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ABSTRACT : In this paper, we obtain basic results and properties of 3-Lorentzian B-Kenmotsu
manifolds. Properties of Ricci semisymmetric and conformally flat 8-Lorentzian p-Kemmotsu manifolds
are obtained.
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1. INTRODUCTION

In 1969, T. Takahashi [12] has introduced Sasakian manifolds with pseudo Riemannian metric
and showed that one can study the Lorentzian Sasakian structure with an indefinite metric.
In 1990, K.L. Duggal [8] has initiated the space time manifolds. S.Y. Perktas, Erol Kilic, M.M.
Tripathi and S. Keles [10] and Hakan Oztur, Nasip Aktan and Cengizhan Murathan [9], U.C.
De [3], U.C. De and J.B. Jun, Goutam Pathak [4], U.C. De [5], Lovejoy Das, R.N. Singh,
Manoj Kumar Pande [6], U.C. de, A. Yildiz, B.E. Acet [7] have studied the various properties
of Lorentzian B-Kenmotsu manifolds. Some other authors (see the list [2], [8], [11]) studied

Lorentzian B-Kenmotsu manifolds. Recently Vilas Khairnar [15] studied weak symmetries of

8-Lorentzian B-Kenmotsu manifolds.

In Section 2, we consider (2n+ 1) dimensional differrentiable manifold M with Lorentzian
almost contact metric structure with indefinite metric g. In this Section, some background
information for defining 8-Lorentzian B-Kenmotsu manifold has been given. Further, various
basic results are studied. Concrete Example for the existance of 3-Lorentzian B-Kenmotsu
manifold is given. Section 3 is devoted to the study of the generalised recurrent properties
of §-Lorentzian B-Kenmotsu manifolds. This section includes some of the results of Hakan

Oztur, Nasip Aktan and Cengizhan Murathan [9] as special cases.
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For an almost Lorentzian contact manifold, we hav

PXX = X + nOE, nE) = -1, N0 = gX &)
where (0] i1s a tensor field of type (],]), & 1S charaCteristic vector ﬁeld and n 1S the ]'fOn'n‘

From these conditions, one can deduce that

&) = 0, n(ep(X)) = 0

for any vector field X on M. It is well known that the Lorentzian contact metric structyre
Lorentzian Kenmotsu structure [8] satisfies

(V)Y = g(o(X), E + n(N)e(X)
for any C™ vector fields X and ¥ on M.

(Vx9)Y = B{g(e(X), NE + n(N)e(X)}

for any C™ vector fields X and ¥ on M and B is a nonzero constant on M. Using above formula,

one can deduce for a B-Kenmotsu manifolds
V& = B{X + n(XE)
and

(V,XY) = B{g(X 1) + n(Xm(1)

Definition 2.1. A differentiable manifold M of dimension (27 + 1) is called a &-Lorentzian
manifold if it admits a (1, 1) tensor field @, a contravariant vector field £, a covariant vecto!

field 1 and an indefinite metric g which satisfy

2.1 O°X = X + n(XE, neE) = -, @) =0
22 g Y =5 ) = gy,
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2.3) g(e(X), (1)) = g(X, Y) + dn(Xm(D),

where 8 is such that 32 =1 and for any vector field X, Y on M. The structure defined above
is called a 8-Lorentzian almost contact metric structureso. Manifold M togather with the

structure (9, E, M, & 9) is called a 3-Lorentzian Kenmotsu manifold if

(Vy0)Y = g(o(X), NE + n(Ne(X)

Definition 2.2. A d-Lorentzian almost contact metric manifold M(¢p, &, m, g, d) is called a

§-Lorentzian B-Kenmotsu manifold if

(2.4) (VyoXY) = B{g((e(X), N)E + n(No(X)},

where V is the Levi-Civita connection with respect to g, B is a smooth function on M and

X Y are any vector fields on M and & is such that 8 = 1.

If 8 = 1, then d-Lorentzian B-Kenmotsu manifold is the usual Lorentzian B-Kenmotsu

manifold and is called the time like manifold. In this case, £ is called a time like vector field.

Example 2.1. Let M be a d-Lorentzian B-Kenmotsu manifold. We put

$=q)a Ez_Eﬂ ﬁ=—ﬂ» §=_g! -5:"8

Then (ﬁi & M, g, 5) defines a 0-Lorentzian almost contact structure on M. For,

FLX = X +T(XE, GE, &) =8, M(®)=-1, WX)=3g(X, &)

a@X), N =T(X, 1)+ XD
which by Deﬁnilio# ¥y (5, E, m, g, '5) is a & Lorentzian almost contact metric structure
and further, it is a © Lorentzian contact metric structure on M. Thus we conclude that if
(9, &, m, g, 8) is a 3-Lorentzian contact metric structure on M, then ('(3, €, T, G, E) is also

a § Lorentzian contact metric structure on M.

Suppose (¢, &, m, g, 8) is a 6-Lorentzian normal contact metric structure on M. Since

the parallelism with respect to g and Z are the same, we get
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from which, finally we have
(V4 (1) = G@(X), NE+8N NP (X)
n, G S') is also a 8- Lorentzian normal contact metric structure o

which shows that (7,5, §

M. Similar arguments hold for 3-Lorentzian B-Kenmotsu manifolds.

Lemma 2.1. For a 5-Lorentzian B-Kenmotsu manifolds, we have
(2.3) V,E = 8B{X + n(XE}
for any vector field X on M.
Proof. From (2.4) of Definition 2.2, we have
V(oY) - o(V, ) = B{gle(0), NE + N(Ne(X)}
Now taking ¥ = £ in the above equation and using (2.1), we get
-9(VyD) = -Bdo(X)

Applying ¢ on both sides of the above equation and using the fact that (V v&)E&, €) =0 and
(2.1), we get (2.5)

Example 2.2. Let us consider the 3-dimensional manifold M® = {(x, y, z) € R®}, where

(x, y, ) are the standered co-ordinates in R3. Following vector fields are linearly independent
at each point of M2,

0 0
€1=f(2)5;+9(2)5’ g =-9(Z)§;+f(2)-6%, e3=—a—
where f/ and g are given by
f = aeb:

g = beP:

. 2 I P
with /2 + g% # 0 for constants g and b ang B. Let g be an indefinite metric defined by
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gle), ) = gle,, ¢y) = gle,, 5’3) = 0, gle, €)= g(e,, e,) = 1, g(e;, 83) = =

and the d-Lorentzian metrc g is thus given by

_ 1
TP

8

{(@x)? + (@)’ - 8(a2)’)

where 8 = £1. If 8 = —1, then 8-Lorentzian metric g becomes a Riemannian positive definite
metric on M so that in this case, the characteristic vector field £ becomes a space like and

if & = 1, then it becomes a light like.
Let n be the I-form defined by
N = 8g(X, £)
for any vector field on M. Let ¢ be the tensor field of type (1,1) defined by
Pe)) = —e), 9ey) = —¢;, 9ley) = 0
Using the linearity property of g and ¢, one can deduce

P2X = X + (N, n(X) = -1, gE&, &) = -3, g(e(X), 9(N) = gX. 1) + dn(X)n(Y)
Also

n(el) = 0: T|(e2) & 0! n(e3) = w

for any vector field X and Y on M. Let V be the Levi-Civita connection with respect to g.

Then we have
[e, e;] = 0, [e, e5] = 5Be,, [e,, €3] = OPe,
Using Koszule's formulas for Levi-Civita connection V with respect to g, that is
26(V,, Y. 2) = Xe(X, 2) + Yg(Z. X) - Zg(X. V)
- gX [¥ Z) - g(¥ [X Z]) + g(Z, [X. 1))

one can easily calculate
Ve|c3 = 8[301 5 V33€3 =0, Veze3 = SB(’Q

Vezez = 5[383, VEI€2 = 0, VE261 =1
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for a ® Lorentzian B-Kenmolst manifold M, we have
(4] -

@, = Ble¥
fields X and ¥ on M.

Lemma 2.2.
y) + dnom)}

(2.6)
for any veclor

Proof. Consider,

@7 @D =@ = 1D
_ 5V (g(t, &) - 8e(Vx ¥ &)

= ﬁg(Y’ V,\’g)

Using (2.5) in (2.7) we get (2.6).

Lemma 2.3. For a 8-Lorenizian B-Kenmotsu manifold M, we have

(2.8) R(X, DE = PHn(NX - n(N)T} + S{(XB)92Y — (YB)9>X}
(2.9) RE, NE = (B2 + S(ER)}9*Y, RE, )& = 0
for any vector fields X and Y on M,

Proof. From (2.5) and the fact that
(X Y] =Vy¥ - VX
we have
RX DE =V Ve - Vb -Vt
= Vy(5Be’1} - V ,{3Bo2X)
(2.10) -BV,Y - V. X) + n(V ¥ = V,.XE]
= S{(XBYY — (BB)g2Xy + POV (9?1) — V(0™
= BV Y - V,X) + n(V, ¥ - V,XE]



PROPERTIES OF §-LORENTZIAN [-KENMOTSU MANIFOLDS 33

Also. we have
@) V@) = VY BgX 1) + Sn(on(M)IE + (Y hE + SN X + (XS]
From (2.11), finding the expression for
V(9?1) - V(92X)
and further, substituting in (2.10), after simplification, we get (2.8).
(2.9) follows from (2.8) by putting X = &.
Lemma 2.4. For a 8-Lorentzian B-Kenmotsu manifold M, we have
(2.12) R(E, NX = B*{dg(X, NE - n(NN)
+ S{(XB)P2Y - g(@(X), 9(Y))gradp)}
for any vector fields X and Y on M.
Proof. From the identity
g(RE, DX, 2) = g(RX, 25, )
and (2.8) of Lemma 2.3, we have
g(RE, NX, 2) = gR(X, 2, T)
= p2{-n(NeZ Y) + n(DeX, N}
+ B{(ZB)g(?X. V) + (XBR(Z ¢*1)
After simplification, we (2.12).

Lemma 2.5. For a 8-Lorenizian B-Kenmolsu manifold M, we have

(2.13) S(Y, &) = 2nf*n(¥) - @n - 1)3(YB) + dn(V)(EP)
(2.14) S(E, &) = —2n{p* + B(EP)}
(2.15) oY = 2np?Y,

where B = constant

Proof. From (2.8), we have
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(2.16) g(R(X, VE, Z) = B2{(n(NegX, Z) — n(X)g(Y, 2)}
+ 8{(XB)a(9%Y, Z) — (YB)e(9’X. 2)}
Let {e;}, i=1,2,3.., 2n + 1 be the orthonormal basis at each point of the tangent

space of M. Then Putting X = Z = ¢, we have
g(R(e;, NG, ) = B*n(Ngle, e) — n(e)g(Y, ¢}
+ 8{(e;B)g(9?Y, ¢) — (YB)g(9%, €))}
which after simplification gives (2.13). Put Y = £ in (2.13) to get (2.14). Also from (2.13),
we get (2.15).
3. GENERALISED RECURRENT §-LORENTZIAN B-KENMOTSU MANIFOLD

In this Section onwards, we assume that B is constant.
Definition 3.1. A 8-Lorentzian f-Kenmotsu manifold M is said to be a generalised recurrent

manifold if the curvature tensor R of M satisfies
(3.1) (VyRXY, D)W = AR, Z)W + B(X){g(Z, W)g(Z, W)Y - g(Z, W)z},
where 4 and B are associated |-forms and X, ¥ Z W are any vector fields on M.

Lemma 3.1. For a generalised recurrent 3-Lorentzian B-Kenmotsu manifold M, we have
(3-2) (ViRXE, 2)§ = 0
for any vector fields X, Z on M.
Proof. We know that
(VYR)E, 2)8 = V(RE, 2) - R(V,E, Z)t

- RG, V2 - RE, )V,

= Vy[{B* + 8(EB)} 92Z]

= RI3B{X + n(X)E), Z)E

—{B% + 8(5B)}9X(V,2Z)

= BRE, D)X - Pn(NRE, 2)E
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Now using (2.5), (2.6, (2.8), (2.9) in the above equation, after lengthy simplification, we get
(3.2)

We assume that M is a generalised recurrent 3-Lorentzian B-Kenmotsu manifold. Then
3.) of Definition 3.1 holds. Now put ¥ = w = E in (3.1), we find

33 (VxBE D = ANRE, 2§ - BUOg(Z, b - g&, £)Z)

By virtue of (3.2) of Lemma 3.1 and the above equation (3.3), we find
B2A(X) + 3B(X) = 0

for any vector field X on M. Hence we state

Theorem 3.1. A generalised recurrent d- Lorentzian B-Kenmotsu manifold M satisfies
B24 + 8B =0

where & = %1.

Corollary 3.1. A generalised recurrent Lorentzian B-Kenmotsu manifold M satisfies p?A + B
=0

Corollary 3.2. A generalised recurrent Lorentzian Kenmotsu manifold M the 1-forms A and

B are in the opposite direction.

4. RICCI SYMMETRIC AND SEMISYMMETRIC 3-LORENTZIAN B-KENMOTSU
MANIFOLD

In this Section, we introduce the notion of Ricci semisymmetric and semi symmetric

b-Lorentzian B-Kenmotsu manifold

Definition 4.1. A 5-Lorentzian B-Kenmotsu manifold is said to be Ricci semisymmetric if
i (R, YySXZ, U) = 0

and is said to be semisymmetric if

12 (R(X, YYRYZ, U) = 0

for any vector fields X, ¥, Z, U on M.
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We have
43 RX DSXEZ U) = RX DSEZ U) - SRX DZ V) = 82 R 1))
From (4.1) the above equation (4.3) reduces to

(4.4) S(R(X, NZ, U) + S(Z R(X. hU) =0
Now setting X = Z = § in (4.4), we get

(4.5) S(RE, NE, U) + SE, RE, NU) =0

Now using (2.12) of Lemma 2.4 and (2.9) of Lemma 2.3 in (4.5), we get
(4.6) S(Y, U) = (-2np28)g(¥, U)

(4.7) r=-2n(2n + 1)p?8

where r is the scalar curvature of M. Hence, we state

Theorem 4.1. A Ricci symmetric d-Lorentzian B-Kenmotsu manifold is an Einstein manifold
Corollary 4.1. [9] 4 Ricci symmetric Lorentzian B-Kenmotsu manifold is an Einstein manifold
Corollary 4.2. [9] 4 Ricci symmetric Lorentzian Kenmotsu manifold is an Einstein manifold
Theorem 4.2. A symmetric 8-Lorentzian B-Kenmotsu manifold is an Einstein manifold

Proof. Follows from the fact that R-R = 0 is the subset of R:S = 0, so that RS = 0 implies
that R‘R = 0. Hence (4.4) holds.

Corollary 4.3. [9] A symmetric Lorentzian B-Kenmotsu manifold is an Einstein manifold

Theorem 4.3. For a Ricci semisymmetric 8-Lorentzian B-Kenmotsu manifold M, the scalar

curvature r of M is constant and is given by (4.7)

5. A 3-LORENTZIAN B-KENMOTSU MANIFOLD WITH C=0
he Weyl’s conformal curvature tensor C of type (1, 3) on M is defined by (5.1)

CX NZ = RX, NZ + L= [SKX 2)Y - S, 2)X + g(X, 2)QY - g(X, DN

I
* 2n(2n+1) 18X DY - g(X, 2)x),
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where SCX. 1) = g(QX, Y) and X, ¥, Z are any vector fields on M.

For n > 1 itis well known that M is conformally flat if C is identically vanishes on M.

Theorem 5.1. A conformally flat 8-Lorentzian B-Kenmotsu manifolds M(n> 1) is an n-Einstein
manifold.

Proof. Suppose M is conformally flat. Then C = 0, so that (5.1) takes the form

_ I
52 RX NZ= -5 [SX 2)Y - S DX + g(X, 2)QY - g(X. 2)0X]

- |
212 +1) 8K DY — g )X},
Set Z =& in (5.2) and then using (2.13) of Lemma 2.5 and (2.8) of Lemma 2.3, one obtains

NXNQY - n(NEX = 22 {n(NX - n(X)Y)
- (2n - DE{MMNX - NN}

3 aeor + nnx)
which after simplification gives
63) ooy - nnex = | -35 Hmx - neon)
Putting ¥ = £ in (5.3) and using (2.15) of Lemma 2.5, we have
ox = [B-p}x - {en- )8 - 308,
From which, we have

s s v = [Z-plactn-{en-np - Fneonm,

which proves the Theorem.

Contracting (5.4), we have the following expression for the scalar curvature r of M
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_ [2n@n+1)8-1]p2
(53) S S @nr o+

provided & # 1. If & = —I1, then (5.5), we have

_ 2n(n+1P?
(3:6) 4 2n+1

Theorem 5.2. In a conformaly flat d-Lorentzian B-Kenmotsu manifolds M (n > 1), the scalar

curvature r of M is given by (5.5)

Theorem 5.3. In a conformally flat d-Lorentzian B-Kenmotsu manifolds M (n > 1), the scalar

curvature r of M is constant and given by (5.6).
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