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SOME IDENTITIES INVOLVING SUMS OF LUCAS
NUMBERS

PREDRAG S. STANIMIROV]( *

ABSTRACT : Several combinatorial identities involving Lucas numbers, Fibonacci numbers and

axponents of two are derived by the mathematical induction. The notion of the Lucas matrix [(:) of
DP‘ s, which contains Lucas numbers along the main diagonal

parallels, is introduced. Regular case
= 0 is contained in the results obtained in [19). In the present

paper the case s = | 5 investigated.
The inverse of the Lucas matrix L“) is derived using previously defind identities. Factorization of the

eneral Pascal matrix as well as a particular factorization of the block-Pascal matrix in terms of the

patix LL ) is given. Additional combinatorial identities referring to the generalized Fibonacci numbers.

pinomial coefficients and special functions are derived as implications of these matrix correlations.
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1. INTRODUCTION

The Fibonacci numbers {F,},=0 are terms of the sequence satisfying initial conditions
Fg=0, F, = 1, and the recurrence relation R mF & F,,, n 2 2. Close companions to
the Fibonacci numbers, are the Lucas numbers {L,}m=0» Which follow the same recursive
patiem, but begin with Ly=2and L, = 1. The Fibonacci and Lucas sequences has been discussed
n many articles and books (sec. for example [9]). Fibonacci and Lucas numbers have long
interested mathematicians for theoretical development and applications. For example, an
"plication of these numbers i in graph theory has been investigated in [21], while an interesting

e ——
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been studied in [17]. The ratig of twg

1A b=+ l '.- '
consecutive of these numbers converges to the Golden section ﬂ. ( . 5, whicl
rly in Physics. Engineering, Architeciyr,

; in analill s
application of Fibonacci numbers in codding theory l

application appears in many research areas, particula )
Nature and Art. Naschie and Marek-Crnjac gave some examplos of the Colden ratio in

Theoretical Physics and Physics of High Energy Particles [13, 14, 15]. A few mathematigy
concepts of similarity and proportion are known to be critical in understanding the growyy,
processes in the natural world [23]. For example, the Fibonacci series is well known 1o i,
at the heart of plant growth and living organisms [10]. The Lucas relationship within the 29

canonical amino acids has been shown in [23].

In the present paper we derive some additional combinatorial identities expressing sums
which include Lucas numbers. Our results are derived using lower triangular Toeplitz matrices
(Toeplitz matrices are constant along the diagonals) containing Lucas numbers,

The outline of this paper is as follows. The explicit representation of the inverse of the
matrix £V is derived in the second section using auxiliary combinatorial identity referring
to Lucas numbers. A factorization of the generalized Pascal matrix in terms of the Lucas matrix
L) are considered in Section 3. Some combinatorial identities involving binomial coefficients,

the Lucas numbers and special functions are derived as corollaries in the third section. In the
fourth section we generalize principles used in the the papers [12, 19, 18, 26] as well as in
the previous section to a more general class of Pascal-like matrices. For this purpose, we define

gencralized block-Pascal matrices of type s as a generalization of generalized Pascal matrices.
Factorization of the block-Pascal matrix of type 2 with respect to the matrix LD are derived
in accordance with the block structure of the inverse of the matrix L. Additional

combinatorial identities identities involving the Lucas numbers are derived by observing the
particular case x = 1/2, a = 2, b = | we derived.

2. DEFINITIONS AND MOTIVATION

For the sake of completeness, we restate basic facts about the special functions needed in the
present paper. The Euler gamma funétion is denoted by I'(n),
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(@), = a(a + 1) .. (a +n - 1) = \_lr(f‘”"
(a)

well-known Pochhammer function,
is

; 2 (@)..(a,), ok
Fi@, onay by, o by d)= § —tkldp)y pk
pede e 0 Oy b By~ T Y

- gcnemlilﬂd hypergeometric function, and

pﬁ,l{av wa G}, By ooy B}, 2] = Hi s s by, s b 2) 1 (DB ... r(s,)

defines the regularized generalized hypergeometric function.

Various types of lower triangular Toeplitz matrices which include various types of
combinatorial numbers were investigated in [1, 2, 4, 6, 24, 25). The generalized Pascal matrix
of the first kind 2,[x] = [p, [x]], i, j = 1, ..., nis defined in [4]):

J x' (J‘F—‘ll) 1.27;

pl, ,'[x] = lo i<j- (21)

In the case x = 1, the generalized Pascal matrix of the first kind reduces to frequently used
Pascal matrix 2, = [p, j], i, j =1, .., n, which is defined in [3, 4].

The nxn Fibonacci matrix ¥, = [f“.] (i, j=1, .., n) is defined in [11), arranging the
Fibonacci numbers on the main diagonal and below :
Fi_j_'_], i-—j+120,
= 2
i) {0, i-j+1<0 " (2.2)
The inverse and Cholesky factorization of the Fibonacci matrix are given in [11). A first kind
% well as the second kind factorization of the Pascal matrix in terms of the Fibonacci matrix

i studied in [12], Very helpful consequences of these matrix relations are various combi-

Malorial identities involving the binomial coefficients and the Fibonacci numbers.

','“" analogy of the Fibonacci matrix, the #» x n Lucas matrix £,= [/, ] (i, j =1, ... n)
5 defined in [27);

g
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0, i—j<0.

s {Li—j+|a i-j20, 23
i J
In the particular case a = 2, b= 1 the generalized Fibonacci matrix from [19] reduceg
nn ’

to a generalization of the Lucas matrix.

5) = /9] .
Definition 2.1 The Lucas matrix of type s and of the order n, denoted by 4‘ [lf .J]. i

] =1, .., n is given by

Li_jy, i-j+s20 - 24
1) = {0, fm Jitg 0 bid = L o W (24)
The only two cases that generate regular matrices of this type are s = 0 and s = | (for the

proof see [19]). In this paper we consider the regular matrix £{), corresponding to the choice

$=11in(2.4). The case s =0 is investigated in [27). In all other cases the matrix %) is singular

These cases are not considered in [27].

In the study [22], some new properties of Lucas numbers with binomial coefficients were
obtained to write Lucas sequences in a new direct way. Sums of squares of odd and even terms
of the Lucas sequence and alternating sums of their products were investigated in [5]. In the
paper (7], some known fibonacci and Lucas sums were derived by using proofs based on the
usage of two appropriate matrices. A few representations of Lucas numbers in terms of the
generalized hypergeometric .functions were derived in [16]. Several combinatorial identities
involving binomial coefficients, powers of two and the Lucas numbers are known. For example,

we restate identities from [8]:
n n
Z (”)2kL - ) Z (")L s .
= k k = Lap, ot k |~k Ly,

In the present paper we derive interesting representations for sums of the form £2¢-'L, and
Zk2*-1L,. Further, we derive various more general combinatorial identities involving Lucas
numbers, binomial co-effcients and some special functions. These identities are derived

continuing the general principles from [12, 20, 18, 26, 27] and using explicit representation

of the inverse of the matrix ff(an and the first kind factorization of the Pascal matrix.
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3. SOME IDENTITIES OF Syms INVOLVING LUCAS NUMBERS

¢ following combinatorial identity gives .
Th Y gives the exact value of the sum I(n) = ZLOZ& 'L,

Lemma 3.1 The Jollowing recurrence relation is valid Jor arbitrary integer n 2 0

H
()= 32* 1, o 2
im0 T QL -L.) a.1)

i (3.2)

Proof. The identity (3.1) can be verified by the principle of the mathematical induction. The
inductive step follows from

n+l

k=1 n
i PR 2
k§0 k - Ln+l G "5—(2Ln4‘2 - Ln+l)
2 2" n+]
= @t AL = 2L, - L,
Finally, using

2Ln+2 T Ln+l = Ln+2 = L,, . SF,,H
the identity (3.2) is verified.

Corollary 3.1. For arbitrary integer n 2 0, the next identities hold:

3= 3501 =)"7 (B -5) "7+ (5 ) 6- 245 (3)

. _ng((l 7 JS_)"H --(l % J§)n+lj. (3.4)

Proof. The proof can be completed applying the analog of Binet’s Fibonacci number formula

for Lucas numbers:

k k
L = (—1-‘:5'/—5-] +(‘+2‘/§J k20, | (3.5)

0 @3.1) we get,
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Corollary 3.2 The following representation of Lucas numbers is valid for arbitrary intege,

nz0:

n |

% 21‘](‘%"»'5’”
F - k=0

n+l — 2"

(3.6)

Proof. The proof can be derived applying the next representation of the Lucas numbers from

[16]

k-1

_ [ lp _Lped L, )
= (5) ZF'('z"’ Zk+3i733

to (3.2).
Proposition 3.1 (a) The sum 2Z(n) ends with mod(2(n + 1), 10).
(b) The sum Z(n) ends with mod(6n — 4, 10).
Proof. (a) Since each term 2XL, ends with 2, for each integer k (see [8]), the expression 2X(n)
contains n + 1 terms obeying this property.
In the following lemma we introduce an additional combinatorial identity involving the Lucas
numbers.
Lemma 3.2. Consider integers i, j and s, p which satisfy p 2 3, s £ p < i+ 1. The partial
convolution defined by

p . i Bl
Iepip= 220 40 = 27 T2k, (€N))

k=s =s-1
salisfies the following equality :

o [P s ) -2- ) psi
I(s. p i j)= , :
(s, p. 0 J) {21_,}:(’__“1)' et (3.8)
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proof. The first case of the proof follows from

@21—‘[1 - 21_[ i-k j o =g+l I
2 —k+l = I PR i S
k=g k"" J=l=p+1
)3 i—s+1 i-
e ): o L AN T 'L]
j=0

and (3.1). Since
e i+ L D=h6 LiD+1=S0-s+1)—Z@-n+1=3Xi-s+ 1),
the second case is also verified.
Now, we find explicit representation of the sum
n
Sk lp.
k=0

Theorem 3.1 The following indentity is valid Jor arbitrary integer n 2 | :

&1 k-l L
%, (n) = kgok.g L, = 1+2°((n-1L 5+2 L2 +(n+1)L,) (3.9)

_ 1+2"(Bn+5)L, +(n+ L 1)
5

L3 By (3.10)

Proof. The identity (3.9) is verified by the mathematical induction. The base of the induction

is easy for the verification and the inductive step follows from

L+2"((n=1)L,,9 +(n+1)L,)
5

L) =@ +1)2"L, ., +

1+2"(n=1)Lysa +(n+5) Ly +(n +1) L)
5

1+2"(2nL,, 3 — (n+1)Lyp + (30 +5) Ly +(n+1)L,)
5
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12y D)

Identity (3.10) {s a consequence of (3.9)
4. IDENTITIES BASED ON THE USAGE OF GENERALIZED PASCAL MATRIX

i g (') d l .
otween the matrix £V and the generalj;

in this section we investigate correlations b .,, Y ized Pagyg

tios are derived as implications,

matrices. Several new combinatorial identi

af T ' o
Theorem 4.1. The inverse ( .Cﬁ,”) =[N Gj=1s n) of the Lucas matrix () jg defineg

by
3, i>2, jsn=2,i=j+1
5.2/, i>2, jsn=2, is}J;
(-1 -2/, i<2, jsn=2, (i,))# (2,
lcyit o is2, je>n=-2, () #(n n=-1);
V= (—l)""j'”'"--zjs;l, is2, j>n-2; (4)
0, i>j+2
1, otherwise.

Proof. To simplify notation, let us denote ¢; , = Zk=1l14l'k,j - First, we want to prove c,

=1,i=1,2, .. n Three different possibilities are feasible.

(C)) : It is easy to prove that ¢, = 1. In the case / = 2 immediately follows
Cpp = 2Ly + Ly + 3Ly = 1.

(C,) : In the cae 2 < i < n - 2, the value ¢ is equal to

n i
R o El’i-k"hi =halyi 41420, +kf.3’1, Kl hi i ieliv

—9i-1 ) i o
Li+2 Li-1+k2 527K o1 3L
=3
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The result of Lemma 3.2 implies

ES 2 ey = 51000 = S@G-2) - 1)

and later, taking into account (3.1), one can verify

c; =—5SE(i-2)+5E(i-2)-1)+3L; =1

(Cy) : Finally, in the case i = n (proof for i = n — 1 is very similar), it follows that

i n
C" n = z In' krkln =Inq Irl,ﬂ + [ﬂ. 2['2, n + Z In, kl'k,n
: k=1 k=3

M= 1 on= 2 n i
& 'S_L"_»_S‘Ln—l‘ x 2 k['n—k+l :
k=3
Applying the results of Lemma 3.1 and Lemma 3.2, this part of the proof can be simply
completed.

Now, we want to prove that ¢, ; =0, for / # j. Similarly as in the first part of the proof,

several different cases can be distinguished.
(D)) : It is casy to see that ¢, | = 0 in the case i > 1.

(Dy) : In the case 1 <j <n —1,i> ] the following holds:

J
iokl'k, j=hil,j+ 02l + kZJIi,kl'k,j i pail e+ el jaa

3]
I
b
M=

[t 3
Yl 12 A Sy b gt

= -l + 21—2[,',_' ¥
) k=3

Applying the result of Lemma 3.2 on the sum

L ik .
kZ32 Li—k=t = 1,3, I, i, )

one can verify

]

¢ == 27 -2) + W -2) - 2 =)+ 3Ly + Ly,
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- -5.2:-“"‘2; L@Lijig = L) * 2y * Ly = 0.

D,) : In the case 1 <] <1 - , i <j, values ¢, , are defined as
(D) : In

Sl -2/7 R #2y, |+5i§ L J~k
= l,-_lf'l.j”f.zl'?.j*’kgjifv" ki = : =

€l

An application of the second case of (3.8) in conjunction with the results of Lemy,
3.2, further implies :
¢, = -S2E( - 2) - X(i - 2)) = 0.

(D,) : Finally, in the case j = n (proof for j = n — 1 can be accomplished similarly) Values

¢, , are equal to

i+l

" l n—1 _ n-2
¢, = ’f.t"l.n+’f.2’2.n+k§3’i.kf'k,n = -5-(2 L-2 L,-_l)

i+l

- n—k
k§32 bivta

Using the result from Lemma 3.2 together with the second case of (3.8) we have

1

i+l
SL 2" Log = 1G04+ 1, m) = 215G - g,

which implies B =0,

-1
Hence, we prove L,(,') ([L')) = 1I,, where [ is the n x n identity matrix. In a similar way

; |
one can verify (Ef,“) L,(,” =1, and the proof is completed.

. . 3 _l
According to Lemma 4.1, it is observable that (£ f,l)) possesses the following block

matrix form -

-1 z
(£ = (q")l) i I (£9) 1

(139))- (n=2),(n-2) l(fg))qll(n—z).ll '

(1)
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where the notations kf (resp. |k) in the first indices denote the first (resp. last) k rows

1nd H (resp- |k) in the second indices denote the first (resp. last) & columns.

Example 4.1 The 6 x 6 inverse Lucas matrix of tvpe | is equal to

-1 2 4 _g -8 _.151"

1 l 2 4 8 16

=1 1 3 5 10 . >
()" - -
0O 1 3 5 2 -4

0 0 1 3|

0 0 0 1 1 -1

It is interesting to point out that the blocks of the Lucas inverse matrix of type 1 are almost

s . : —1
constant along diagonals, which means that the matrix (.E S,”) is close to block Toeplitz matrix.

Although (4.1) looks robust, it is not difficult to see that three blocks of the matrix (.E w)—‘

are symmetric in relation to anti-diagonal and are almost Toeplitz (differs only in signs).

-1
Remark 4.1 To store the matrix (Lf,”) we only need to register in the memory: first row,

element in position (2, n — 1) and first row of the (n — 2) x (n - 2) toeplitz matrix which
is in the left-lower block. This means that we have to store only the vector with (2n— 1) elements,

which is the same size for sioring arbitrary Toeplitz matrix.

A factorization of the Pascal matrix given in terms of the Lucas matrix of type 1 is

presenied in the following lemma.

Lemma 4.1 For arbitrary integer n > 4, the generalized Pascal matrix and the Lucas matrix

of type | satisfy
, P l12] = #Pus2Ld,

where the matrix



PREDRAG S. STANIMIROVIC

wOn/21=[) ()]

14

is defined by

ieics- g —di—2 i) 4 - XA T+ BIH D) D <gn2

a 21'"(—-1)"‘1(1%212"”2 i 1)_ j'> =23, J) # (n.n - )
,&J)(%)::‘ 2n—2 ’Ji{)n‘ (. )) = (mn- 1), (43)
] il

2101 + 24 - 2)): J

; : i m-!
Proof. It suffices to verify the matrix equality H,g')[l /2] = Byll/2] (.Ef1 )) - Let us deng,

by ¢, = Zip=|Piklk,j and observe analogous cases as in (4.3).
if =141,

,, j
¢, = Py = Pahytpiala, +kz3p"‘krk'j * Pl g+ Pl
k=1 a

= 2702+ 5,(%3(1-‘_'1)21" +3(F )2 ()2

£ (ol )+

L 21""[1-2+5
k

Afier the application of

k>=:3 ool X))

; (,--1 _ 2H_i_r(,-)zfi[{l,-iarj+1}-{j+1},-l]

i-1 - . "
= 27 i (1) 2R =i+, 41, 0),
the first case can be verified,

Forj>n—-2 G j)#(@m n- 1), we have

n .
: ]
¢ = ZPike) = Pl + ol ;+ ZPiklh,



—
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S [ (=)

19 |—

i-1 (=127 =2 (Z)1=i+lp -2 , =
) '—'—'—5-——+(I—-l)(_%) ( |) = 2 +(_l)n—j+lké3(ik__|l)(%) "2_{-!&

I

k=3

The approval follows straight having in mind the identity
E (i i-1_ .
123(*—1):2 =i

In the case (7, j) = (m, n — 1), we have

s i} L] n_l
kzlpn,krk.n—l =Pl Ln=1tPp2l'y no+ 2 Pkl n1 +1
= k=3

I n—|2n—2 I n-2 2;7-3 n-l, n—k .
- {3) Hre-0(z) EH R
=3 £

cn, n-1

2 e
2 n'd 1 7S (n=1
After applying
n-1, . .
Z (2:‘1')——-'2""] -n-1, n>4,
k=3
it is possible to obtain
_ an-2_3+n
Rlsgei % 10

It is obvious that for j = 1 the following is valid

= P
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. —_— bor 't 4
which immediately produces the last case in (4.3). We get that ¢, = hy (1/2) for i, j < I

., n and the proof is completed.
The next identity follows from Lemma 4.1,
Theorem 4.2 The following recurrence relation is valid for arbitrary integers n 22, | ¢,

<n-1:

sii-2)+"F 2" '( 5-2i-1 - 4i — 2.+ 6(71) + 4(i31) - 5(7 ')zﬁ(l-l'-"“%f“?-l))lq

j=2
n e /
+j=§-211—l( 1) ](21' E( )) L;=0. (4.4)

Proof. The following notation is useful:
= p.[112), h,, = h(172).
p,J[ ]’ [J 1,/
The next identity could be derived from Lemma 4.1, taking into account (4.3) :

i-1 n-2
(-l—) "Ptl‘z jl—hll[|l+zhljljl+ Zhll

2 Fiuall

=211 + 2i(i - 2)) +

z "5:22/7" (5-2"' ~4i-2+6("' )+4(J+,) (1) 2R (L =i+ + - 1)) L
J=2

+ Y - f( z( ))

J=n-1

In the case | € i £ n — 1, (4.4) immediately follows.
Remark 4.2 (i) In the case i = 1, the identity (4.4) reduces to (3.1).

(ii) In the case i = 2, the identity (4.4) becomes the trivial identity 0 = 0.
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5. CONCLUSION

Several combinatorial identities involving Lucas numbers, Fibonacci numbers and exponents of

two are derived by the mathematical induction, The starting point of our investigation is the
notion of the Lucas matrix Lf;’). of type s, which is constant along the diagonals and filled with
the generalized Fibonacci numbers. This matrix introduced in [19]. The regular case s = 0

includes the results obtained in [19]. In the present paper, the case s = 1 is investigated. The

inverse of the Lucas matrix () is generated using identities previously derived by the

induction.

The principles used in the papers [12, 19, |8, 26] are applied in sections 3 and 4, following

the specifies of these particular kinds of Toeplitz matrices. Using the identity for the sum

involving generalized Fibonacci numbers, derived in Lemma 3.2, the explicit representation for

the inverse matrix of £{! is given in Lemma 4.1. A first kind factorization of the generalized
Pascal matrix in terms of the Lucas matrix L) is derived in Theorem 4.1. Based upon these

matrix correlations, several interesting additional combinatorial identities involving the Lucas

numbers and the binomial coefficients are derived, observing the special case x = 1/2, g =
o R P

Remaining singular cases of these matrices (s # 0, 1), could be the interest of our future

research,
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