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CHARACTERIZATIONS OF TOPOLOGICAL
PROPERTIES VIA STRONG QUASI-UNIFORM COVERS

S. SINHA", M. N. MUKHERJEE, A. DEBRAY

ABSTRACT : Pervin [6] demonstrated that every topological space is quasi-uniformizable. It has been
observed by Brummer [1] that unlike the case of uniform covers for a uniform space, a quasi-uniform
space cannot be characterized by quasi-uniform covers. In [5), the last two authors introduced the idea
of strong quasi-uniform covers, and a characterization of a quasi-uniform space in terms of such covers
was proved; moreover, a few topological properties were also formulated in this connection. The purpose
of this paper is to continue the study and to characterize a few more topological properties in terms
of strong quasi-uniform covers. Furthermore, we study the inter connections among the three—quasi-
uniformity, topology and strong quasi-uniform cover, in terms of category.
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1. INTRODUCTION

In [6] Pervin showed that the development of uniform spaces is a natural one from topological
spaces through quasi-uniform spaces. In the same paper he mentioned Csaszar’s [2] assertion
that every topological space can be derived from a quasi-uniform space i.e., every topological
Space is a quasi-uniform space. Now it has been shown [8] that a uniform space can be
completely characterized by means of uniform covers. Again, the notion of quasi-uniform covers
has been introduced in [3], which is analogous to that of uniform covers. Then intuitively it
seems that a quasi-uniform space can be characterized completely by means of quasi-uniform
Covers. But unfortunately this is not the case. Actually Brimmer pointed this out in [1]. Then
in [5], the idea of strong quasi-uniform cover was introduced as a suitable modification of
quasi-uniform cover, and quasi-uniform spaces were characterized by such covers. In [5], some

topological properties were also characterized by this new type of covers and many other
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topological properties were left out. In this paper som¢ of these remaining topological Propertics

are characterized. Lastly we present quasi-un o _
ve a better understanding of their interrelations,

iformity, topology and strong quasi-uniform cover
in terms of category so as to ha

2. PREREQUISITES
The concept of quasi-uniformity on a non-empty set Was studied in [2] and [3].
Definition 2.1 ([3]). For a non-emply sel X a subcollection Q of the power set exp(X x X)
of X x X is called a quasi-uniformity on Xif
. Ac Q VQe Q where A = {(x, x): x € X}
2. Qe Qand Qc Pc X *x X together imply P € O.
3. for any two members Q and P of O, 3R € Q such that Rc Qn P

4. for any member Q of Q, 3P € Q such that P° P ¢ Q where R° S = {(x, 2) ¢
X x X :3y e Xsuch that (x, y) € Rand (y, 2) € S}, for R, S € Q.

The members of Q are called entourages of the quasi-uniform space (X, Q).

Definition 2.2 ([3]). On a non-empty set X, a subcollection B of a quasi-uniformity Q is said
to from a base for Q is for each Q € Q, 3B € B such that B ¢ Q

Here the quasi-uniformity Q is said 1o be the quasi-niformity generated by B.

Definition 2.3 ([3]). Let (X, Q) be a quasi-uniform space. Then S c Q is called a subbase
for Q if the family of finite intersections of members of S is a base for Q.

Here the quasi-uniformity Q is said to be the quasi-uniformity generated by 5.

Theorem 2.4 ([3])). Let (X, Q) be a quasi-uniform space. Then the collection
(Gc X:xe G=xe Q&) <G, for some Qe Q) forms a topology on X, where Q)
={ye X:(x, y) e Q.

This topology is termed as the topology induced by Q on X and it is denoted by Q)

In [2] Csaszar asserted that every topological space can be derived from a quasi-unifor®”

space. This quasi-uniformity for a given topological space is called a compatible quast
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gniformity with the topology, and the given topology is said to admit the quasi-uniformity.
[n [7), Pervin gave a direct topological construction of a compatible quasi-uniformity for a

given topological space and it is called the Pervin quasi-uniformity for the space.

pefinition 2.5 ([3]). A base (subbase) for a quasi-uniformity is said to be transitive if

B < B = B, for all members B of the base (subbase). so that each member of the base (subbase)
is a transitive relation.

Definition 2.6 ([3)). If a quasi-uniformity has a transitive base (or subbase), then it is said

(0 be a tramsitive quasi-uniformity.

Example 2.7 ([3]) Let (X, 1) be a topological space. Pervin (7] constructed a quasi-uniformity
on (X, 1) with the sbbase given by th collection, {T(G X | G) : G € 1}, where T(G X | G)
siands for (X * X \ (G * (X \ G)). Then the collection of the sets of the form

N MG.X\G) _ N «nNG\ U GyxNGUxX\ U G)xX)
ie{l 2.—n} Actl2-n ieh  je(l2,.m\A ieA ie{l,2,—n)

turn out to be a base for this quasi-uniformity, ¥n € N. It is called Pervin's quasi-uniformity.

For a topological space, the Pervin's quasi-uniformity is transitive.

Definition 2.8 ([3]). For two quasi-uniform spaces (X, Q,) and (Y, Q)), a function f:X-
Y is called quasi-uniformly continuous if for each Q€ Qy, 3P € Oy such that (x,, x,) €

P = (fix)), fix)) € Q.

3. COVERS FOR QUASI-UNIFORM SPACES

We start with the existing notion of quasi-uniform cover for a quasi-uniform space, which is

analogous to that of a uniform cover for a uniform space.

Definition 3.1 ([3]). 4 cover C of a subser A of a quasi-uniform space (X, Q) is said to be a
quasi-uniform cover of A if 3Q € Q such that for eachae€ A, 3C e C withae Qa) cC.

Example 3.2. Let (X, Q) be a quasi-uniform space and 1 = 1(Q) be the topology induced

by Q on X. Then t itself is a quasi-uniform cover of X.

Now, unlike uniform cover for a uniform space, quasi-uniform cover could not describe

quasi-uniformity completely (see [1] for further details). Then in 5], the corresponding authors
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. : ew one, called stron -
suitably amended the notion of quasi-uniform cover to have the n ’ & quasi.

; uasi-uniform cover
uniform cover. In this section first we recall the basics about strong q from

. isites for
[5] and then interpret certain characteristics of it to have all the pr'erequ i ':’lur Furthe,
* discussion. Before proceeding further, we fix here certain notations which will be yseq
afterwards. For a non-empty set X and a non-empty collection C C exp(X), the collectio,
: ", Further b we will mea
{C e C:xe C} will be denoted by C,, for each x € X. Fu y & n the

collection {(x, y): x € Xand y € N C }. In [3], Q. was shown to be a reflexive and transitiye
, y): ’

relation.

Definition 3.3 ([5]). Let (X, Q) be a quasi-uniform space and C be a cover of X. Then ¢
is said to be a strong quasi-uniform cover of X if x € Q(x) € N C,, for some Qe Q agyq
Vx e X.

Now for a quasi-uniform space (X, Q), we immediately have a str ong quasi-uniform cover,
as the singletone collection {X}. But it's a trivial one. For non-trivial ones we refer to the
following lemma which actually gives us a plenty of strong quasi-uniform covers on a given

quasi-uniform space.

: Lemma 3.4 ([5]). For each transitive member Q of a quasi-uniformity Q on a non-empty sef

X {Qx) : x € X} forms a strong quasi-uniform cover of X.

It is quite obvious that a strong quasi-uniform cover is a quasi-uniform cover, but not

conversely, which follows immediately from Example 3.2.

Theorem 3.5. Let B be a transitive base Jor a compatible quasi-uniformity of a topological
space (X, 1). Then {B(x) : x € X, B € B} forms an open base for =.

Proof. In [3] it has been established that {B(x) : B € B} is a base for the neighbourhood
filter at x, Vx € X. So we only have to show that B(x) € 1, Vx € X and VB e B. Let
v € Blx)and z € BO). So (% y), (42) € B= (x,2) € BoB =B o , B(x) = B()

C B(x) ie, y e B@y) c Bx), Yy ¢ B(x). Hence B(x) € 1. T|

e rest of the proof follows
immediately.

Theorem 3.6. Each strong quasi-uniform cover of g4 quasi-uniform space is an open

cover.
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proof. It follows from the definitions of the strong quasi-uniform cover and the topology
generatcd by a quasi-uniformity.
In [5], the following characterization of a quasi-uniform space was obtained in terms
of covers .
Theorem 3.7. Let @ be the collection of all strong quasi-uniform covrs of a quasi-uniform
Space (X: Q) Then
1.IfC € ®and D is a cover of X such that NC, C ND. for each x € X, then
De &
2. IfC,, C,€ @, then 3IC € € such that NC_ (C,), and nC_ < N(C,), for each
xe X
Conversely, let € be a collection of covers of a non-empty set X and @€ satisfies (1)

and (2). Then {@Q : C € @} forms a transitive base for a quasi-uniformity on X and € is

exactly the collection of all strong quasi-uniform covers of this quasi-uniform space.

Theorem 3.8. Let Q be a compatible quasi-uniformity for a topological space (X, ©) and €
be the collection of all strong quasi-uniform covers of X. Then the Iransitive quasi-uniformity,

say Qe induced by € on X is a subcollection of Q and if Q is transitive then both are same.

Proof. Let C € @ Then for some Qe O Qkx) c NC,, Vx € X. Now Q ¢ Q.. In fact,
(x, e Q=>YyE Qx)cnNC, = (x, y) € Q. Thus Q. € Q and hence Qg C 0.
Now let B be a transitive base for O, and consider any B € B. Then by Lemma 3.4,

C={B(x):xe X) € € We claim that Q. c B so that Q0 ¢ Q. and we are done. In fact,
(x Ve Q =2ye C, = N{B(z) : x € B(z), z€ X} c B(x), as x € B(x). = (x, y) € B.

From the above result we can infer that distinct quasi-uniformities on a non-empty set
may have exactly the same collection of strong quasi-uniform covers.

Theorem 3.9. Let (X, t) be a topological space and Q be a compatible transitive quasi-
uniformity for it. The {Qc(x) : x € X,Ce @ ie(nC,:xe X,Ce &) is a base for

(X, 1), where € is the collection of all strong quasi-uniform covers of (X, Q).

Proof. Follows from Theorem 3.5, 3.7 and 3.8 together.
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Theorem 3.10. Ler (X, Q) and (¥ Qy ) be two quasi- -uniform spaces and suppose Q, hay
B. Then a fimction f: X = Y is quasi-uniformly continuous if gy only

transitive base, say ;
y={f RO 3 €& CY s aslrongqua

if given any strong quasi-uniform cover Cof Y f Ic

uniform cover of X
Proof. Let /: (X, O)) = (Y. Oy) be quasn-umf’ormly continuous and C be a strong quasi. “Uniform
cover of Y. Then C being a strong quasi- -uniform cover of ¥, 3Q € Qy such that ye @ 9

c nC, Vy e Y. Now f being quasi- -uniformly continuous, dP € Q, such that (x,, x e
P = (f(x) fix,))) € Q Next let x € X and x' € P(x). Also consider C € C gych thag
x € f1(C). Then fix) e C = fix) € Qfx)) < C. Again x" € P(x) = (x, x) e P (Rx),
fix) € @= fix) e QAx)) c C. Since C € C is arbitrary, Aix) € QAx)) ¢ NC iy So,
P(x)  N(fY(C)),. Thus f'(C) is a strong quasi-uniform cover of X. :

Conversely suppose that the given condition holds and let Qbe a member of Q.. Thenp
being a base for Q,, 3B € B such that B ¢ Q Again by the Theorem 3.4, {B(y) : y e 1} s

a strong quasi-uniform cover of Y. Now arguing similarly as in Theorem 3.5, we can show that
y € Bly) c Nn{B(z) : y € B(z) and z € Y}, Yy € Y. Now by the assumed condition,
{f'(B(») : y € ¥} is a strong quasi-uniform cover of X. So, there exist P € Q, such that
xe Px) c N{f'BWy) : x e f!(B() and y € Y}, Vx € X. Let (x, x;) € P. Then
x, € P(x)) € n{f'(B®) : x, € F(B()) and y € Y}. Again n{f'(B(y)) : x, € f'(By)
and y € Y}  F1(B(fix))). So x, € F(B(fx))) = fix,) € B(flx))) = (Ax)), fixy)) € B.

Thus fis quasi-uniformly continuous.

The transitivity of (¥, (J)) is not necessary for the necessity part.

4. TOPOLOGICAL PROPERTIES AND STRONG QUASI-UNIFORM COVERS

Here in this section we will characterize some topological properties in terms of strong quasi-
uniform covers. In [5], some properties, namely Hausdorffness, compactness, near compactness,
paracompactness, near paracompactness, S-closedness, s-closedness, quasi-H-closedness, have
been characterized. Here we will address the issues regarding first countability, severd
separation axioms, separability and connectedness. To that end, we first derive the expressions of

closure and intrior of a subset in terms of strong quasi-uniform covers of a quasi-uniform spac:
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n what follows in this section, it will be assumed (if not stated otherwise), to avoid repetition,
{hat the topology T of any space (X, 1), under consideration, is generated by a transitive quasi-
uniform base B (in fact, this is always the case in view of Example 2.7).

Lemma 4.1. Suppose € is the collection of all strong quasi-uniform covers of a topological
space (X, 7). Then for any subset A of X,

cd)={xe X:(nC)n A4=#¢, VC € €).
Proof. Let x € cl(4) and C € € As x € NC, € 1, we have (nC)) N 4 # 0.

Again, let x € X such that ("C )N 4 # ¢, VC € %. Then for any open neighbourhood
G of x, 3C € @suchthatxe NnC . c G SodnG#9¢ and hence x € cl(4).

Lemma 4.2. If ‘€ denotes the family of all strong quasi-uniform covers of a topological space
(X, ), then for any subset A of X,

int(A) = {x € X : nC, c 4, for some C e 6.
Proof. Let x € ini(4). Then the equality follows immediately by virtue of Theorem 3.9.

Now, let x € X with nC, c 4 for some C € @ Now as C € &, 3B € B such that
1e Bx) c nC, ie, x € B(x) c A. Again B(x) € 1. Thus x € int(4).

We are now equipped enough to characterize certain topological concepts via strong quasi-

uniform covers.

Theorem 4.3. Let (X, 1) and (Y, Ty) be two topological spaces, where Ty and Ty are generated
by two quasi-uniformities with transitive bases By and By respectively. Then a function
{: X = Y is continuous if and only if given x € X and a sirong quasi-uniform cover Cy of

Y 3 a strong quasi-uniform cover Cy of X such that in(Cy),) < NC Py

Proof. Let /: X — Y be continuous and x € X, Again let C, be a strong quasi-uniform cover
of Y. Then, by Theorem 3.9, N(Cy)gy is an open neighbourhood of fix). Now by using the

same theorem and the continuity of /, we find a strong quasi-uniform cover Cyof X such that

x e n(C,), and AN(Cy),) = NCygyy

Conversely we assume the given condition and let x € X and fix) € G € Ty Then fx)

€ N(Cyy, € G, for some strong quasi-uniform cover C, of Y. By hypothesis, there exists a
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C)q., Where x € N

str i_uniform cover Cy of X such that f(n(c.\’)x) c N( ")f(ﬂ (Cx), €1,
ong quasi-uni It

proving the continuity of . | |

if and only if for each pair of distinct po;, %

n cover C of X such that cither y g ~C .
X

Theorem 4.4. 4 topological space (X 1) is Ty
i-unifor?

x and y of X, there exists a strong quas

xe nC,
7). Then for some open set G of X, either

Proof. Let x, y be two distinct points in a T,-space X
e first case, there exists a strong quasi-uniform

xe Gye GorxeGyeG.Thcnforth :
cover C of X such thatxe NC,c Gy € AC,. Similar 1s the other case. Thus the result follows.
X

The converse is also clear in view of Theorem 3.9.
(X, 1) is T, if and only if for each pair of distinci poins

Theorem 4.5. A topological space
univorm cover C of X such that y ¢ NC, and

x and y of X, there exists a sStrong quasi-
xenC,

Proof. Let x, y be two distinct points in a T-space (X, 1). Then there are open sets G, G, in
Xsuchthatxe G, y¢ G, and y € Gy. X€ G),. Then there exist strong quasi-uniform covers
C,, C, of X such that x € N (C,),c G, and y € N (Cy), < G, Now by Theorem 3.7, there
exists a strong quasi-uniform cover C of X such that x e N C.c N(C)), and y € N C,e
N (Cz)y This gives y € N C and x € N C),.

The converse follows from the fact that NC nCy € T

Theorem 4.6. A topological space (X, t) is T, if and only if for any two distinct poinis x
and y of X, there exists a strong quasi-uniform cover C of X such that (NC,)N(NC) = ¢.

Proof. Consider any two distinct points x, y in a T,-space (X, 7). Then there are two disjoint
open sets U Vin X such that xe U ye Vand Un V = ¢. Then we have, x € N(C)),
cUandye n (Cz)y c V, for some strong quasi-uniform covers C 1» C5 of X. Now by Theorem
3.7, there exists a strong quasi-uniform cover C of X such that x € NC, c N(C)), and
y € NC,c N(C,), Since UN ¥V = ¢, we have (nC,) n (ﬂCy) = 0.

Conversely since NC,, NC e 1(B) = 1, X becomes T,
’ 2

Note 4.7. Though the above theorem was proved in [5], here we have given a simpler proof.



CHARACTERIZATIONS OF TOPOLOGICAL PROPERTIES 69

The proofs of the next two theorems go along the same line as those of the above three
theorems and hence are omitted.

Theorem 4.8. A topological space (X, 1) is regular if and only if for any given closed set

Ac Xand x € X \ A, there exists a strong quasi-uniform cover C¥ of X, for each
ye A u{x} such that (NC*)N(NC?)) = ¢, Va € 4.

Theorem 4.9. 4 topological space (X, 1) is normal if and only if for any two non-empty closed

ets A, D € X with A n D = §, there exist strong quasi-uniform covers C* of X, for each
x € Ay D, such that ("C?)N\(NC9) = ¢, YVae A and Vd € D.

Theorem 4.10. A topological space (X, 1) is connected if and only if for any non-empty

proper subset A of X and any strong quasi-uniform cover C of X, 3x € X such that
An(nC) = ¢ = (X \ AN(NC)).

Proof. Let (X, T) be connected and 4 be a non-empty proper subset of X. As Bd(4) (=boundary
of A) # ¢, choose x € Bd(A). Then by Theorem 3.9, Lemma 4.1 and Lemma 4.2, the condition
follows immediately.

Conversely suppose that 4 is a non-empty proper subset of X and the given condition
holds for 4. then again by Theorem 3.9, Lemma 4.1 and Lemma 4.2, x € Bd(4) i.e., 4 has
non-empty boundary and so (X, 1) is connected.

Theorem 4.11. A topological space (X, 1) is first countable if and only if given x € X, 3

a countable family {C, : n € N1} of strong quasi-uniform covers of X such that
{n(C,), : n € N} is a local base at x.

Proof. Let in a first countable topological space (X, 1), {4, : n € N} be a local base at x
€ X.As 4 € 1 foreach n € N, there exists a strong quasi-uniform cover C, of X such that
xe n(C,), c 4, proving that {n(C,), : n € N} is a local base at x.

The converse part is immediate by use of Theorem 3.9.
Theorem 4.12. A topological space (X, 1) is separable if and only if there exist a countable

subset A of X such that for any strong quasi-uniform cover C of X.

("D) N 4 #¢, VD C C with N\D # ¢.
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table subset A of X, c/(4) = X. Now consider g
¢ with ND # ¢. Also, let x € ND. Now
C, < ND, we have (ND) N 4 # ¢,

Proof. Let (X, T) be separable. Then for some coun
strong quasi-uniform cover C of X and suppose D C

as x € cl(d), (NC,) N A=#9, by Lemma 4.1. Since N
ondition, let x € X and x € G € 1. Then x € nC,

Conversely assuming the given €
C of X. We need to show that 4 N G # ¢, which

c G, for some strong quasi-uniform cover
is immediate from the hypothesis that (nC) N A #¢.

5. CATEGORICAL DESCRIPTION OF QUASI-UNIFORMITY
In this section we will describe quasi-uniformity and its interrelations with topology and strong

quasi-uniform cover in terms of category. To do this at first we will consider the following

definitions and results. All the concepts regarding category used here are taken from [4].

Definition 5.1. Let X be a non-empty set. A covering structure on X is a collection € of covers
of X such that
1. C € @andD is a cover of X such that NC, ¢ ND,, for each x € X implies D

e @
2. C|,C, € €implies 3C € € such that "C N(C,), and NC_ < N(C,),, for each
x e X

X together with €, (X, @), is called a covering structure space.

Theorem 5.2. Let (X, Qy) and (¥, Qy) be two quasi-uniform spaces and t, and 1y be two
compatible topologies with Q, and Qy respectively. Then the quasi-uniform continuity of f
(X, Qy) = (Y. Oy) implies the continuity of f : (X, 1) = (¥ 1,).

Proof. The proof is quite straightforward.

Theorem S.3. Let (X, 1,) and (Y, 1,) be two topological spaces and P, and P, be the Pervin's
quasi-uniformities generated by t\ and 1, respectively. Then the continuity of f : (X, 1 )
(Y, 1)) implies the quasi-uniform continuity of f : (X, Py) = (Y, Py).

Proof. The proof is absolutely straightforward, but involves rigorous calculations. Hence we

omit it,
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pefinition 5.4. Let X and Y be nwo non-empty sets and by

on X and Y respectively. Then a function f - (X, €, - (v, 6, is said to be cover continuous

if for any Ce €,r'cC)= {FlO): C e C} is a member of €,.

and G, be two collections of covers
Y

Theorem 5.5. Let (X, Q) and (¥, Qy) be two quasi-uniform spaces and €, and @, be the

’

collections of strong quasi-uniform covers of X and Y respectively. Then the quasi-uniform

continuity of [ - (X, Oy) - (Y. Qy) implies the cover continuity of f :(X, y) = (7, @Y).
Proof. It follows readily from Theorem 3.10.
Theorem 5.6. Let (X, €) and (Y, @,) be wo covering structure spaces and Qy and Qy be

the quasi-uniformities generated by €, and é, respectively. Then the cover continuity

of f: (X. €y — (Y, B, implies the quasi-uniform continuity of f: (X Qy) = (Y, O)).
Proof. It again follows from Theorem 3.10.

We now list some major facts about continuous, quasi-uniformly continuous and cover
continuous functions to construct certain categories afterwards.

Fact 5.7. 1. Composition of any two quasi-uniformly continuous (continuous, cover continu-
ous) functions between two quasi-uniform (topological, covering structure) spaces

is quasi-uniformly continuous (continuous, cover continuous).
2. The identity function on a quasi-uniform (topological, covering structure) space
is quasi-uniformly continuous (continuous, cover continuous).
In view of the above facts we consider the following categories :
I. QU : The elements are the quasi-uniform spaces and the morphisms are the quasi-
univormly continuous functions among them.

2. QU* : The elements are the transitive quasi-uniform spaces and the morphisms are

the quasi-uniformly continuous functions among them.

3. Top : The elements are the topological spaces and the morphisms are the continuous
functions among them.
4. Cov : The elements are the covering structure spaces and the morphisms are the cover-

continuous functions among them.
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Theorem 5.8. QU* is a full subcategory of QU.
Proof. It is obvious.

Theorem 5.9. F : QU — Top, described by
X 9y) (X, Ty)

fl lF(f) =/
Y Op) (¥ 1y
is a faithful, but not a full functor, where T, = Q) Ty = UQDy).

Proof. The first part follows from Theorem 5.2.
‘\

For the last part we consider the real line R. Clearly the uniformity generated by the
usual metric 4 on R is a quasi-uniformity on R. There are plenty of real-valued continuoys

functions on R which are not uniformly continuous. So the functor F cannot be ful] in general,

Theorem 5.10. F* : QU* — Top described by
X Qy) > X 10
fl lFm = f
Koy Kty
is a faithful, but not a full functor, where Ty = UQph Ty = UQy).
Proof. The proof is same as that of the previous one. |

Theorem 5.11. G : Top - QU described by

X T)() > X Pt X))

fl lF(f)=f

) (X 2ay)

is a fully faithful functor, where P(t,) and P(1,) are the Pervin's quasi-uniformities, genemted
by 1y and 1, respectively,
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proof. The proof follows from Theorems 52 and 5.3
Theorem 5.12. G* : Top = QU* described by

X 1) > X, P(1))

f l lF(f) =f
N R A ()

is a fully faithful functor, where P(1,) and (1 y) are the Pervin's quasi-uniformities, generated

by 1y and Ty respectively.
Proof. The proof is similar to that of the above Theorem.

Theorem 5.13. / : QU — Cov described by

(X Qx) - X @X)

L e
X o) (X €

is a fully faithful functor, where @, and @y are the collections of strong quasi-uniform covers

of X and Y respectively.
Proof. It follows easily from Theorem 3.10.

Theorem 5.14. J : Cov — QU described by

X 8 » & €
f l lF(/) =
04 @y) > (04 Q((gy))

is a fully faithful functor, where (%6,) and (X @) are the quasi-uniformities, generated by

by and @, respectively
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Proof. Follows from Theorems 3.7 and 3.10.
Theorem 5.15. Let us consider the following two categories :
I* . QU* > Cov described by

X0 X 8

R
¥ 9) ¥ @)
where €, and @, are the collections of strong quasi-uniform covers of X and Y respectively,
and

J* Cov - QU* described by

X ) X Q%))

f l lF n=r
¥ & - ¢ 0 9))
where (€,) and @,) are the quasi-uniformities, generated by €, and @, respectively.

Then both I* and J* are isomorphisms and each is the inverse of the other

Proof. It follows immediately from Theorems 3.7 and 3.10.
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