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1. INTRODUCTION

Semi-open sets, preopen sets, o-open sets and B-open sets play an important role in the
researches of generalizations of continuity in topological spaces and bitopelogical spaces. By
using these sets, many authors introduced and studied various types of modifications of
continuity for functions and multifunctions in topological spaces and bitopological spaces. The
notion of irresolute functions was introduced b Crossley and Hildebrand [8]. This notion was
extended to multifunctions by Ewert and Lipski {11] and studied in [40] and [43]. The notion
of preirresolute multifunctions is introduced in [41] and studied in [25]. The notion of -
irresolute multifunctions is introduced by Noiri and Nasef [34] and studied in [44]. Recently,
Abd El-Monsef and Nasef [3] introduced and studied the notion of y-irresolute multifunctions.
Furthermore, B-irresolute multifunctions are studied in [40] and almost irresolute multifunctions

are studied in [48).

Maheshwari and Prasad [23] and Bose [6] introduced the concepts of semi-open sets
and semi-continuity in bitopological spaces. Jeli¢ [12], Kar and Bhattacharyya [14] and Khedr
et al. [16] introduced the concepts of preopen sets and precontinuity in bitopological spaces.
The notions of ¢-open sets (or feebly open sets) and o-continuity (or feeble continuity) in
bitopological spaces were studied in [13], [31] and [18]. The notions of semi-preopen sets and
semi-precontinuity in bitopological spaces were studied in [16]. The notion of irresolute
functions in bitopological spaces is introduced and studied in [24]. In [32] Nasef studied almost
quasi-continuous functions in bitopological spaces. Some generaliztions of irresolute functions
In bitopological spaces are studied in [18], [31] and [17].
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Recently, the present authors [45], [46] introduced and investigated the notions of minimg|
structures, m-spaces, m-continuity and M-continuity for functions. Moreover, in [36], we
extended the concept of M-continuity to functions in bitoopological spaces. In the present paper.
we introduce multifunctions between bitopological spaces called (i, j)- upper/lower A1
continuous. The multifunctions turn out generalizations of the following functions ang
multifunctions:

(I) some irresolute multifunctions in topological spaces,
(2) modifications of continuous functions in bitopological spaces,

(3) (i j)-M-continuous functions in bitopological spaces.

We present some characterizations and properties of (i, j)-upper/lower M-continuous
multifunctions in bitopological spaces. In the last section, we introduce several new types of
(i, j)-upper/lower M-continuous multifunctions in bitopological spaces.

2. PRELIMINARIES

Let (X 1) be a topological space and 4 a subset of X. The closure of 4 and the interior of
4 are denoted by Cl(4) and Int(4), respectively. A subset 4 is said to be regular closed (resp.
regular open) if Cl(Int(4)) = A(resp. Int(Cl(4)) = 4). A subset 4 is said to be 3-open [50]
if for each x € 4 there exists a regular open set G such that x € G c 4. A point x € X
is called a d-cluster point of 4 if Int(CI(V) n 4 # ¢ for every open set V containing x. The
set of all 8-cluster points of 4 is called the -closure of 4 and is denoted by Cl5(4). The set
{xe X:xe Uc 4 for some regular open set U of X} is called the S-interior of 4 and

is denoted by Intg(4).

Definition 2.1. Let (X, 7) be a topological space. A subset 4 of X is said to be a-open [33]
(resp. semi-open [21], preopen [27], B-open [1], b-open [4] or y-open [9]) if 4 c Int(Cl(Int(4)))
(resp. 4 < Cl(Int(4)), 4 c Int(Cl(4)), 4 c Cl(Int(C1(4))), 4 < Int(Cl(4)) U Cl(Int(4))).

The family of all semi-open (resp. preopen, a-open, f-open, y-open) sets in X is denoted

by SO(X) (resp. PO(X), a(X), B(X), y(X)).

Definition 2.2. [The complement of a semi-open (resp. preopen, a-open, B-open, y-open) set
is said to be semi-closed [7] (resp. preclosed [10], a-closed [28], B-closed [1), y-closed [9)).

Definition 2.3, The intersection of all semi-closed (resp. preclosed, a-closed, B-closed, y-closed)
sets of X containing 4 is called the semi-closure [7] (vesp. preclosure [10], a-closure [28],
B-closure (2], y-closure [9] of A and is denoted by sCI(4) (resp. pCI(4), aCl(4), sClA), Cl(4)).

Definition 2.4. The union of all semi-open (resp. preopen, a-open, B-open, y-open) sets of
X contained in A is called the semi-interior (vesp. preinterior, o-interior, B-interior, y-interior)

of 4 and is denoted by sInt(4) (resp. pInt(4), olnt(4), 4Int(4), Int(4)).
p
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'I’hrnuglhoul the present P“l‘t‘l'.(.\} 1) and (Y, o) always denote topological spaces and
1 T) and (¥, 6, 6,) denote bitopological spaces. The closure of 4 and the interior of
¥ 'it]h respect 10 T; are denoted by iCI(4) and iInt(4), respectively. A point x € X is calied
-qn i ./.)_9_(,/(“-1171' l'minf [15] (I"CS!). (1, j)-B-contact point [5]) of a subset A if jJC(U) N A #
‘ﬂ (resp- iint(/CIL)) N ’ # @) for every T-open set U of X containing x. The set of ali (
A.9-closure (resp. (i, j)-0-contact) points of A is denoted by (i, j)Cly(4) (resp. (i, JICl5(A)).
4= J)Clg(4) (resp. 4 = (7, DCls(A)), then 4 is called (i, j)-0-closed (resp. (4, Jj)-0-closed).
The complement of an (i, j)-6-closed (resp. (i, j)-8-closed) set is said to be (i, j)-0-open (resp.
(i ‘;')-8-0]76’")- It is proved in [15] that the family of all (i, j)-0-open (resp. (i, j)-6-open) sets,
denoted by (i, )B(X) (resp. (i, /)3(X)), is a topology for X. A subset 4 of a bitopological space
X 1 Tp) 18 G J)-regular open if 4 = ilnt(jCl(4)).

For a multifunction F : X = ¥, we shall denote the upper and lower inverse of a subset
B of a space ¥ by F'(B) and F(B), respectively, that is

FiB)={xe X: Fx) c B} and F(B)={xe X: Fx) n B # 0}.
Definition 2.5. A multifunction F : (X, ©) — (¥, o) is said to be

a) upper-irresolute [11] (resp. upper-preirresolute [41], upper-o.-irresolute [34], upper-
8-irresolute [42), upper-y-irresolute [3], upper almost irresolute [48]) if F~ (V) is semi-open
(resp. preopen, o-open, B-open, y-open, B-open) for each semi-open (resp. preopen, -open,
f-open, y-open, semi-open) set ¥ of (¥, 0),

(b) lower-irresolute [11] (resp. lower-preirresolute [41], lower-o-irresolute [34], lower-
B-irresolute [42), lower-y-irresolute [3], lower almost irresoiute [48]) it F (V) is semi-cpen
(resp. preopen, a-open, B-open, T-open, B-open) for each semi-open (resp. preopen, c-open,

Y-open, semi-open) set ¥ of (¥, o).

3. MINIMAL STRUCTURES AND M-CONTINUITY

Definition 3.1, A subfamily m,, of the power set 2(X) of a nonempty set X is called a minimal
“Iructure (or briefly m-structure) [45), [46] on X if ¢ € my and X € m,.

. By (x my) (or briefly (X, m)), we denote a nonempty set X" with a minimal structure
ogeon X and call it an m-space. Each member of my is said to be m-open (or briefly m-
") and the complement of an m-open set is said to be my-closed (or briefly m-closed).

Re i
an:‘al’k 3.1. Let (X, 1) be a topological space. Then the families SO(X), PO(X), a(X), B(X)
X) are 4 m-structures on X,

efinj¢;
e ;itmn 3.2. Let X be a nonempty set and my an m-structure on X. For a subset 4 of X,
xClosure of 4 and the m -interior of A are defined in [26] as follows:
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(1) mCd) =n{F:A4c FE X~ F € my},
(2) mint(4) = V{U : Uc 4, Ue my}.
Remark 3.2. Let (X, 1) be a topological space and 4 be a subset of X. If m, = 1 (resp. SO,
PO(X), a(X), B(X), v(X)), then we have
(@) mCl(4) = CI(A) (resp. sCl(4), pCl(4), aCl(4, ”(JI(A), LCI(A4)),
(b) mint(4) = Int(A) (resp. sInt(A4), pInt(4), alnt(A), IsInl(A), .(Int(A)).
Lemma 3.1. (Maki et al. [26]). Ler (X, my) be an m-space. For subsets A and B of X the
following properties hold:
(I) mClX - 4) = X — mInt(4) and mInt(X — A)
2 F(X-4)e€ my, then mCl(4) = A and if A € my, then mint(4) = 4,
3) mCl(g) = 9, mCi(X) = X, mInt(9) = ¢ and mint(X) = X,
4) If 4 c B, then mCl(4) ¢ mCI(B) and mint(4) c mint(B),
(5) 4 c mCl(4) and mint(4) c 4,
(6) mCl(mCl(4)) = mCl(4) and mint(4)) = mInt(4).

Lemma 3.2. (Popa and Noiri [45]). Ler (X, my) be an m-space and A a subset of X. Then
x € mCl(A4) if and only if U N 4 # ¢ for every U € my containing X.

X - mCl(4),

Definition 3.3. A minimal structure nmy on a nonempty set X is said to have property & [26]
if the union of any family of subsets belonging to my belongs to m,.

Lemma 3.3. (Popa and Noiri [47]). Let (X, m v) be an m-space and my have property 8. Then
for a subset A of X, the following properties hold:

(1) 4 € my if and only if mInt(4) = A,
(2) A is m-closed if and only if mCl(A) = 4,
(3) mint(4) € my and mCIl(4) is m-closed.
Definition 3.4. A multifunction F : (Xs my) = (Y, my) is said to be

(1) upper M-continuous [35] if for each x € X and each V ¢ my containing F(x), there
exists U € my containing x such that F(U) c ¥

(2) lower M-continuous [35] if for each x € X and each ¥ e my such that F(x) N
V'# 9, there exists Ue my containing x such that F(u) ~ ¥ # ¢ for each u € U.

Theorem 3.1. (Noiri and Popa [35] For a multifunction F : (X, my) — (Y, my), where my
has property B, the following properties are equivalent:



MINIMAL STRUCTURES, M-CONTINUITY FOR MULTIFUNCTIONS 93

(1) F is upper M-continuous,

(2) F (V)= mInt(F" (V) for every V € my;

(3) F(K) = mCF(K)) for every my-closed set Kof Y,
@) mCI(F(B)) c F(mCI(B)) for every subset B of Y,
4 (5) F'(mlnt(B)) ¢ mint(F'(B)) for every subset BofY
~ Corollary 3.1. Let my and my be m-structures with property B. For a multifunction F:
1 — (Y, my), the following properties are equivalent:

(1) F is upper M-continuous;

| F'(V) is my-open for every V niy

F(K) is my-closed for every my-closed set K of Y.
proof follows from Theorem 3.1 and Lemma 3.5:

oiri and Popa [35]) For a multifunction F : (X, my) — (Y, my), where my
‘the following properties are equivalent:

—continuous, ;
mInt(F‘( V)) for every V € my;

. mCI(F*(K)) for every my-closed set K of ¥;
- F'(mC\(B)) for every subset B of Y;
< mInt(F(B)) for every subset B of Y,
?F(A)) for every subset A of X.

b¢ m-structures with property &. For a multifunction F :
properties are equivalent:

.}:‘Jyﬂ mp'
‘ y myclosed set K of Y.
{:}.2 and Lemma 3.3,

ND BITOPOLOGICAL SPACES

“-mh &
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(1) @, j)semi-open 23] if 4 < jCI(ilnt(A4)), where i # j, i, j | e 4

(2) (i j)preopen [12] if A c ilnt(jCI(A)), where i # j, i, j = 1, 2,

(3) (i ))-o-open [13] if 4 < ilnt(CI(iInt(A))), where i # j, i, J = 1, 2,

(4) (i, j)-semi-preopen [16] if there exists an (i, j)-preopen set U such that U c 4

JCI(U), where i # j, i, j = 1, 2,

(5) faintly semi-open [29] if A ¢ 1,-Cl(1,-Int(4)) v T,-Cl(7,-Int(4)).

The family of (i, /)-semi-open (resp. (i, j)-preopen, (i, j)-a.-open, (i, j)-semi-preopen) sets
of (X 1,. 1,) is denoted by (i, /)SO(X) (resp. (i, )HPOX), (i, HuUX), (i, J)SPO(X)).
Remark 4.1. Let (X, 1,, 7,) be a bitopological space and 4 a subset of X. Then (i, /)SO(X),
(@ HPO(X), (i, Ha(X) and (i, ))SPO(X) are all m-structures on X. Hence, if m’, = (i, j)SO(X)
(resp. (i, HPO(X), (i, ja(X), (i, j)SPO(X)), then we have

(1) m, Cl(A) = (i, /)-sCI(A) [23] (resp. (i, j)-pCI(4) [16], (i, ))-0Cl(4) [31], (7. j)-spCl(4)
[16]).

(2) m:{, Int(4) = (i, j)-sInt(4) (resp. (i, j)-pInt(4), (i, j)-aInt(4), (i, j)-spInt(4)).

Remark 4.2. Let (X, 1, 1,) be a bitopological space. Then

(1) Let mgf( = (i, j)SO(X) (resp. (i, j)ou(X)). Then by Lemma 3.1 we obtain the results
established in Theorem 13 of [23] (resp. Theorem 3.6 of [31]).

@) Let m, = (i, HSO(X) (resp. (i, HPO(X), (i, Hou(X), (i, HSPO(X)). Then, by Lemma

3.2 we obtain the results established in Theorem 1.15 of [22] (resp. Theorem 3.5
of [16], Theorem 3.5 of [31], Theorem 3.5 of [16]).

Remark 4.3. Let (X, 1, 1,) be a bitopological space. Then
(1) (i, ))SO(X) (resp. (i, ))PO(X), (i, )oX), (i, /)SPO(X)) is an m-structure on X satisfying

property & by Theorem 2 of [23] (resp. Theorem 4.2 of [14] or Theorem 3.2 of
[16], Theorem 3.2 of [31], Theorem 3.2 of [16]).

(2) Let nty, = (i, )SO(X) (resp. (i, HPO(X), (i, )a(X), (i, /)SPO(X)). Then, by Lemma

3.3 we obtain the results established in Theorem 1.13 of [22] (resp. Theorem 3.5
of [16], Theorem 3.6 of [31], Theorem 3.6 of [16]).
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S. M-CONTINUITY AND BITOPOLOGICAL SPACES
Definition 5.1. A function /: (X, T, T,) = (¥, 6,, 0,) is said to be (i, j)-irresolute [24] (resp.
(i, j)y-preirresolute [18), (i, j)-at-irresolute or (i, f)-feebly continuous [31), (i, j)-B-irresolute [42],
(i, J)-O-continuous [17], FS-irresolute [29] if f1(V) is (i, j)-semi-open (resp. (i, j)-preopen,
(i, /)-a-open, (i, b)-B-open, (i, j)-6-open, faintly semi-open) in X for each (i, j)-semi-open (resp.
(& j)-preopen. (i, j)-a-open, (i, j)-B-open, (i, j)-6-open, faintly semi-open) set ¥ of V.
Definition 5.2. A function 1 (X, 1,, 1)) = (¥, 6,, 0,) is said to be (i, j)-faintly semi-continucus
[19] (resp. (i, j)-faintly precontinuous [19], (i, j)-faintly B-continuous [19] if £1(V) is (i, j)F
semi-open (resp. (i, j)-preopen, (i, j)-B-open) in X for each (i, j)-6-open set V of V.
Definition 5.3. A function /: (X, 1, 1,) = (¥, 6, 0,) is said to be (i, j)-almost quasi-continuous
[30] if £'(}) is (i, j)-semi-open in X for each (i, j)-regular-open set ¥ of Y.
~ Definition 5.4. A multifunction F : (X, 1), 7,) = (¥, 0}, 0,) is said to be
7 (1) (G j)-upper 8-continuous [20] if F*(V) € (i j)8(X) for each V € (i, j)(Y),
(2) (i j)-lower 8-continuous [20] if F(V) € (i, ))d(X) for each V e (i /)o().

Remark 5.1. Let (X, 7/, 1,) and (¥, 0,, 6,) be bitopological spaces. Let . (resp. m) be
m-structure on X (resp. Y) determined by 1, and 1, (resp. 6, and 0,). In case m’;{, =
j)!(X) and », = (i, )3(Y), a multifunction F : (X, 1;, T,) = (¥, 0, 0,) is (& j)-upper/
.r 8-continuous if and only if a multifunction F : (X, n#},) — (¥, m]) is upper/lower M-

OUs.

Now, we can state the main definition of the present paper as follows:

tion 5.5. Let (X, 1, 7,) and (¥, 0}, 0y) be bitopological spaces. Let m’ (resp. m)
m-structure on X (resp. ¥) determined by 1, and 1, (resp. 0} and ©,). A multifunction
G %, Tp) = (Y, 0y, 0,) is said to be (i, j)-upper/lower M-continuous if a multifunction

Yy = (¥, nl) is upper/lower M-continuous.

. (1) The (i, J)-upper/lower &-continuous multifunction is a particular case of
r M-continuous multifunction.

he multifunction in Definition 5.5 is a generalization of each of the following

Itifunctions defined by Definition 2.5,

defined by Definitions 5.1, 5.2 and 5.3,
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(¢) functions defined by Definition 4.3 of [36].

. . o B ‘or A ‘(;" 3.1 and 3.’7, W 1
By Definition 5.5, Theorems 3.1 and 3.2 and Corollaries 4 We obtain the

following two theorems.
Theorem 5.1. Let (X, 1,, 1,) and (Y, G,, 0,) be hitopological spaces. Let my (resp. ) be
an m-structure on X (resp. Y) determined by 1, and 1, (resp. 0, and ©,), where '7/,/ has Property
&. Then for a multifunction F : (X, 1, T,) = (Y, 6, 0y), the following properties are equivalens-
(1) F is (i, j)-upper M-continuous;
(2) F°(V) = m' Int(F"(V)) for every V m;f .
() FAK) = m{ CKF(K)) for every ml-closed set K of Y;
(4) w4 CF(B)) c FY m) CI(B)) for every shset B of Y,
(5) F( m;f; Int(B)) c mg{, Int(F"(B)) for every subset B of Y.
Corollary 5.1. Ler (X, 1,, 1,) and (Y, Oy, O,) be bitopological spaces. Let m’f.( (resp. nt)
be an m-structure on X (resp. Y) determined by 1, and 1, (resp. ©, and ©,), where m*{, and

. have property 8. Then, for a multifunction F : (X, 1, 1,) = (¥, G|, G,). the following
properties are equivalent:

(1) F is (i, j)-upper M-continuous;
(2) F'(¥) is nl,-open for every mil-open set V of ¥:
() F(K) is nt),~closed for every i -closed set K of Y.
Proof. This is an immediate consequence of Theorem 5. | and Corollary 3.1.

Remark 5.3. If n}, = (i, /)5(X) and m!! = (i, j)3(¥). then by Theorem 5.1 and Corollary 5.1
we obtain the results established in Theorem 2.3 of [20].

Theorem 5.2. Let (X, 1), 1,) and (Y, 0, 0,) be bitopological spaces. Let mf{. (resp. "'g) be

an m-structure on X (resp. Y) determined by 1, and T, (resp. 0, and o), where m;'» has property
8: Them, for o musifunction F : (X, ,, )= (Y, 0,,0,), the Jollowing properties are equivalent:
() Fis (i, j)-lower M-continuous, . ‘

@) F(V) = nd, In(()) for every ni!-open set v of ¥;
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(3) FY(K) = m'  CI(F'(K)) for every ni -closed set K of ¥;

(4) m' CI(F'(B)) ¢ F'(m|CI(B)) for every subset B of ¥;

) F{( mg’, Int(B)) ¢ mff\'.lnt(F“(B)) for every subset B of Y,

(6) F(n'.Cl(4)) c mll CI(F(A)) for every subset A of X.

Corollary 5.2. Let (X, 1,, 1,) and (Y, 6,, 6,) be bitopological spaces. Let n’, (resp.
be an m-structure on X (resp. Y) determined by 1, and 1, (resp. 6, and .02), where m‘/'{{

i have property . Then, for a multifunction F : (X, 1, T,) = (¥, G, G,), the following
are equivalent:

" is (i, j)-lower M-continuous;

z.s' mg( -open for every nf; -open set V of Y,

""x?a (hu,).wedeﬁmammﬁmmuwy
.w_mCl(F(x)) ﬁn' mh xe X
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Theorem 6.1. A multifunction F : (X, my) = (¥, my) is lower M-continuous if and only if
mCI(F) is lower M-continuous.

Proof. Necessity. Suppose that F is lower M-continuous. Let x € X and V be any mopen
set of ¥ such that (mCI(F))x) N ¥ # 0. By Lemma 6.1 we have x (mCI(F)) (V) = F(V)
= F(¥) and hence F(x) N V' # 0. Since /' is lower M-continuous, there exists [/ € my containing
x such that F(u) N ¥ # 0 for eacy u € U, Hence we have (mCI(F))(u) N V # p for each
u € U. This shows that mCI(F) is lower M-continuous,

Sufficiency. Suppose that mCI(F) is lower M-continuous. Let x € X and V be any m
open set of Y such that F(x) N ¥ # ¢. Then, by Lemma 6.1 we have x € F( V) = (mCI(F))y
(¥) and hence (mCI(F))(x) N ¥ # ¢. Since mCI(F) is lower M-continuous, there exists U <
m,, containing x such that (mCI(F))(u) n V # ¢ for each u € U By Lemma 6.1, we have
u € (mCI(F))(V) = F(V) for each u € U. Thus, we have F(u) n V # ¢ for each u e U.

Thus, F is lower M-continuous.

Remark 6.1. Let (X, 1) and (Y, o) be topological spaces. if m, = SO(X) (resp. PO(X), a(X),

B(X). ¥(X) and m, = SO(Y) (resp. PO(Y), u(Y), B(Y), ¥(T)), then by Theorem 6.1 we obtain
the result established in Theorem 2 of [43] (resp. theorem 3.5 of [41] and Theorem 6 of [25],

Theorem 6 of [44], Theorem 3.6 of [40], Theorem 3.5 of [3]).

Corollary 6.1. Let (X, 1), 1,) and (Y, ©,, 0,) be bitopological spaces. Let m’i, (resp. m;fJ
be an m-structure on X (resp. Y) determined by 1, and 1, (resp. 6, and ©,). Then, a muitifunction
F: (X 1, 1,) = (Y, 0y, 0y) is (i, j)-lower M-continuous if and only if mCI(F) : (X, 1}, T,)
—(Y, 0,, 0,) is (i, j)-lower M-continuous.

Proof. This follows from Definition 5.5 and Theorem 6.1.

Definition 6.2. An m-space (X, m,) is said to be m-compact [35] if every cover of X by m,-
open sets has a finite subcover. A subset K of (X, m) is said to be m-compact [44] if every
cover of K by m,-open sets has a finite subcover.

Theorem 6.2. (Noiri and Popa [35]) Let (¥, m) be an m-space and my an m-structure with
property B. If F : (X, my) = (¥, my) is an upper M-continuous multifunction such that F(x)
is m-compact for each x € X and K is an m-compaci set of X, then F(K) is m-compact.

Definition 6.3. Let (X, 7,, 1,) be a bitopological space and mf{, an m-structure determined

by 7, and 1,. a subset K of X is said to be (i, j)-m-compact if K is m’, -compact.

Corollary 6.2, Let (X, 1,, 1,) and (Y, 0, 0,) be bitopological spaces and m', (resp. my)
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an m-structure on X (resp. Y) determined by 1, and 1, (resp. 6, and 6,), where i} has property
& IfFr: X 1,1) > (Y, 0,0, is an (i, j)-upper M-continuous multifunction such that
F(x) is (i, j)-m-compact for each x € X and K is an (i, j)-m-compact set of X, then F(K) is
@i, j)-m-compact in Y.

.~ Proof. This is an immediate consequence of Definitions 5.5 and 6.2 and Thorem 6.2.

~ Remark 6.2. 1f 7 (X, 1,, 1,) = (¥, 6,, 0,) is a function, then by Corollary 6.2 we obtain
. the result established in Theorem 5.2 of [36].

7 Definition 6.4. A multifunction F : (X, my) = (Y, my) is said to be

(1) upper M-continuous at a point x € X if for each V' my containing F(x), there exists
‘*Ue my containing x such that F(U) c V|

T EETR e T o

» ~ (2) lower M-continuous at a point x € X if for each V € my such that F(x) n V' #
§. there exists U € m, containing x such that F(u) n V # ¢ for each u € U.

De 1 6.5. Let (X, m,) be an m-space and 4 a subset of X. The mX-ﬁ'ontzer of A, denoted
IIFI(A) [46], is defined by mFr(4) = mCl(4)NnmCI(X — 4) = mCI(4) — mlint(4).

rem 6.3. The set of all points x € X at which a multzﬁmctzon F: (X my) > (¥ my)
ot upper/iower M-continuous is identical with the union of the my-frontiers of upper/lower
se images of my-open sels containing/meeting F(x).

f. Let x be a point of (X, m,) at which F is not upper M-continuous. Then, there exists
lt, containing F(x) such that U n (X — F'(¥)) # ¢ for every U € my containing x.
Lemma 3.2, we have x € mCI(X — F*(V)). Since x € F'(V), we have x € mCI(F"(}))
nce x € mFr(F*(V)). Conversely, let ¥ € m, containing F(x) and x € mFr(F7(F)). Now,
e that F is upper M-continuous at x, then there exists U € my containing x such that
V; hence U ¢ F'(¥). Therefore, we obtain x € mlnt(F*(¥)). This is a contradiction.
e, F is not upper M-continuous. Since the proof for lower M-continuous multifunctions

imilar, it is omitted.

5,3 Let (X, T 1,) and (Y, 6y, 0,) be bitopological spaces and m}. (reesp. my)

i g;x (resp. Y) determined by ) and T, (resp. 0\ and 0,), where mgi has property

g!dmu x € X which a multifunciion F : (X, 1, 1) = (Y, 0,, 0,) is not

"Mmbldmﬁcalwﬂhth: union of the ' -frontiers of upper/lower
open sels containing/meeting F(x).

*W”a 1) = (¥, 0}, 6,) is a function, then by Corollary 6.3 we obtain
.- in Theorem 5.4 of [36].



100 TAKASHI NOIRI AND VALERIU POPA

7. NEW FORMS OF (i, j)-ﬂl—(’()N'l'lNl,‘()US MULTIFUNCTIONS

\ . ical spaces. First, we recall 8-¢closed «
There are many modification sof open sets in topological spaces. Fi all O-closed sets

due to Velicko [50]. Let (X, 1) be a topological space and A a subset of X. A point x ¢ y
is a O-cluster point of 4 if CI(¥) n 4 # @ for evry open set 4 C“””'{“'"é x. The set of 4]
O-cluster points of 4 is called the 8-closure of A and is denoted by (-.Io(’i )" If 4 = Clya),
then 4 is said to be 0-closed [50]. The compiement of a B-closed set is said to be §-gpep,
The union of all 8-open sets contained in 4 is called the B-interior of 4 and is denoted by
Inte(A).

Let (X, 1,, 1,) be a bitopological space and 4 a subset of X. The o-closure (resp, 6-
closure) of 4 and the §-interior (resp. 0-interior) of 4 with respect to T, are denoted by Cls(4)
(resp. Cly(4)) and ilntg(4) (resp. ilnty(4)). The notions of d-semiopen sets [39] and 3-preopen
sets [49] are generalized in [37] and [38] to the setting of bitopological spaces as follows:

Definition 7.1. A subset 4 of a bitopological space (X, 1, T,) is said to be
(1) (i, j)-8-semi-open [37) if 4 < jCl(ilnty(4)), where i # j, j = 1, 2,
(2) (i j)-8-preopen [38] if A4 c ilnt(jClg(4)), where i # j, i, j = 1, 2,
(3) (i, j)-8-b-open if 4 c int(jCl5(4)) v jCl(ilntg(4)), where i # j, i, j = 1, 2,

(4) (i j)-8-semipreopen (simply (i, j)-8-sp-open) if there exists an (i, j)-6-preopen set
U such that U c 4 c jCI(U), where i # jCI(U), where i i e i=12

Definition 7.2. A subset 4 of a bitopological space (X, 11 T,) is said to be
(1) (i j)-B-semi-open if 4 c JCl(i/Inty(4)), where ; # g =
(2) (i j)-B-preopen if A c ilnt (7Clg(4)), where i # deicd = 12
3) G J)-8-b-open if A c ilnt(jCl,(4)) U ICl(ilnty(4)), where i # j, i, j =1, 2,

(4) (i, j)-B-semipreopen (simply (i, j)-8-sp-open) if there exists an (i, j)-8-preopen set
U such that U ¢ 4 < jCI(U), where i £ ii=L2

Let (X, 1, 1,) be a bitopological space. The family of (;, J)-8-semi-open (resp. (i, /)
8-preopen, (i, j)-6-b-open, (i, j)-8-sp-open, (i J)-8-semi-open, (i, j)-8-preopen, (i, j)-8-b-open.
(i, j)-8-sp-open) sets of (X, 1, 1,) is denoted by (i, /)3SO(X) (resp. (i, /5SPO(X), (i, /)SBOC)
(i, NBSPO(X), (i, ))OSO(X), (i, )BPO(X), (i JBBO(X), (i, j)GSPO(X’))- ,

Remark 7.1. Let (X, 1/, 1,) be a bitopological space. The families (i, /)8SO(X), (i, /)SPO(X):

(i, NBBOX), (i, BSPO(X), (i, /)OSO(X), (i i o I
m-structurs with property 2, A, (i J )GPO(X), (i, J)BBO(X) and (i, j)8SPO(X) are 2
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: For a multifunction F : (X, 1,, 1,) = (¥, 0,, 6,) we can define many new types of

(i, /)-upper/lower M-continuous multifunctions. For example, in case m‘A’; = (i, /)OSO(X) (resp.
i, NOPO(X), (i, HSBO(X), (i, )BSPO(X), (i, HOSO(X), (i, HOPO(X), (i, )JOBO(X), (i, /)BSPO(X)
~and i = (i, )JBSO(Y) (resp. (i, HSPO(Y), (i HIBO(Y), (i NESPO(Y), (i, ))OSOY), (i YOPOLT),
i, JBBO(Y), (i, /)BSPO(Y)), we can define new types of (i, j)-upper/lower M-continuous
multifunctions as follows:

Ar ion 7.3. A multifunction F : (X, 1, 1)) = (¥, 0, 0,) is said to be

(1) (. j)-upper/lower S-semi-irresolute if F : (X, (i, )8SO(X)) = (¥, (i, j)dSO(Y)) is

= upper/lower M-continuous,

' - (i, j)-upper/lower d-preirresolute if F : (X (i, HBPO(X)) - (¥, (i, ))BPO(Y)) is upper/
lower M-continuous,

t, i, j)-upper/lower 8-b-irresolute if F : (X, (i, ))8BO(X)) — (¥, (i, H8BO(D)) is upper/
wer M-continuous,

V}zgvper/lower d-sp-irresolute if F : (X, (i, j)ﬁSPO(X)) — (¥, (i, ))OSPO(Y)) is

ower M-continuous. :
_multifunction F : (X, 7j, 7)) = (¥, 0, 6,) is said to be

/lower 8-semi-irresolute if F (X (z, _])BSO(X)) — (Y, (i, HBSO(D)) is
M-continuous,

Z er 9-pretrresolute if F: (X, (i, ))OPO(X)) — (. (i, ))OPO(Y)) is upper/

|

»d;m .

-;nwmmnoﬁcn F:Xo, 1:3) = (¥, 0}, 0)

';\:,_i:,'f il
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