)E + n(WX(Y, 2)Um(X) - S(X, NW*E, 2)U
+ NNWHQX, Z)U - S(X, Z)W*(Y, QYU + n(Z)W*(Y, 0X)U
- S(X, WY, 205 + n(U)W*(Y, 2)QX] = 0.

67)

6.9)

Now, taking the inner product of above equation with £ and using equations (2.2), (2.4) (3.1

(3.4), (3.5) and (3.6), we obtain

' o l
AR 2, U X) = 36,82 U)SX, Y) - (Y, U)S(X, Z)

- 28(E UnOON(2) - S(Z Ui(X, 1) - 8z, umeon(y — s zmn@
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+ S Y@M + 5 {82 Vg, 1) - gX. Dg(X, U)
+ g(X, ZMIMU) - g PN@NW)Y]

+b[-R(Y, Z, U, OX) + 5(_,,13{5'(2. OSX, 9Y) - (g(X, UV)S(X, 92)

+ S(QX, Ym(@m(U) - S(QX, Zm(Ym(U)} + %{g(Z, US(X, Y)
- g¥ U)SX, 2) + S(X, Zm(YMm(V) - S(X, Ym@m(D)} ] (6.9)

laking a frame field and contraction over Z and U, we get
2n-D+r | 4
S(OX, Y) = [(n—l)—f]S(X, Y)—[(T)}gn(z\’)nm

"his completes the proof.
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