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1. INTRODUCTION

Mashhour et al. [28] introduced the notion of precontinuous mapping which coincides with
almost continuity in the sense of Husain [16] (briefly: a.c.H.). Quite recently,Beceren and Noiri
[4] have defined a-precontinuous mappings which are of stronger form of continuity than those
precontinuous. Some interrelationships with other known classes of mappings can be found
in [4]. In present paper Wwe continue investigations concerning e-precontinuous and
precontinuous mappings in context of several types of ‘open’ and ‘continuous’ mappings.

2. PRELIMINARIES

Throughout the paper, by (X, 1), (¥, ©), ... we mean topological spaces (briefly: spaces) on
which no separation axioms are assumed unless explicitly stated. The Cartesian product topology
for spaces (X, 1) and (Y, o) will be denoted by T x o. Let S be a subset of an (X, 1). The
‘closure of S and the interior of S (both in (X, 1)) are denoted by cl (S) (or cI(S)) and int,(S)
(or int (S)), respectively. A subset S c X is said to be regular open (resp. regular closed)
in (X, 1) if § = int (cl(S)) (resp. § = cl(int(S))). The family of all closed (resp. regular open,
regular closed) subsets of a space (X, 1) will be denoted by c(X, 1) (resp. RO (X, 1),
RC(X, 1)). A subset S of (X, 1) is said to be a-open [32] (resp. semi-open [21], preopen (28],
semi-preopen [2] or equivalently B-open [1]) if S c int (cl(in'(S))) (resp. S c cl(int(S)),
S c int(cl(S)), S c cl(int(cl(5)))- The complement of an o-open (resp. semi-open, preopen,

-

~ semi-preopen) set is called a-closed (resp. semi-closed, preclosed, semi-preclosed). The family

~of all a-open (resp. semi-open, preopen, semi-preopen) subsets of (X, 1) will be denoted by
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@ (resp. SO(X, 1), PO(X, 1), SPO (X, 1)). The family of all semi-closed (resp. preclosed, som;.
preclosed) subsets of (X, 1) we denote by SC(X, 7) (resp. PC (X, 1), SPC (X, 1)). The following
incusions are known for any space (X, 1) : T € 1® = SO(X, 1) N PO(X, 1) ([39, Lemma 3.1)
or [45, Lemma 2]), SO (X, 1) ¢ SPO (X, 1) and PO (X, 1) € SPO (X, 1). For each (x, 1)
the family t® forms a topology on X [32, Proposition 2] which is strictly distinct from 1,
in general. We have (1%)® = 1* [32, Proposition 10] for each (X, 7). If # < SO (X 1) (resp.
# < PO (X, 1)), then U # € SO(X, 1) [21, Theorem 2] (resp. v A# € PO(X, 1) [28]).

With a standard method, for any space (X, 1) and a subset § © X one defines [2] the
preinterior of S (pint(S)), the semi-preinterior of S (spint (S)), the preclosure of S (pcl (5)),
and the semi-preclosure of S (spcl (S)) as respectively: the union of all preopen (resp. semi-
preopen) subsets of (X, 1) contained in S and the intersection of all preclosed (resp. semi-
preclosed) subsets of (X, 1) containing S.

The following formulas are known: pcl (S) = § U cl (int(S)) [2, Theorem 1.5(¢)], pint_(S)
=8 int (cl(S)) [2, Theorem 1.5(f)]. A mapping /: (X, 1) = (¥, 0) is said to be a-precontinuous
[4] (resp. precontinuous (28], semicontinuous [21)], o-continuous [30], o-irresolute [27).
almost continuous in the sense of Singal and Singal [48] or briefly a.c.S.) if £'(V) € PO

(X, 1) (resp. () € PO(X, 1), f'(M) e SO (X, 1), [\ (M) e 1 f'(V) e 1% Fi(W) e 1) for
every set V€ ¢% (resp. Ve 0, Ve 0, Ve 0, Ve 6% Ve RO(X, 1) [48, Theorem 2.2(b)]).

A mapping f: (X, 1) = (Y, o) is called contra-continuous [7) (resp. contra-semi-
continuous [8). contra-precontinuous [17]) if (V) € o(X, 1) (resp. £!(¥) € SC (X, 1),
(V) € PC (X, 1)) for every V € ©.

3. a-PRECONTINUOUS MAPPINGS

In [4] the authors gave several characterizations of o-precontinuity. In the following theorem
we offer another characterizations of this type of continuity.

Theorem 1. For a mapping [ : (X, 1) = (Y, 0) the following statements are egivalent:
(1) fis a-precontinuous.
2) pel(F'(B) < 1 ¢l ,(B)) for every subset B c Y.
(3) Apelf4)) c clo' (AA)) for every subset A ¢ X
@) f(int . (5) € int(cl (f'(S)) for every subset S c ¥

5) f"(inta « () < pint(FN(S)) for every subset S c Y.

l‘mf.—(l) = (2). Let f be o-precontinuous. Then cl (int,(F'(B)) < (el , (B)) for every
‘subset B ¢ Y [4, Theorem 3.1(f)]. Our inclusion folfows from [2, Theorelf: 1.5(e)]-
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(2) = (1). Obvious by [2, Theorem 1.5(¢)] and [4, Theorem 3.1(f)].

(1) & (3). This follows immediately from [4, Theorem 3.1(g)] and [2, Theorem 1.5(e)].

(1) & (4). Let § be any subset of ¥ and let B = ¥ \ §. Utilizing [4, Theorem 3.1(f)]
we calculate as follows: ¢l (int,(/'(B))) c f"(C‘a, (B)) iff X\ f'(cla‘ (B)) < int (el (X \
FAB)) iff f(int_ (5) € int el (f(S))).

(4) & (5). Apply [2, Theorem 1.5(f)).
The following result has been obtained by Beceren and Noiri.

Theorem 2. [4, Theorem 3.2). Let (X, 1) and (Y, ©) be arbitrarily chosen spaces and let the
graph mapping g : (X, 1) = (X x ¥, 1 x 0) for an [ : (X, 1) = (¥, ©) be given via g(x) =
(x, Ax)) for each x € X. If g is o-precontinuous then f is O-precontinuous.

For a.c.S., a.c.H., and w.c. [35] mappings, theorems of the above type are reversible;
see respectively [23, Theorems 1&2]), [35, Theorem 1]. Also, in the cases of a.ct.c. [41], s.w.c.
~ [42], pa.c.c. [11], and p.s.w.c. [11] mappings, reversibilities of this kind are possible: see [11].

We are to show that under a certain condition imposed on (X, 1) and (¥, @), the converse
of Theorem 2 holds.

We offer another proof of the following assertion.

Lemma 1. [13, p. 136]. Let (X, 1) be a space, U € 1* and V € PO(X, 1). Then UN ¥V e
PO(X, 7).

Proof. We have U n V < int(cl(int(U)))nint(cl(¥)) < int (cl(U))Nint (cI(¥)). From [39, Lemma
3.5] we infer that U n ¥V € PO(X, 1).

" Definition 2. Let (X, 1) and (Y, o) be spaces. Then

(r x 0)* = (=* x cN)*
 Proof. First, we will show the inclusion
(1) 1* xo*c (1 x o)

E T i‘tSe 1% x g% Then § = UNS" qu where S}e ™ and S"e o® for each i € 1

gt ) <t o 5)

’ U:(mfxa(cltm(im;xa(sll X S'_,’ ))) e imtxu(°]1no(im“°(s))))

i€y
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Therefore, § € (t x 6)" The next inclusion to be shown is
2t x o) ¢ (1™ x oY),
Let W e (1 x 0)" Then we have
W imm(cfm(intw(W))) Cint, ., (¢t (int ., (W))).

By [14, Lemma 1(i)] and (1) we get

Wcint , (clmola (imm(W))) cint , (ama (int , . . (W))).
Thus, W &(7° xo“)u. We shall show now that
@) (° a:t:r"‘)c’I c(7x0)°.

o a)\® : ,
Let VE(‘r X0 ) . Hence cht,a,‘oa (Cl'raxo“ ('m,awa (V))). By (1) and
[14, Lemma 1(i)] we obtain

O :
s mt(m,)‘l (cl”awa . ('“t,a 4 (V))).

By (2) and (1) we get ' C int a(cl (in (V))). This dhous thee
(T%0) (1x0)% (1x0)%

Ve((fxa)"')a = (1 x 0)%

see [32]. Eventually, inclusions (2) and (3) complete the proof.
Corollary 1. Let (X, 1) and (Y, 0) be such spaces that

(4) (f‘xo“)ac'r" x g%
| Then (1 x o)* = 1* x g%,

- Theorem 2. Let (X, 1), (Y, 0) be spaces and let mappings f and g be as in Theorem 2. If
- (4) holds and if [ is a-precontinuous, then g is w-precontinuous.

?M Suppose [ is a-precontinuous. Let x € X and let W e (t % 0)® be any set containing
. Mﬂy (4) and by Corollary 1 there exist sets U & 1%, V e 0%, such that g(x) = (x, Ax)
3 E s 1. :_ W. Since f is o-precontinuous, there is a set U, € POX, 1) containing x such
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r
that AU,) © V [4, Theorem 3.1(¢)]). Thus, AU r Uy c Vwhere xe Un U, € PO (X, 1)
by Lemma 1. So we obtain g(U r U)) € U x Vc W This shows that g is a-precontinuous.

For every totally disconnected space (X, 1) (each open set is closed), we have 1 = @
(19, Theorem 3.3).

Corollary 2. Letr (X, 1) and (Y, ) be such spaces that the space (X * ¥, 1 * @) is totally
disconnected and let f : (X, 1) = (Y, 0). Then, the graph mapping g of f is a-precontinuous
if and only if f is OL-precontinuous.

Theorem 3. Ler for i = 1, 2, (X, 1) be arbitrary spaces and (Y, 6,) be spaces fulfilling the
condition (c® x u:rg‘)(n C o) x o3 . Then, mappings f : (X, 1) = (¥, 6), i =1, 2, are

Q-precontinuopus if and only if the product mapping f : (X, Xyt X 1) = (Y, * T,
G, X 0,), defined via fix,, x,) = (£,(xy), £(xy)) for each (x,, x,) € X, * X,, is a-precontinuous.

Proof. Sufficiency. [4, Theorem 3.4].
Necessity. Let f, be a-precontinuous, i = 1, 2, and let W € (0, * 6,)" By Corollary | we

17

have W €07 x03, and so W= U, %/ xW; where W/ €0®, W/ €07 foreach j € 7. Using
[4, Theorem 3.1(d)], for any chosen j € 7 we calculate as follows:

r‘(’ljx'{) ~ fl"(WIf)sz"(sz)c intT| (cl,‘ (fl'(Wl’)))x int1r2 (cl72 ()‘{'(W{ )))
e i"tf,ur,(clﬁ"g (f-l(WIJ x Wzl)))c imﬁ"’z(d’n": (f'l(W))).

‘ M oy M’I"Z (¢=l,|,.Tz (f' '(W))) and consequently f is a-precontinuous.

A subset § of a space (X, 1) is said to be simply open [6], if S = O U N where O

€ tand N is nowhere dense in (X, 7). A mapping /: (X, 1) = (Y, @) is called simply continuous

~ [6] if the preimage /'(G) is simply open in (X, 1) for each G € o.

h“m subset of a space (X, 1) is simply open in (X, 1) [21, Theorem 7). Thus,
mi- mapping is simply continuous, The converse is not the truth [6, Example

: -. ‘mlp‘f. (X, 1) = (V, 0) is a-precontinuous and contra-continuous, then
1) for every simply open subset S of (Y, o).

O U N be simply open in (¥, 0) (O € t and N is nowhere dense). Then,
U fUN) where Uy = £(0) € e(X, 1) and U, = F}(N) € PC(X, 1) [4, Theorem
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4 -! . 9, emma 3.5] we obtain fl(§) =,
3.7). Applying & dual cquality to that 0% [ ) = eLnt. (). Therefors' o V23
cl(int(U,)) U el (int(U) = el(int(U; Y 2)) Nt - Therefore  pi(g -

PC(X, 1).

Theorem 4. Let f: (X, 7) = (¥, 0) and g : (Y, 0) = (Z, V) be given mappings. If ¢ jg

ontra-continuous, then g o f: (X, 1) = (Z, v js , y

continuous, f is w-precontinuous and ¢ Ontrg.

precontinuous.
Proof. It follows from Lemma 3.

Theorem 5. Let a mapping f : (X, T) = (Y, ©) be o-precontinuous, continuous, contrg.
semicontinuous, and let (Y, 6) be a T,-space. Then, Jor each y € Y and for each V ¢ g gy
that y € int (cl (V) we have 1V u {y}) € RO, 1).

Proof. Let V € o be arbitrarily chosen. Remark that if y € V, then up to continuity and contra-
semicontinuity of / we get /'(¥) € RO(X, 1). By a-precontinuity of f [4, Theorem 3.8] for
every y € inty(cl (¥)) we have £1(V U {3}) c int(cl(f'(V U {y}) = int (el (F(¥) u
el (F'({}) < el (F'({y}) v int (el (F'(¥)) [2, Lemma 1.1.(b)]. Since f is continuous and
(Y, o) is a T;-space, cl.(F'({y})) = F'({y}). From contra-semicontinuity of / we infer that
I v int el (F'(M) c FI(V U {p}). Hence clearly, £'(V U {y}) € ROX, 7).

Remark 1. Continuity and a-precontinuiuty are independent of each other [4, Examples 2.1
& 2.2)

Theorem 6. Assume an f: (X, 1) = (Y, ©) has the following : for each y € Y and each V

€ o withy € int (cl(V)), the preimage f'(V U {y}) is in RO (X, 1). Then, fis a.-precontinuous,
continuous, and contra-semicontinuous.

Proof. The a-precontinuity of £ is clear by [4, Theorem 3.8]. Let ¥ € o be arbitrary and et
y€ V.Byf'(¥) e RO(X, 1) it follows evidently that fis continuous and contra-semicontinuous.

4. PRECONTINUOUS MAPPINGS

It is known that each o-precontinuous mapping is precontinuous and that the converse is 0
true, in general [4, Remark]. Thus, results concerning precontinuous mappings hold aiso "
the o-precontinuity case. Some of them are not mentioned in [4] the reader is advised 1© see
for instance [29, Theorems 23 & 2.4 & 2.5).

| We recall. that for every two a.c.S. mappings f,, £, from a space (X, 1) int H;:fs
do'ﬂl W (Y’ o), the set {x € X: fl(x) = fz(x)} is closed in (X, 1) [24, TheOl‘e-m 4] p
result is obviously true for any two mappings fi» f, with a stronger type of continuity

a.c.S. (see for instance [40 Diagram . _ ; mapping®
’ ram p. 249]), in particular for completely continuo4s
[3]. On the other hand, the following is evident. g
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Remark 2. A mapping /: (X, 1) = (¥, 0) is precontinuous and contra-semicontinuous if and
only if it is completely continuous.

Theorem 7. Let (X, 1) be arbitrary, (Y, 0) be Hausdorff, and let mappings f,, f, : (X, 1) -
(¥, ©) be given. If f, is a-continuous and f, is precontinuous, then A = {x € X : f,(x) = f,(x)}
€ PC(X, 1).

Proof. Let x be any point of X \ 4. Hence £,(x) # f,(x) and since (¥, ©) is Hausdorff, there
exist sets ¥, ¥, € o such that fy(x) € ¥}, (x) € Vp, and ¥V, V; = 0.

By Lemma | we have x € U, = f;'(V;)nf;'(V,) € PO(X, 7). We will show that
U, © X | A. Suppose not. There exists a point ¥’ € U, such that x" € A. Hence f,(x") = £,(x')
€ ¥,. This implies that x" € £,”'(¥,)n £,(¥;) = 0, a contradiction. Thus, the set X \ 4 is
preopen and consequently 4 € PC(X, 1).

Remark 3. (a) [25, Example 1] and [48, Example 2.1] show that precontinuity and a.c.S. are
independent notions [23, p. 413].

(b) [39, Examples 3.9 & 3.10] show that a-continuity and a.c.S. are independent of each
other.

An analysis of the proof of Theorem 7 leads to the following slight improvement of
[15, Theorem 2.6(1)]. We use the fact that in any (X, 1), if U € 1* and V € SO(X, 1), then
Un V e SO, 1) [32].

Theorem 8. Let (X, 1) be arbitary, (Y, 0) be Hausdorff, and f\, 1, : (X, 1) = (¥, o). If
f, is a-continuous and f, is semi-continuous, then the set A = {x € X : fi(x) = £(x); €

SC(X, 1).
Remark 4. (a) [21, Example 8] and [38, Example 4.1] show that semi-continuity and a.c.S.
are independent of each other.

(b) [37, Examples 2.3] shows that there exists an a-continuous mapping which is not
continuous. Obviously, each continuous map is a-continuous.

(c) [31, Examples 3.1 & 3.2] show that semi-continuity and precontinuity are independent
| ~If mappings f,, £, : (X, 1) = (¥, 0) are both a-continuous (hence precontinuous), but
| _t'h_o_apwe,(!’, o) is not Hausdorff, then the set 4 from Theorems 7 and 8 mut not be even
- semi-preclosed in (X, 7). It is worth to see also [39, Theorem 4.9).

Lo REEEt T

ample 1. Let X = {4, b, ¢} = Y, 1= {0, X, (b}, {a, b}, and & = (0, ¥, {a}}. Define
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fuo 15 1 (X, 1) = (Y, 0) as follows: fi(a) = b, /(@) = ¢ /1(®) = f(b) = f(c) = f;(c’) * 4, Then
f, and f, are a-continuous and the set {x € X : fj(x) = H(X)} = th, ¢} ¢ SPC(x, 1),

Using Theorem 8 and [15, Theorem 2.4] we slightly improve [15, Theorem 2.6(2)],

Corollary 3. Let (X, 1) be arbitrary, (Y, 6) be Hausdorff, and f,, 1, : (X, 1) - (¥, ¢),

is Q~continuous, f, is semi-continuous, and f, = f, on a dense subset of (X, 1), then f
on X,

¥
b

Definition 1. 4 subset S of a space (X, 1) is said to be p-dense in (X, 1) if pcl (§) = x

It is obvious that every subset p-dense in (X, 1) is dense in (X, 1), but the converse
is not always true.

Example 2. Consider the space R of all reals with Euclidean topology 1, S = Q (Q the set
of all rationals). By [2, Theorem 1.5(e)] we have pCl,e S = S.

The next result follows immediately from Theorem 7.

Corollary 4. Let (X, 1) be arbitrary, (Y, ©) be Hausdorff, and f,, 1, : (X, 1) = (Y. 0). I ,

is Q-continuous, f, is precontinuous, and Jy = 1, on a p-dense subset of (X, 1), then f, = f,
on X. :

Theorem 9. Let (X, 1) be arbitrary and S € SO(X, 1). Then S is p-dense in (X, 1) if and
only if S is dense in (X, 1).

Proof. Sufficiency. Apply [2, Theorem 1.5(e)] and [34, Lemma 2].

Theorem 10. Let f: (X, 1) - (Y, 0) be a precontinuous surjection. If a set S € SO(X. 1)
is dense in (X, 1), then f(S) is dense in (¥, o).

Proof. [20, Proposition 3.1]. The reader is advised to compare the characterization (3) of
precontinuous mapings given in [47, Theorem 6].

Theorem 11. Let f : (X, 1) - (Y, 0) be an «
p-dense in (X, 1), then AS) is dense in (Y, o).
Proof. This follows from Theorem 1(3),

A pace (X, 1) is called a D-space [22] if each nonem s dense in (X

T pty set ¥ € T 1s den
T e The 1] and [49, Theorem 17), being a D-space, S-connectedness (X C"f‘f‘ma "
prl'elsed_ ‘ as the union of two nonempty disjoint semi-open subsets), and irreducibility

. $0% o £
-precontinuous surjection. If a set S € A

1)

Lol m (X, 1) is said to be submaximal ¢ have

if for every dense subset S of (0. 40 Al



ON PRECONTINUOUS AND a-PRECONTINUOUS MAPPINGS 21

Theorem 12. Let (X, 1) be a D-space and (Y, 6) be submaximal. If a surjection f - (X 1)
= (Y, ©) is precontinuous then f is open.

Proof. [20, Proposition 3.1] or [47, Theorem 6.

Mashour et al. [28, theorem 1] established the following characterization of precontinuous
mappings: f: (X, 1) = (¥, @) is precontinuous if and only if fcl.(int(U))) < <l (AL)) for
every U c X. By this and by [2, Theorem 1.5(¢)] one easily obtains the following.

Lemma 4. Let (X, 1) and (Y, 6) be any spaces. A mapping f : (X, 1) - (¥, ©) is precontinuous
if and only if Apel (V) c ¢l (RV)) for every U c X.

Theorem 13. Ler f: (X, 1) > (Y, 0). i = 1,2, be (X, 1) be precontinuous surjections. If
a set §; x §, c X, x X, is p-dense in (X, x X,, T, X 1,) then the product’s image f(S, *
S,) is dense in (Y, x Y,, 0, x 0,).

Proof. Let a set §; x §, c X| x X, be p-dense in X; x X,. Utilizing [12, Lemma 5.2] and

Lemma 4 we get ¥, x ¥, = Apols, x 8y < /(pel, (8)xpel, (5,)) = (eel, (5,))

x H{pel, (5) <ol (4(5)) xelo, (5(S,)) = ely e, (£(5,%5))

Theorem 14. Let (X, 1) be D-spaces and (Y;, 6,) be submaximal, i = 1, 2. If mappings
f: (X, 1) = (Y, 0, are precontinuous surjections then the product mapping f is open.

Proof. Without difficulties we infer from [28, Theorem 1] that AU, x U,) € &, x o, for any
Ue1tUerta calculation is similar to that in the proof of Theorem 13.

A space (X, 1) is said to be P-connected [44] if X cannot be expressed as the union
of two nonempty disjoint semi-preopen subsets of (X, 7). A space (X, 1) is B-disconnected if
it is not B-connected.

Definiton 2. A mapping [ : (X, 1) = (¥, 0) is said to be P-open if AV) € o for each V €
PO(X, 1).
~ Recall that Jankovic [20] calls a mapping p-open if it preserves preopen sets. Obviously
- each P-open mapping is open, but these concepts are strictly distinet.
w 3. Let X = {a b ¢} and 1 = {0, {a b, c}, {a}, {b, ¢}}. The identity mapping
m“ ;) - (X, 1) is open but not P-open, because id ({b}) = {b} € t.
" Theorem ’15 Let (X, 1) be B-connected and (Y, ©) be submaximal. If f : (X, 1) = (¥, 0) is
tinuous surjection then it is P-open.

_ﬁ,;ﬁiﬁe-[u, Theorem 3.1(2)] and Lemma 4.
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We complete characterizations of f-connected spaces given in [18, Theorem 3 1] (see
also [43]) with the following,

Theorem 16. For any space (X, 1) the following are equivalent:
(1) (X, 1) is Bcomnected;
(2) pint (pcl(¥) = X for each nonempty V € PO(X, 1)
3) spint (pcl(V) = X for each nonempty V € SPO(X, 1);
(4) pint (spck M) = X for each nonempty V € PO(X, 1);
(3) spint (spcl(1) = X for each nonempty V € SPO(X, 7).

Proof. Use respective parts of [18, Theorem 3.1]

Lemma 5. In every topological space (X, 1) and for any W c X we have
(a) pel(pint (W) € SPO(X, 1),
(b) pel(spint (W) € SPO(X, 1),
(€) spcl(pint (W) € SPO(X, 1).

Proof. (2) By [2, Theorem 1.5(e)] we have what follows.

cl(int(cl(pcl(pint(#))))) = cl(int(cl(pint(W) L cl(int(pint(#))))))

= cl(int(cl(pint(W)))) L cl(int(pint(#)))

S pint(W) U cl(int(pint(W))) = pcl(pint(#)),
because pint (W) € PO(X, 1).

(b) By [2, Theorem 1.5(¢)] we get
clint(clipel(spint(19))))) = cl(int(cl(spint(W) L cl(int(spint(#))))))
= cl(int(cl(spint(#)))) w cl(int(spint( #)))

2 spint(W) U cl(int(spint(#))) = pel(spint(#)).
(c) Applying [2, Theorem 2.15] we obtain

cl(int(cl(spel(pint(1))))) = cl(int(cl(pint(W) U int(el(int(pint(#)))))))
= cl(int(cl(pint(1)))) U el(int(pint(#))))

2 pint (W) U intel(int(pint(#)))) = spel(pint(#)).
1?“_131 17. Let (X, 1) be B-disconnected. Then, the space X allows the following partitions
P
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(a) {pint(pcl()), pel(pint(X | §))} € SPO(X, 1) for a certain nonempty S € PO(X, 1),

(b) {pint(spcl(S)), pel(spint(X \ 8)} « SPO(X, 1) for a certain nonempty S &
POLX, 1),

() {spint(pcl(S)), spel(pint(X \ §))} < SPO(X, 1) for a certain nonempty S &
SPO(X, 1).

(d) {spint(spcl(S)), spcl(spint(X \ $))} © SPO(X, 1) for a certain nonempty S &
SPO(X, 1).

Proof. (2) From B-disconnectedness of (X, 1) and from Theorem 16(2') we infer that there
exists a nonempty § € PO(X, 1) such that U, = pint(pcl(S)) # X. Obviously U, €
SPO(X. 7). We shall show that U, # 0. Suppose not. By [2, Theorem 1.5(f)] We get 0 =
pelS) N int(cl(pcl(S))). Applying [39, Lemma 3.5] Lemma 3.5] we have 0 = int(cl(pcl(S)))
> S and so § = 0. A contradiction. Put now U, = X'\ pint(pcl(S)) = pel(pint(X \ 5)). Clearly,
X# U, # 0 and by Lemma 5(a), U, € SPO(X, 1).

Proofs for (b) — (d) are similar to the above. We use respective parts of Theorem 16,
Lemma 5, and [18, Lemma 3.1].

(b) We shall show only that U, = pint(spcl(S)) # ¢, where a nonempty § € PO(X, 1)
is such that U, # X. Suppose not. By [2, Theorem 1.5(f)] and [39, Lemma 3.5] we obtain
@ = spel (5) N int(cl(spel(S))) = int(cl(spcl(S))). So, ¢ = cl(int(cl(spcl(S)))) > spel (5)
[18, Lemma 3.1(2)], a contradiction.

(c) We shall show only that U, = spint (pcl(S)) # ¢, where a nonempty § <
SPO(X, 1) is such that U, # X. Suppose not. By [2, Theorem 3.21(a)] we have § = spint

{pel(S)) > spint (spcl(S)) o S, a contradiction.

(d) Let U, = spint (spcl(S)), where a nonempty S & SPO(X, 1) is such that U, # X.
Suppose U, = ¢. Then ¢ = spint(spcl(S)) > § [2, Theorem 3.21(a)], a contradiction.

Corollary 5. If an [ : (X, 1) — (Y, 0) Is a not P-open precontinuous surjection and (Y, o)
is submaximal, then X allows the partitions (a) - (d) from Theorem 17.

Proof. By Theorem 15.

Definition 3.4 mapping f : (X, 1) = (Y, 0) is said to be pre-a-open if AS) € o* for each
Se E

‘rm 18. Let a mapping f : (X, 1) = (¥, 0) be open and precontinuous. Then it is pre-
- G-open.

~ Proof. Let a set A € 1 be arbitrarily chosen. By [39, Lemma 4. 12(1)] there exists a U €
T "M that U & 4 c int (el (1)). Since f is open, it follows from [36, Lemma 1.4] that
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flint (el (1) < img(f(clt(imt(clt(U))))) = inty(flcl (U))). Since f is Precontingey,
int(Ael (1)) < inty(ely(AV)) (47, Theorem 6.(3)]. Finally, we obtain AU) = g,
mt,(cl,(AV))) and hence, by [39, Lemma 4.12(1)], fid) € 6™ g

The notions of openness and pre-a-openness are independent of each other.

Example 4. (a) Let X = {a, b, ¢}, 1 = {0, X, {a}}, and 6 = {0, X, {a}, {b, c}}. Then
the identity mapping id : (X, 1) > (X, ©) is open, but it is not pre-a-open since id( {a, b}
£ O
) Let X={a b c}. 1= {0, X, {a b}}, and 6 = {0, X, {a}}. Then, the identity mapping
id : (X, 1) = (X, 0) is pre-o-open and not open since id ({a, b}) ¢ ©.

A mapping f : (X, 1) = (¥, o) is said to be weakly open [46] (resp. preopen [28]) if
AU) c int (fcl (1)) (resp. AU) € PO(Y, o)) for every set U € 1. Each pre-a-open mapping
is preopen, but the converse doesn't hold (Example 4(a)).
Theorem 19. If f : (X, 1) — (Y, 0) is weakly open and precontinuous, then it is preopen.

Proof. Let U € 1 be arbitrary. By [47, Theorem 6(3)] we have AU) c mt (Acl (1)) c
int,(cl(AV)).
In [47, Theorem 11], it is shown that preopenness and the so-called a.o. W. property [50]

are equivalent notions. Recall that weak openness and a.0.W. are independent of each other
[36, p. 315].

3. a-IRRESOLUTNESS OF MAPPINGS

A mapping [ : (X, 1) = (Y, 0) is said to be semi-open [5] (resp. almost open in the sense
of Singal and Singal [48] or briefly a.0.S.) if AU) € SO(Y, ©) (resp. AV) € o) for every
set U € 1 (resp. U € RO(X, 1)). The concepts of preopenness, semi-openness, and a.0.S. are
pairwise independent [36].

Lemma 6. [f an [ : (X, 1) — (¥, 0) is preopen and precontinuous, then for each set S € o
there exists a U, € O with
(5) AU € £1(8) c int (el (FWU)).
Proof. Let an § € 0% be arbitrarily chosen. By [39, Lemma 4.12(1)] there exists a set U,
€ o such that U c § < inty(cl (U))). Since f is precontinuous, using [47, Theorem 11] we
obtain

f-(int, (el ((U)) < inty(el (' (elg(U)) © int (el (F'(U)-
This cémpletes the proof.
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Lemma 7. If an [ : (X, 1) - (Y, 0) is semi-open and precontinuous, then for each set S €
0% thee exists a U, € o that satisfies (5).

Proof. Let an § € 6% By [39, Lemma 4.12(1)] there exists a set U € o such that U, c §
c int(cl (U))). Since f is precontinuous, we have

1 (intg(cl((U,) < int (el (f (inty(cl (UD)))-

It follows by [39, Lemma 4.14] (or by [2, Theorem 1.5(a)]) that 7-'(int (cl,((U)))) <
int,(cl.(f'(scl (U,)))). From [33, Theorem 2] we infer that f(inty(cl,((U,)) < int (el (fF(U))).
Inclusions f}(U) < £1(5) c int (cl (£'(U,))) complete the proof.

Lemma 7 slightly improves a respective part of the proof of [39, Theorem 4.16].

Lemma 8. If a bijection f: (X, 1) = (¥, 0) is a.0.S. and precontinuous, then for each set
§ € 0% there exists a U, € © that satisfies (5).

Proof. Let an § € 6% There exists a set U, € ¢ such that U, c S < inty(cl(U))). We have
iU < cl(int(cl(f(U,)))) since by hypothesis /'(U,) € PO(X, 1) < SPO(X, 1). Put
F=Y\ fX\ cl(int(cl(F'(U))). Hence X\ fI(U)) > AX \ cl(int(cl (F(UYN) =
Y\ F. It implies that F o Y | (fRX)\U,) = U,. The set F is closed in (¥, 0), because
cl (int (cl.(£'(U,)))) € RC(X, 1) and f is a.0.8. Thus, ¢l (U,) c F. Furthermore, we have
FIF) = clint(cl(F'(U))). Finally, we obtain f(U) c £1(S) c f(inty(cly(U))) c
intt(cl,‘(f“(intc(clo( U)))) < int (el (f el (UY)) < int(cl(f'(F))) =.intt(clT(f"(Us))). This
completes the proof.

Every o-irresolute mapping is semi-continuous but even a continuous mapping must not
be a-irresolute [27, Example 1]. Every a-irresolute mapping is precontinuous and the converse
is not necessarily true [4, Remark].

Theorem 20. Let a mapping f : (X, 1) = (¥, 0) be precontinuous, semi-continuous (equiv.
a-continuous [39, Theorem 3.2]), and let f be either

(a) preopen or
(b) semi-open [39, Theroem 4.16].

; Then f is a-irresolute.

Pmt. Consider by turns the inclusions (5) from Lemmas 6, 7:
| FI(U) c £ c intcl(F(U))),

i MSG 6% and U, e o. Since fis semi-continuous, ¢l (f1(U))=cl (int (F1(U,))) [34, Lemma
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int,(f (V) ¢ £1S) © int (el (int,(F'(U,))).
By [39, Lemma 4.12(1)], f is a-irresolute.
Remark S. Obviously, Lemmas 6, 7 and Theorem 20 hold if we replace 'prccontinur)ust by

‘&-precontinuous'. In [4, Examples 2.1 & 2.2] it has been shown that o-precontinuity and semi.
continuity are independent notions.

Noiri has established that each a.0.S. and w-continuous mapping is d-irresolute [39,
Theorem 4.13]. Since the proof of this result is not clear (on a certain stage), we shall p
it in a different way.

ove

Lemma 9. For g mapping f : (X, 1) - (¥, o) the following statements are equivalent
(@) [ is a-irresolute.
(b) f(C],.a (A)) e Claa (f(A)) for each 4 c X,
(c) Acl(int(cl(4)))) c clo o« (f(A4)) for each 4 c X.

Proof. (a) & (b). Obvious.

(b) < (c). Apply [2, Theorem 1.5(c)k

Proof of [39, Theorem 4.13]. We have fel(int(cl(4)))) < cl(A4)) for each subset 4 — X, because
f is a-continuous [30, Theorem 1.1(iv)]. Since £ is a.0.S., we get

cl{f{int(cl(4)))) c cl(int(Acl(int(cl(4)))))) cl(int(cl(f4)))).

Utilizing [30, Theorem 1.1(iv)] once more, one easily obtains that Rel(int(cl(4))) c
cl(int(cl(f{4)))) U fi4) for each 4 c X So, by [2, Theorem 1.5(c)] and Lemma 9(c), f is

a-irresolute.
6. HAUSDORFFNESS AND NORMALITY OF SPACES

Definition 4. 4 topological space (X, 1) is said to be p-Hausdorff if for each pair of distinct
points x, y € X there exist disjoint sets U, U, e POX, 1) with x e U,and y € U,

Each Hausdorff space is p-Hausdorff, The converse is false in general, as the following
example shows.

Example 5. Consider a space (X, 1) where X = {a, b ¢} and © = {9, X, {a}, {b c}}-

The concepts of p-hausdorffiness and the so-called semi-Hausdorffness [26], are
independent of each other. It is evident by Example 5 and [26, Example 4.1].
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Theorem 21. Let f: (X, 1) = (Y, ©) be a precontinuous injection. If (¥, ) is Hausdorff then
(X, 1) is p-Hausdorff.

proof. Omitted.

The results we complete this section with, hold also in some other cases; in particular,
for completely continuous mappings (see Remark 2 and [40, Diagram p.249]).

Theorem 22. If / : (X, 1) = (Y, ©) is an a.c.S. injection and (Y, ©) is Hausdorff, then
(X, 1) is Hausdorff.

Proof. Use [48, Theorem 2.2(b)] and [10, Lemma 4].

Lemma 10. 4 Hausdorff space (X, 1) is normal if and only if for each pair of disjoint sets,
F,, F e oX, 1) there exist disjoint U,, U, € RO(X, 1) with F, c U, and F, C U,.

Proof. Similar to that of [10, Lemma 4].

Theorem 23. Let f: (X, 1) = (Y, 0) be an a.c.S. closed injection. If (Y, ©) is normal then
(X, 1) is normal.

Proof. Use [48, Theorem 2.2(b)] and Lemma 10.

Recently, the author has introduced the concept of closed-open mappings [10,
Definition 1].
Definition 5. 4 mapping f : (X, 1) = (¥, ©) will be called closed-o-open if the image f(F)
€ 6% for each F € c(X, 1). :

Each closed-open mapping is closed-o-open. The converse doesn't hold.
Example 6. Let X = {a b, ¢}, T = {0, X, {a}}. Define the f : (X, 1) = (X, 1) via

~ fla)=¢, Ab) = a, fic) = b. Then, f is closed-0.-open but not closed-open, because f({b, c})

m 24. Let f:(X,1)—> (¥,0) be an a.c.S. closed-w-open injection. If (Y, ©) is Hausdorff,
then (X, 1) is normal. _ :

Proof. Hausdorffness of (X, 1) is clear by Theorem 22. Let F|, F, € c(X, 1) be disjoint. We
) N AF,) = 0 and there exist sets G; € o such that G, c AF) c int(cl (G)), i
9, Lemma 4.12(1)]. Since G, n G, = ¢, it follows that
L inty(cly(G)) N inty(ely(Gy)) = 0.

é-é:imc(c]u(G,)) e RO(Y, 0), i = 1, 2. Therefore, we obtain for both i’s that
= 1 [48, Theorem 2.2(b)] and YU 0 (U, = 0. This shows that (X, 1) is

-
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