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ON SEPARATION AXIOMS WEAKER AND STRONGER
THAN REGULARITY AND NORMALITY VIA GRILLS
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ABSTRACT : In this paper, a few types of separation axioms for topological spaces are introduced
and studied in terms of grills; of these, one class is contained in and another contains the class of regular
spaces. Two other types, one being weaker and another stronger than normality, are also defined and
investigated along similar line.
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1. INTRODUCTION AND PRELIMINARIES

Different neighbouring forms of standard separation properties like regularity and normality,
are being studied with interest for a long time. Munshi in [7] studied two kinds of separation
axioms, called g-regularity and g-normality, stronger than regularity and normality respectively.

Our intention in this paper is to follow the idea of Munshi towards introduction of some other
separation properties by use of the concept of grills.

In 1947, the idea of grill was first introduced by Choquet [2], a detailed study of which
was sbsequently undertaken by Thron [13] and many others. The definition of grill on a
topological space X as given by Choquet [2], goes as follows:

Definition 1.1. [2] A nonempty collection g of nonempty subsets of a topological space X

is called a grill if

()4 e gand Ac Bc X= Be g,and(ii)A,BgXandAuBe g=>Ae gorBeg.
For a grill g on a topological space (X, 1), Roy and Mukherjee [11] defined an operator

® from the power set P(X) to P(X) in the following way : For any 4 c X, , ®(4) =
YeX:Unde g for every open set U containing x}. It was also shown in [11] that
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A u D(A) (for 4 < X), is a Kuratowskj Closyre

the map ¥ : P(X) = P(X), given by Y(A) = ‘
n X, finer than 1. Thus a subset /4 of ¥ iy

operator giving rise to a topology T, (sey) © ;
tg-closcd fYA)=4or equivalently ifdA)c AA topological space endowed wiih a gl

g on X, denote by (X, 1, g) will be called a grill topological space.

In this paper we introduce and study certain types of separation axioms, termed
g-g-regular, g-g-regular, g-g-normal and g-g-normal spaces by using g-g-open sets introduceq
in [5] and obtain some characterizations of these spaces. Also we obtain some Preservation

theorems for g-g-regular and g-g-normal spaces in Section 4.

In what follows, by a space X we shall mean a topological space (X, 7). For any
A c X, int(4) and cl(4) will respectively stand for the interior and closure of 4 in (x 1)
Again, T_-cl(4) and 1grini(4) will respectively mean the closure and interior of 4 in (X, ¢ Al
Similarly, whenever we say that a subset 4 of a space X is open (or closed) in X; these are
meant to be so in (X, 7). For open and closed sets with respect to any other topology on x
€& Ty, we shall write “1_-open’ and ‘1 closed’. A subset 4 of a space (X, 1) is said to be
preopen (6] (a.-open [8]) if 4 < int(cl(4)) (resp. 4 < int(cl(int(4))). The family of all -open
sets in (X, 1), denoted by 1% is known to be a topology on X finer than 1, and the closure
of 4 in (X, 1) is denoted by a-cl(4). We now recall a few definitions and results as prerequisites.

Definition 1.2. A subset A of a space (X, 1) is said to be g-closed [3] (ag-closed [4]) if cl(4)
< U (resp. a-cl(4) ¢ U) whenever 4 ¢ U and U is open. The complement of a g-closed (ag-
closed) set is called a g-open (resp. an ag-open) set,

Definition 1.3.[7] A space (X, 1) is said to be g-regular if for each x € X and each g-closed
set F with x ¢ F there exist disjoint open sets U and V such that x € U and F c V.

Definition 1.4.[7] A space (X, 1) is said to be g-normal if for each pair of disjoint g-closed
sets /" and K, there exist disjoint open sets U and ¥ such that F ¢ U and K cV

Let us’now deﬁm.: a space (X, 1) to be ag-normal if for each pair of disjoint ag-closed
sels /" and K, there exist disjoint open sets U and ¥ such that F cUad KcV

Theom:n 1.5.[5]) Let g be a grill on a space (X, 1) such that PO(X)\{¢) < @ Then
14 S 1%, where PO(X) denotes the collection of all preopen sets in (X, 1)
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Deﬁlliti"“ 1.6.[5] Let (X, T) be a topological Space and g be a grill on X. Th b
. T'hen a subset 4

XS said to be g-closed with respect to the grill g (g-g-closed, for sh rt) if ®
. short) iIf ®(4) c U

whenever A ¢ Uand Uis open in X.

A subset 4 of X is said to be g-g-open if X\ 4 is g-g-closed

Theorem 1.7.[5] Let (X, 7) be a topological space and g be a grill on X. Then for a subset
4 of X the following are equivalent: se

@ Ais g-g-closed.

(b) tg-Cl(A) c U whenever A c U and U is open.

(c) For all x € 'tg-cl(A), cl({x}) n 4 # ¢.

(d) tg-cI(A)\A contains no nonempty closed set of (X, 1).
) P(A)\4 contains no nonempty closed set of (X, 1).

Corresponding to any nonempty subset A of X; a typical grill [4] on X was defined in
[12] in the following manner.

Definition 1.8. Let X be a space and (¢ #) 4 ¢ X. Then
[A]={Bc X: 4N B#¢}
is a grill on X, called the principal grill generated by 4.

Remark 1.9. It is shown in [5] that a g-closed set is g-g-closed but not conversely. However,
in the case of principal grill [X] generated by X, it is known [12] that T = 17(y;, so that any

[X}-g-closed set becomes simply a g-closed set and vice-versa.

Theorem 1.10.[5] Let (X, 1) be a topological space and 4 ¢ X. Then Tgy = 1 and hence
a subset 4 of X is gs-g-closed iff A is ag-closed where gj is the grill on X given by
%={4 c X : int(cl(4)) # ¢}.

Theorem 1.11. [5] Let g be a grill on a space (X, 7). Then 4 (C X) is g-g-open iff

- T7in(4) whenever F ¢ A and F is closed.

Theoren 1.12.[5] For any grill g on a space (X, 1) the following are equivalent:
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(a) Every subset of X is g—g-closed.

is T, d.
(b) Every open subset of (X, 1) is Tgclose

2. g-g-REGULAR AND g-G-REGULAR SPACES

Definition 2.1. Let (X, 7) be a topological space and g be a grill on X. Then (X, 1) js g4

to be g-g-regular if for each x € X and each g-g-closed set F with x ¢ F; there exist disjoint

open sets U and ¥ such that x € U and Fc V.
Remarks 2.2. Since every closed set is g-g-closed for any grill g on X, every Gg-regular

space is regular. But the converse is false as is shown by the following example.

Example 2.3. Let X = {a, b, ¢} and © = {9, {a}, {b, c}, X}. Then (X, 1) is regular space
but it is not g-g-regular for any grill g on X. In fact, for any grill g on X, F = {b} is
g-g-closed and ¢ ¢ F, but there are no disjoint open sets which contain ¢ and F.

Remark 2.4. In the case of principal grill [X] generated by X, it is obvious that any [X]-g.
regular space becomes simply a g-regular space and conversely (refer to Remark 1.9),

Theorem 2.5. Let g be a grill on a space (X, t). Then the following are equivalent :
(a) (X 1) is g-g-regular.

(b) For each x € X and each g-g-open set U containing x, there exists an open set
Vin X such that x € V ¢ cl(V) c U.

(c) For each x € X and each g-g-closed set with x ¢ F, there exist disjoint open sets
U and V such that x € U and 1 g-cl(F) c V.

(d) For each g-g-closed set F and each point x € X \ F, there exist open sets U and
V of X such that x € U, F ¢ ¥ and cl(U) n cl(¥) = ¢.

Proof. (a) = (b) : For a given x € X, let U be any g-g-open set containing x. Then by hypothesis,
there exist disjoint open sets ¥ and W such that x € ¥ and X\ Uc W.Now V' n W =9
= cd(V) c X\ Wc U Thus x € VeV cu.

() = (@) : Let x € X and F be a g-g-closed set with x ¢ F. Then x € X \ F and 5o by
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@ fhere exists an open set ¥ such that x ¢ p CclM) S X\F. Puw=x\ (V). Th
! . = cl(¥). Then

yand I are disjoint open sets such that x e ¥, p < . Hence (X, 1) is a g-g-regular
; - space.

e (c) : Let x € X and F be a g-g-closed set not containing x. Then by (a), there exist

jisjoint OPen sets U and V in X such that x € U apnd F c V. Since F is

g-g-closed,
o c Vies gl e V.

0= (d) : Let x € X and F be a g-g-closed set not containing x. Then by (c), there exist
.t W and

isjoint open Sets . and V such that x € W and Tgcl(F) ¢ V. Also we have cl(¥) n
i = 6. Now cl(¥) is g-g-closed and x ¢ cl(¥). Then again by (¢), there exist open sets G
and H in X such that x € G 1clcl(V)) c Hand G~ H=¢ ie, x € G, cl(¥) c H and
G n H= ¢ and hence cl(G) N H=¢. Now put U= W N G, then U and V are open subsets
of X such that x € U F ¢ Vand cl(U) N cl(V) = ¢.

= (a) : It is clear.

If we take g = [X] in the above theorem, then by using Remarks 1.9 and 2.4, we have
the following result of Noiri and Popa [10].

Corollary 2.6. For the topological space (X, 1), the following are equivalent :
(a) (X, 1) is g-regular.

(b) For each x € X and each g-open set U containing x, there exists an open set V' in
Xsuchthat x € V ¢ cl(V) c U.

(c) For each x € X and each g-closed set with x ¢ F, there exist disjoint open sets
Uand ¥ such that x € U and cl(F) ¢ V.

(d) For each g-closed set F and each point x € X \ F, there exist open sets U and ¥
of X such that x € U, F c ¥ and cl(U) N cl(¥) = ¢.

We now define another type of separation axiom in grill topological spaces as follows:

Definition 2.7. Let g be a grill on a space (X, 7). Then (X, 1) is said to be g-g-regular if
for each point x € X and for each closed set F with x ¢ F, there exist disjoint g-g-open sets

Uand ¥ such that x e Uand Fc V.
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o see that the following implication diagram holds :

Remark 2.8. It is easy t |
arity = regularity = g-g-regularity.

g-g-regularity = g-regul
We show below that a g-g-regular space need not be regular, and hence neither g-regyly, i

g-g-regular.

Example 2.9. Consider a grill g = {{b}, {a b}, {b, c}, X} on a space (X, 1) whe,
X={a b c} and T = {¢, {a}, {a, b}, {a c}, X}. It is easy to see that (X, 1) is not regular
but it is g-g-regular. In fact, ®({a}) = ¢, o({a, b}) = {b}, ®(a c}) = ¢. Thus every opey
set is ‘cg-closed and so by Theorem 1.12, every subset of X is g-g-closed and hence every
subset of X is g-g-open. Hence (X, 1) is g-g-regular.

Theorem 2.10. Let g be a grill on a space (X, 1). Then the following are equivalent -

(a) X is g-g-regular.
(b) For each open set ¥ containing x € X, there exists an open set U such that x ¢
Uc tg-cl( U)cV.
Proof. (a) = (b) : Let ¥ be any open set in (X, ) containing a point x of X. Then by hypothesi,
there exist disjoint g-g-open sets U and W such that x € U and X' \ ¥ ¢ W. Since W is
g-g open and X \ ¥ c W with X'\ V closed, we have by Theorem 1.11, X\ V' ¢ T int(H).
Now Un W=¢=Un 'cg-int(W) =¢ = 'cg-cI(U) . S\ 'rg-int(W) c V. Thus x €
Uc Tg-cI(U) c V.

(b) = (a) : Let F be a closed set in X not containing x € X. Then by hypothesis, there
exists a g-g-open set U such that x € Uc 1 g-cl(U) C X\F.PutV=Xx\ ‘tg-cl(U). Then
U and V are disjoint g-g-open sets such that x € U and F c V. Hence (X, 1) is a g-g-regular

space.

Let us now recall the following result from [5).

Theorem 2.11. Let g be a grill on a T,-space (X, 1) such that PO(X) \ {9} c g Then e
following are equivalent :

(a) X is regular.
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(b) For each closed set F and each € X\ F, there exist disjoi
p such that X € Uand F ¢ V. ISjoint g-g-open sets {/ and
(c) For each open set Vin (X, 1) and each POINt x € V, there exists
o 4 a a
 such that X € Ug1,clU) c V. g-g-open set

Combining Theorems 2.10 and 2.11, we get the following result:

, b i
Corollary 212 Let Q e a grill on a T\-space (x, T) such that PO(X) \ {9} g Then
L g-g-regular iff it is regular.
3. g-g-NORMAL AND g-g-NORMAL SPACES

As in the last section, we introduce here two variant forms of normality

one being stronger
and another weaker than normality.

Definition 3.1. Let g be a grill on a space (X, 7). Then (X, 1) is said to be g-g-normal if

for each pair of disjoint g-g-closed sets F and K, there exist disjoint open sets U and V in
Xsuch that Fc Uand K C V.

Remark 3.2. Since every closed set is g-g-closed for any grill g on X, every g-g-normal space

in normal. But the converse is false as is shown by the following example.

Example 3.3. Consider a grill g = {{a}, {a b}, {a c}, {a d}, {a b c}, {a b d},
{a, ¢, d}, X} on a topological space (X, 1) where X = {a, b, ¢, d}, 1 = {9, {b}, X}. Then
(X, 1) is normal but is not g-g-normal. In fact, every open subset of X is 1 -closed and hence
by Theorem 1.]2 every subset of X is g-g-closed. Now F = {a, d}, K = {b, c} are disjoint
ggclosed sets, but they cannot be separated by disjoint open sets in X.

Theorem 3.4. Let g be a grill on a space (X, 7). Then (X, 1) is g-g-normal iff for each
g-g-closed set F and each g-g-open set U containing F, there exists an open set V in X such
hat F ¢ ¥ ¢ cl(V) c U.

Proof. The straightforward proof is omitted.

If the principal grill [X] takes the role of g in the above theorem, then we obtain the

following characterizations of a g-normal space.
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Corollary 3.5. A topological space (X, 1) is g-normal iff for each g-closed set /" and for any
g-open set U containing F, there exists an open set ¥ of X'such that F ¢ V ¢ cl(V) c 1

Theorem 3.6. The following are equivalent for a grill topological space (X, 1, g):

(a) X is g-g-normal.

(b) For each pair of disjoint g-g-closed sets ¥ and K, there exists an open set U in ¥
containing F such that cl(U) N K = ¢.

(c) For each pair of disjoint g-g-closed sets F and K, there exist open sets U and ¥
in X such that F ¢ U, K ¢ ¥V and cl(U) n cl(V) = ¢.

Proof. (a) = (b) : Let F and K be two disjoint g-g-closed sets. Then by Theorem 3.4, there
exists an open set U such that F ¢ U c cl(U) ¢ X\ K Thus for the open set U we have,
Fc Uand cl(U) n K = ¢.

(6) = (c) : Let F and K be two disjoint g-g-closed sets. Then by (&), there exists an
open set U in X such that F ¢ U and cl(U) n K = ¢. Again, since K and cl(U) are disjoint
g-g-closed sets, by hypothesis there exists an open set ¥ such that K ¢ ¥ and cl(U) n cl(¥)

(c) = (a) : Obvious.

If in the above theorem, we take g = [X], then by using Remark 1.9, we arrive at the

following known result (viz Theorem 4.1 of Noiri and Popa [10]).
Corollary 3.7. For a topological space X, the following are equivalent :
(¢) X is g-normal.

(b) For each pair of disjoint g-closed sets F and K, there exists an open set U in X
containing F such that cl(U) n K = ¢.

(c) For each pair of disjoint g-closed sets F and K, there exist open sets U and ¥ in
X such that F ¢ U, K ¢ V and cl(U) N cl(V) = ¢.

If we set g = g; in Theorem 3.6, we get the following result.

Corollary 3.8. For a topological space X, the following are equivalent :



ON SEPARATION AXIOMS WEAKER AND STRONGER THAN REGULARITY

97
(a) X is og-normal.
(b) For each pair of disjoint og-clogeq Sets F and K, there eXists an open set [/ in x
ontaining F such that cl(U) n K = 0.
0

(¢) For each pair of disjoint ag-closed sets and

K, there exist Open sets Uand ¥ ip
XSUC"I that Fc U K c V and CI(U) N CI(V) e ¢

Proof. Let F"and X be two disjoint g-g-closed sets of a g-g-

normal space (X, T). Then there
exist disjoint open sets U and V such that £ ¢ ¢/ and g =

V. Since F is g-g-closed and F

Theorem 3.10. Let g be a grill on a g-g-normal space (X, 7). If Fis a g-g-closed set and

V'be a g-g-open set in X such that F ¢ ¥, then there exists an open set U in X such that
Fc1gcl(F) c U gt int(V) c V.

Proof. Since F and X'\ V are disjoint g-g-closed sets of a g-g -normal space (X, 1), by Theorem
3.9, there exist disjoint open sets U and W such that tg-cl(F) C U and 'tg-cl(X \V)c W.

Now Uc X\ W c Tgint(V) ¢ V. Thus F ¢ Tgl(F) c Uc Tgint(¥) c V.
If we set g = [X] in the above theorem, we have the following result.

Corollary 3.11. Let (X, 1) be a g-normal space. If F is a g-closed set and ¥ a g-open set
containing F, then there exists an open set U in X such that F ¢ cl(F) ¢ U c int(V) c V.

Definition 3.12. Let g be a grill on a space (X, 1). Then (X, 1) is said to be g-g-normal if

. - . - h
for each pair of disjoint closed sets F and K, there exist disjoint g-g-open sets U and ¥ suc
hat F o Uand K  v.

i | space is
Remark 3,13, Since every open set is g-g-open for any grill g on X, every normal sp

i le.
F&normal. That the converse is false is shown by the following example

ical space (X, 1)
Example 3,14, Consider the grill g = {{b}, {a b}, {b ¢}, X} on tch t':!ipolloglcat n[;rma‘- i
Where y < {a, b, c}, 1= (0, {a}, {a b}, {a c}, X}. Then (X, 1) is clearly no
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(X. 1) is g-g-normal. In fact, d({a}) = ¢, ©({a b)) = {b} and O({a, ¢}) = ¢. Thyg every

/ tof Xi s
open set of X' is 1 g-closed and hence by Theorem 1.12, every subse IS g-g-closed and

so every subset of X' is g-g-open.
Theorem 3.15. Let g be a grill on a space (X, 1). Then the following are equivalen;.

(a) X is g-g-normal.
(b) For each closed set F and each open set V containing F, there exists a 9-g-open

set U such that F ¢ U g 1,<c(U) c V.

Proof. (a) = (b) : Let F be a closed set and ¥ be an open set such that F ¢ ¥V, Thep, by
(a), there exist disjoint g-g-open sets U and W such that F ¢ Uand X\ ¥V ¢ W. Now y
NW=0=>Un1t,int(#)=¢= 'rg-cl(U) c X\ 'l:g-int(W). Since X\ V . W where W i
g-g-open, by Theorem 1.11, X\ ¥ ¢ 1-int(W). Thus F ¢ U c 1cl(U) c X'\ Tgin(W) c v,

(b) = (a) : Let F and K be any two disjoint closed subsets of X. Then by (b), there

exists a g-g-open set U such that F c U c 'cg-cl(U) c X\K Put V=Xx\ ‘rg—cl(U). Then
U and V are disjoint g-g-open sets such that F ¢ U and K ¢ V. Hence (X, 1) is g-g-normal,

In [5], the following theorem was deduced:

Theorem 3.16. Let g be such a grill on a space (X, 1) that PO(X)\{¢} c g. Then the following

are equivalent:
(a) X is normal.

(b) For each pair of disjoint closed sets F and K, there exist disjoint g-g-open sets U
and V such that F ¢ U and K c V.

(c) For each closed set F and any open set ¥ containing F, there is a g-g-open set U
such that F ¢ U ¢ *l:g-cl(U) c Y.

Now from Theorem 3.15 and Theorem 3.16, we get the following result :

Corollary 3.17. Let g be a grill on a space (X, 1) such that PO(X) \ {0} € g Then (X, 1)
is g-g-normal iff (X, T) is normal. |

Theorem 3.18. Let g be a grill on a space (X, 7). Let F be closed and K be g-closed in a
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ormal space (X, 7) such that F 1 K = ¢. Then there exist disjoint g-g-

c Uand F eV open sets U/ and

¢
v such thet X&)

ol Let F be closed and K be a g-closed set in a g-g-normal space X such that F ~ K = 0

ginoe K 18 g-closed, cl(K) © X'\ F, again since X js g-gnormal and cl(K) N F = ¢, there
i disjoint g-g-open sets U and ¥ such that cl(K) ¢ U and F c V.

4. GENERALIZED CONTINUOUS FUNCTIONS VIA GRILL
e begin this section by quoting the following definition from [1):

Definition 4.1. A function /: X = Y is said to be generalized continuous (g-continuous, for
gort) if the inverse image of every closed set in Y is gclosed in X.

In an analogous manner, we now define s follows:

Definition 4.2. A function /: X — Y is said to be generalized continudus with respect to some

gill g on X (g-g-continuous, for short) if the inverse image of every closed set in Y is
g.g-closed in X.
Observation 4.3. A function /: X — Y is g-g continuous with respect to some grill g on

X iff the inverse image of every open set in Y is g-g-open in X.

Remark 4.4.

(i) It is shown in [1] that every continuous function is g-continuous and but not conversely.

(ii) It is now clear that every g-continuous function is g-g-continuous; but the converse is false.
In fact, let X = {a, b, c}, T = {9, {c}, {b c}, X} and g = {{a}, {b}, {a b}, {a c},
‘bs C}, X}) Y:: {x' y}! = {¢7 {y"’ Y}

We define a function /: (X, 1, g) = (¥, o) as follows:
fla) = f(b) =y, fc) = x.

Then / is g-g-continuous but it is not g-continuous. In fact, F = {x} is closed in (Y, 0),

(P = {c} is g-g-closed in (X, 17, g) but it is not g-closed.

Definition 4.5, A function f:(X 1 g) - (¥, 0, g) is said to be (19, 1g,)-closed if the
"age of every 1g,-closed set in X is 0g,-closed in Y.
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From now on, whenever g,(resp. g,) is a grill on a space X (resp. on Y) and A ¢ y
d closed or open with respect to g, (resp. g,), we shall write, to Simp[ify

(resp. < ) is generalize
open in X (resp. 1) and hope that the context will mgj,

notation, that A is g-g-closed or g-g-

things clear.
Theorem 4.6. Let A (€ X) be a g-g-closed set in a grill topological space (X, 1, g,). If 1-

X 1t g)— (¥,0,9) is continuous and (1g,, 0g,)-closed, then f(A) is a g-g-closed set in

(Y, o, &)

Proof. Let 4) ¢ U where U is open in Y. Then 4 C f"(U) and () is open in X Since
A is g-g-closed, ®(4) £1(U) so that A U ®(4) c f'(U). Thus 1g,-cl(4) C £1(U) and hence
fixg,<l(4) c U. Since [ is (1), 6g,)-closed, f(tg,-cl(4)) is 0g,-closed and 0g,<l(f4)) =

firg,-<l(4) ¢ U.Hence fld) is g-g-closed in Y.
However the image of a g-g-closed set need not be g-g-closed under continuous function
as is shown below.

Example 4.7. Let X = {a, b, c}, 1 ={¢, {a}, {b, ¢}, X} and g, = {{c}, {a c}, {b, c}, X};
Y=1{x yz},0= {6 {x}, O}, {x »}, ¥}, @ = {{x}, v}, {= o}, {x 2z} o 2h, 1)

We define a function /: (X, 1, @) = (¥, o, g,) as follows :
fa) = x, fib) = flc) = y.
Then f is continuous. Now 4 = {a, c} is g-gclosed but its image f4) = {x, y} is not gg-
closed.

Definition 4.8. A function /: X — Y, where X, Y are two grill topological spaces, is said to
be irresolute with respect to some grill g on X (g-g-irresolute, for short) if the inverse image

of every g-g-open set in Y is g-g-open in X,

Theorem 4.9. Let /: X — Y be open, g-g-irresolute and surjective. Then
(a) X is g-g-regular = Y is g-g-regular,
(b) X is g-g-normal = Y is g-g-normal.

Proof. (a) Let F be g-g-closed in ¥ and y € Y \ F. Since f is g-g-irresolute, f'(F) is ¢&
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1 | ~I(p) Qi ;
i ¥, Also x € f(F) where x € f ({). Since X is g-g-regular, there exist disjoint open
c,;Ua“d v in X such that x € U and f(F) ¢ V. Since [is open and surjective f(U) and
i€ ,

- gisjoint open sets in ¥ such that y € flU) and F ¢ V). Hence Y is g-g-

f[l’) regular,

(t) The proof is quite similar to that of (a) and hence is omitted.

rem 4.10- Let f: (X, 1, g)) = (¥, 9, g,) be continuous and a (1g,,

Theo 04g,)-closed injective

papping:
@ 1Y be g-g-regular then X is g-g-regular,

(b) If Y be g-g-normal then X is g-g-normal.

proof. (@) L&t F be g-g-closed in X and x € X\ F. Since fis continuous and (1g,, 69,
dosed, bY Theorem 4.6. f{F) is g-g-closed in Y and also flx) ¢ fiF). Again since Y is
ﬂ.regulaf; there exist disjoint open sets U and ¥ such that fix) € U and f{F) c V. Thus
ve iU and F f1(¥). Since [ is continuous, f!(U) and f-!(¥) are open in X and hence
Yis 9.g-regular.

The proof of (b) is quite similar and left.
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