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1. INTRODUCTION 

Semi-open sets, preopen sets, a-open sets and ~-open sets play an important role in the 
researches of generalizations of continuity in topological spaces and bitopological spaces. By 

using these sets, many authors introduced and studied various types of modifications of 
continuity for functions and multifunctions in topological spaces and bitopological spaces. The 
notion of irresolute functions was introduced b Crossley and Hildebrand [8]. This notion was 
extended to multifunctions by Ewert and Lipski (11] and studied in [40] and [43]. The notion 
of preirresolute multi functions is introduced in [ 41] and studied in [25]. The notion of a­
irresolute multifunctions is introduced by Noiri and Nasef [34] and studied in [ 44]. Recently, 
Abd El-Monsef and Nasef [3] introduced and studied the notion of )'-irresolute multifunctions. 
Furthermore, P-irresolute multi functions are studied in [ 40] and almost -irresolute multifunctions 
are studied in [48J. 

Maheshwari and Prasad [23] and Bose (61 introduced the concepts of semi-open sets 
and semi-continuity in bitopological spaces. Jclic [12], Kar and Bhattacharyya [14] and Khedr 

et al. [ 16] introduced the concepts of preopcn sets and prccontinuity in bitopological spaces. 
The notions of a-open sets ( or feebly open sets) and a -continuity ( or feeble continuity) in 

bitopological spaces were studied in [ 13 ], [31 J and fl 8 I. The notions of semi-preopen sets and 
semi-precontinuity in bitopologiCtal spaces were studied in l 16 ]. The notion of irresolute 
functions in bitopological spaces is introduced and studied in (24 ]. In [32] Nasef studied almost 
quasi-continuous functions in bitopological spaces. Some gcncraliztions of irresolute functions 
in bitopological spaces are studied in [18], (311 and [17]. 



90 1 AKASJ 11 NOIRI AND VALERilJ POPA 

Recently, the present authon, [ 4 5 J, r 46] introduced and investigated the notions of minimal 
structure!), m spaces. m continuity and M-continuity fo1 function'>. Moreover, in [36], we 
extended the concept of Jf continuity to functions in bitoopolog1cal spaces. Jn the present paper, 
we introduce multifunctions between bitopological spaces called (i. J)- upper/lower M­
continuous. The multifunctions turn out generalizations of the following functions and 
multifunctions: 

( 1) some irresolute multifunctions in topological spaces, 
(2) modifications of continuous functions in bitopological spaces, 
(3) (i. j)-A1-continuous functions in bitopological spaces. 

We present some characterizations and properties of (i, })-upper/lower M-continuous 
multifunctions in bitopological spaces. In the last section, we introduce several new types of 
(i, j)-upper/lower M-continuous multifunctions in bitopological spaces. 

2. PRELIMINARIES 

Let (X; t) be a topological space and A a subset of X. The closure of A and the interior of 
A are denoted by Cl(A) and Int(A), respectively. A subset A is said to be regular closed (resp. 
regular open) if Cl(lnt(A)) = A(resp. Int(Cl(A)) = A). A subset A is said to be '6-open [50] 
if for each x E A there exists a regular open set G such that x E G c A. A point x E X 
is called a a-cluster point of A if Int(Cl(V) n A :;:. 0 for every open set V containing x. The 
set of all a-cluster points of A is called the 8-closure of A and is denoted by Cl0(A). The set 
{x E X : x e Uc A for some regular open set U of X} is called the a-interior of A and 
is denoted by Int0(A). 

Definition 2.1. Let (X, 't) be a topological space. A subset A of X is said to be a-open [33] 
(resp. semi-open [21], preopen [27], P-open [1], b-open [4] or "(-open [9]) if Ac Int(Cl(Int(A))) 
(resp. A c Cl(lnt(A)), A c lnt(Cl(A)), A c Cl(lnt(Cl(A))), A c Int(Cl(A)) u Cl(Int(A))). 

The family of all semi-open (resp. preopen, a-open, ~-open, y-open) sets in Xis denoted 
by SO(X) (resp. PO(X), a(X), P(X), y(X)). 

Definition 2.2. [The complement of a semi-open (resp. preopen, a-open, ~-open. y-open) set 
is said to be semi-closed [7] (resp. prec/osed [IO], a-closed [28], P-closed [ 1 ], y-c/osed [9]). 

Definition 2.3. The intersection of all semi-closed (resp. preclosed, a-closed, ~-closed, y-closed) 
sets of X containing A is called the semi-closure [7] (resp. prec/osure [ 1 O], a-closure [28]. 
~-closure [2], "(-closure [9] of A and is denoted by sCl(A) (resp. pCl(A), aCl(A), pCl(A), 

1
Cl(A)). 

Definition 2.4. The union of all semi-open (resp preopen. a-open, P-open. y-open) sets of 
X contained in A is called the semi-interior (resp. preinlerior, a-interior, ~-interior, "(-interior) 
of A and is denoted by slnt(A) (resp. plnt(A), alnt(A), ~lnt(A), yint(A)). 
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Throughout the present paper_ (X, 't) ,~nd (Y, a) r1lways denote topological spaces and 

't ) and ( r, cr 1, a 2) denote b1topolog1cal spaces. lhc closure of A and the interior of 

(X. ~If' .2cspcct to i: . arc denoted by i l ~l(A) and ilnt(A) rcspcc tivcly. /\ point x e X is called 
4 wit 1 1 - 1 

• • • ' 

' (. 1-)-0-closzm: pomt [ 151 (resp. (1, .i)-8-co11tacl point l5 J) of a suhsct A if ;cl( U) n A -:f. 

an 1, 

0 
(resp. iint(iCll U)? ~ A --t- 0) for c:cry 'trop~n set U of X containing x. The set of all (i, 

}e-closure (resp. (1, .1)-0-contact) pomts o f A 1s denoted by (i, j)ClaCA) {resp. (,, j)Cl0(A)) . 

~f 4 == (i, J)Cl0(A) (resp. A =- U, J)C' l0(A)), then A is called (i, j)-0-closed ( resp. (i, j)-3-closed). 

The complement of an (i, J)-0-closcd (resp. (i, j)-8-closed) set is said to be (i, J)-8-open (resp. 

(i, j)-8-open). It is prov~d in [ 15] that the family of all (i, j)-0-open (resp. (i, j)-D-open) sets, 

denoted b), (i, })8(.X) (resp. (i, j)o(X)), is a topology for X. A subset A of a bitopological space 

l.r, r
1
, -c1) is (i, })-regular open if A = iint(iCl(A)). 

For a multifunction F : X ➔ Y, we shall denote the upper and lower inverse of a subset 

B of a space Y by F +(B) and P-(B), respectively, that is 

P(B) = {x E X : F(x) c B} and r(B) = {x E X : F(x) n B =t= 0} . 

Definition 2.5. A multifunction F : (X, -r) ➔ (Y, cr) is said to be 

a) upper-irresolute [11] (resp. upper-preirresolute [41], upper-a-irresolute [34], ipper­

~-irresolute [42], upper-1-irresolute [3], upper almost irresolute [48]) if P-(V) is semi-open 

,resp. preopen, a-open, ~-open, y-open, ~-open) for each semi-open (resp. preopen, a-open> 

~-open, y-open, semi-open) set V of (Y, cr), 

(b) lower-irresolute [11] (resp. lower-preirresolute [41], lower-a-irresolute [34], lower­

~-irresolute [ 42], lower-y-irresolute [3], lower almost irresolute [ 48]) if r( V) is semi-open 

(resp. preopen, a-open, ~-open, 't-open, ~-open) for each semi-open (resp. preopen, a-ope~ 

8-open, y-open, semi-open) set V of (Y, cr). 

3. MINIMAL STRUCTURES AND M-CONTINUITY 

Definition 3.1. A subfami ly mx of the power set ,Z,(X) ofa nonempty set Xis called a minimal 
structure (or briefly m-structure) [45J, [46] on X if 0 E my and XE m,. 

By (X, mx) (or briefly (X, m)), we denote a nonempty set X with a minimal structure 

,nx on X and call it an m-space. Each member of "'x is said to be mx••open (or briefly m­

open) and the complement of an mX"'open set is said to be m,.,..c!osed tor briefly m-closed). 

!e:ark 3.1. Let (X, 't) be a topological space. Then the families SO(.\), PO(..\.'). a.(X). ~(X) 

Y(X) are all m--structures on X. 
Oefinir 
the 

111 
•on 3.2. Let X be a nonempty set and mx an m-structure on X. For a subset A of X, 

x-closure of A and the 111 x-interior of A are defined in [26] as follows: 
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(1) mCl(A) n{F : A c F. X - F E my}, 

(2) mlnt(A) u{U : U c A, U e: m\}. 

Remark 3.2. Let (X, t) be a topological space and A be a subset of X. If mx = 't (resp. SO(X), 
PO(X), a(X), B( \'), 'Y( \')), then we have 

(a) mCl(A) - Cl(A) (resp. sC l(A), pCl(A), aCl(A, 13Cl(A), yCl(A)), 

(b) mlnt(A) - Int(A) (resp. slnt(A), plnt(A), alnt(A), ~lnt(A), yint(A)). 

Lemma 3.1. (Maki et al. l 26)). Let (X, my) be an m-space. For subsets A and B of X, the 
folf Ol-t'ing properties hold: 

(1) mCl(X - A) = X - mlnt(A) and mint(X - A) = X - mCl(A), 

(2) If (X - A) E mx, then mCl(A) = A and if A E m x• then mlnt(A) = A~ 
(3) mCl( 0) = 0, mCI(X) = X, mlnt( 0) = 0 and mlnt(X) = X, 

(4) If A c B, then mCl(A) c mCl(B) and mlnt(A) c mlnt(B), 

(5) A c mCl(A) and mlnt(A) c A, 

(6) mCl(mCl(A)) = mCl(A) and mlnt(A)) = mlnt(A). 

Lemma 3.2. (Popa and Noiri [45]). Let (X, mx> be an m-space and A a subset of X Then 
x E mCl(A) if and only if U n A -:;: 0 for every U E m x containing x. 

Definition 3.3. A minimal structure mx on a nonempty set Xis said to have property '8 [26] 
if the union of any family of subsets belonging to mx belongs to mx. 

Lemma 3.3. (Popa and Noiri (47]). Let (X mx) be an m-space and mx have property~- Then 
for a subset A of X the following properties hold: 

(1) A E m x if and only if mint(A) = A, 

(2) A is m-closed if and only if mCl(A) = A, 

(3) mlnt(A) E mx and mCl(A) is m-closed. 

Definition 3.4. A multifunction F : (X,s mx) ➔ (Y, my) is said to be 

(1) upper M-continuous (35] if for each x E X and each VE my containing F(x), there 
exists U E m x containing x such that F(U) c V, 

(2) lower M-continuous [35] if for each x E X and each Ve my such that F(x) n 
V -:1; 0, there exists U E mx containing x such that F(u) n V :1= 0 for each u E U. 

Theorem 3.1. (Noiri and Popa (35] For a multifunction F : (X, mx) ➔ (Y, my), where my 
has property B, the following properties are equivalent: 
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( 1) F is upper llf-co11tinuom,· 

(2) F +(J') = mlnt( Fi ( V)) for eve1y V E my; 

(3) P-(/{) mCl(F (K)) for eve,y my-closed set K of Y.· 

( 4) mCI( 1-.,__(R)) c F (mClUl)) for every subset B of Y,· 

(5\ P-(mlnt(B)) c mlnt(F ~(B)) for every subset B of Y. 

Corollary 3.1. Let mx and my be m-structures with property ~- For a multifunction F: 

(X, mx) ➔ ~Y. m> ), rhe following properties are equivalent: 

( l) F is upper .Al-continuous; 

(2) P"(V) is m:ropen for every V my; 

(3) P-(A.') is m x-closed for every my-closed set K of Y. 

Proof. The proof follows from Theorem 3 .1 and Lemma 3 .3. 

1'lleorem 3.2. (Noiri and Popa [35]) For a multifunction F : (X, mx) ➔ (Y, my), where my 

has property 'B, the following properties are equivalent: 

(l) F is lower M-continuous; 

(2) P-(V) = mlnt(P-(V)) for every VE my; 

(3) P(K) = mCl(P(K)) for every my-closed set K of Y,· 

(4) mCl(F+(B)) c P-(mCl(B)) for every subset B of Y; 

(S) P-(mlnt{B)) c mlnt(P-(B)) for every subset B of Y,· 

(6) F(mCl(A)) c mCl(F(A)) for every subset A of X. 

CeNlla,y 3.2. Let mx and my be m-structures with property 'B. For t1 mulrifzmc1io11 F : 

(I; •x> ➔ (Y, my), the following properties are £'q11ivalent: 

(l) Fis lower M-continuous,· 

(2) F-(V) is mx-open for every V ~ "'>'·· 

(J) r(.K) is mx-closed for every fll},,..c/osed set K l~l r. 

Tho proof follows from 'I hcorem 3.2 nnd I cmma J.3. 

4. MINIMAL STRUCTURES AND UITOPOLOGlCAL SPACES 

WO recall some definitions of weak forms of open ~cb in u bitopologi~nl space. 

• 4.1. A subset A ot a bitopological space (,\', t I' r2) is said to be 
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(I) U, j)-semi-open l231 if A c.. j Cl(,Int(A)), where i J:. j . i , j l , 2, 

(2) (i.j)-rreopen ll2] if A c ilnt(iCl(A)), where i i- J, i, j I, 2, 

(3) (i. j}o.-ope11 [131 if A c ilnt(iCl(ilnt(A))), where i J::.j, i, J I, 2, 

(4) (i. J)-semi-preopen [161 if there exists an (i, j)-prcopcn set U such that U c A c 

;Cl( V), where i :I- j, i, j = l , 2, 

(5) fa;ntly semi-open [29) if A c 12-CI(1 1-lnt(A)) u 1 1-Cl(-ci-Jnt(A)). 

The family of (i, })-semi-open (resp. (i, j)-preopen, (i, })-a-open, (i, j)-semi-preopen) sets 

of (X 1: 1, -c2) is denoted by (i, J)SO(X) (resp. (i, j)PO(X), (i, J )a(X), (i, J)SPO(X)). 

Remark 4.1. Let (X, 1 1, 1 2) be a bitopological space and A a subset of X. Then (i, j)SO(X), 

(i. j)POtX), (i, j)a(X) and (i, j)SPO(X) are all m-structures on X. Hence, if m1, = (i, j)SO(X) 

(resp. (i, j)PO(X), (i, J)a(X), (i, j)SPO(X)), then we have 

(1) m{ Cl(A) = (i, j)-sCl(A) [23] (resp. (i, j)-pCl(A) [ 16], (i, j)-aCl(A) [31], (i, j)-spC1(A) 

[ 16]), 

(2) mi Int(A) = (i, j)-slnt(A) (resp. (i, j)-plnt(A), (i, j)-alnt(A), (i, j)-splnt(A)). 

Remark 4.2. Let (X, 11' 12) be a bitopological space. Then 

(1) Let mi = (i, j)SO(X) (resp. (i, j)a(X)). Then by Lemma 3.1 we obtain the results 

established in Theorem 13 of [23] (resp. Theorem 3.6 of [31]). 

(2) Let m1, = (i, J)SO(X) (resp. (i, j)PO(X), (i, j)a(X), (i, j)SPO(X)). T hen. by Lemma 

3.2 we obtain the results established· in Theorem 1. 15 of [22] (resp. Theorem 3.5 
of [16], Theorem 3 .5 of [31 ], Theorem 3 .5 of [16]). 

Remark 4.3. Let (X, --c i, 12) be a bitopological space. Then 

(I) (i, j)SO(X) (resp. (i, J)PO(X), (i, J)a()t), (i, j)SPO(X)) is an m-structure on X satisfying 

property Z by Theorem 2 of [23J (resp. Theorem 4.2 of [14] or Theorem 3.2 of 

[16], Theorem 3.2 of f31 I, Theorem 3.2 of ll6l). 

(2) Let m'x = (i, J)SO(X) (resp. (i, J)PO(X), (i, J)a(X), (i, j}SPO(X)). Then, by Lemma 

3.3 we obtain the results established in Theorem 1.13 of [22] (resp. Theorem 3.5 

of [16], Theorem 3.6 of [31], Theorem 3.6 of [16]). 
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5. 1'1-CONTINUITY AND BITOPOLOGJCAL SPACES 

Definition 5.1. A function f: (X, 'ti, 1:2) ➔ (Y, cr 1, cr2) is said to be (1,J)-irres0/u1e f24] (resp. 

(i. j)-prc1rresolute [ 18], (i, j)-a-in esolute or (i, j) feebly continuous f3 l j. U, J >-P-1rrewlute [ 42 ], 

(i. j)-O-c<>ntinuous ll 7], F,'\-irresolute [29] if f 1( V) is (i, })-semi-open (resp. (,, JJ-preopen, 

tf. }}-a-open, (i, b )-B-opcn, (i, j)-6-opcn, faintly semi-open) in X for each (1, })-semi-open fre5p . 

(f. J )-preopen, (i. })-a-open, (i. })-~-open, (i, j)-8-opcn, fa int ly semj-open) set V of Y. 

Definition 5.2. A function f: (X, 1: 1, 1:2) ➔ (Y, o·1, cr2) is said to be (i,j)-faintly semi-continuous 

(19] (resp. (i, })-faintly precontinuous (19], (i, })-faintly ~-continuous [1 9] if r1(V) is (1, JJ­

semi-open (resp. (i. j)-preopen, (i, /)-~-open) in X for each (i, j )-0-open set V of Y. 

Definition 5.3. A function/: (X, 1:1, 1:2) ➔ (Y, cr 1, cr2) is said to be (i,j)-almost quasi-continuous 

[30] if r1(V) is (i, })-semi-open in X for each (i, })-regular-open set V of Y. 

Definition 5.4. A multifunction F : (X, 't P 1:2) ➔ ( Y, a 1, cr2) is said to be 

(1 ) (i, })-upper '6-continuous [20] if P( V) E ( i, j)o(X) for each V E ( i, j)o(Y), 

(2) (i, j)-lower o-continuous [20] if F-(V) e (i, j)o(X) for each V e (i. j)o(Y). 

Remark 5.1. Let (X, 't 1, -t2) and ( Y, a 1, cr2) be bitopological spaces. Let m~. (resp. nf) be 

an m-structure on X (resp. Y) determined by 1: 1 and 1:2 (resp. O' 1 and cr2). In case "1, = 

(i. j)o(X) and nl? = (i, j)'o(Y), a multifunction F: (X, 1: 1, 1:2) ➔ (Y, cr 1• cr2) is (i. j )-upper 

lower &-continuous if and only if a multifunction F : (X, 1i1t) ➔ (Y, mf.) is upper lo,ver Ji­

continuous. 

Now, we can state the main definition of the present paper as follows: 

Definition S.5. Let (X, 1: I' -c2) and (Y, a" cr2) be bitopological spaces. Let m~~ {resp. m{ ) 

be an m-structure on X (resp. Y) determined by t 1 and t 2 (resp. o 1 and o.:J A multifunction 
F : (X, t

1
, t

2
) ➔ (Y, a I' o2) is said lo be (i, })-upper/ lower Al-continuotJs if a multifunction 

F : (X, m~, ) ➔ (Y, nl/) is upper/lower M-conti11uous. 

Remark 5.2. ( J) The (i, })-upper/lower o-continnous multifunction is a particular case of 

(i, j)-upper/lower M-co11ti11uow, 11111Uifuiu;tion. 

(2) The multifunctio11 in Dcfinilio11 5.5 is a gc11crnli1.ntion of each of the following 

functions: 

(a) multifunctio11s defined by Definition 2.5, 

(b) functions defined by Definitions 5.1, 5.2 un<l 5.3, 
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(c) function~ defined by Dcfinit1nn 4.3 of ! 36]. 
B~ Ddiniii<m ).5, I hcorcms J.1 and 1.2 and Coroll:-u'ics J. I and 3-2, we obtain the 

folh.)\\ ing h\O thclwcms. 

Theorem 5.1. Let (,\. i P i?) and ( Y, 01 , 02) be bitopological Jpaces. Let m;y (resp nl? J be 
an m-structw·£• 011 X (resp. r) determined by 't 1 and 12 (resp. O I and 02), where m~ ha.v property 
75'. Then/or a multifunctwn p: (X. t

1
, 12) ~ (Y, a 1, a2) , the following properties are equivalent: 

( 1) F ,., ( i, j)-upper Al-co11tin11ous; 

(2) ro,) = m:~Int(P(V)) for eve,y VE m~ ; 

(3) r(J...) = m:( Cl(P-(K)) for every mi-closed set K of Y,· 

(4) m1-C1(r(B)) c Y-( mi Cl(B)) for every sbset B of Y; 

(5) Y-(mf.lnt(B)) c n/{ Int(Ff-(B)) for every subset B of Y. 

Corollary 5.1. Let (X 1 1, 1 2) and (Y, o 1, o2) be bitopological spaces. Let m'{ (resp. ni?J 
be an m-structure on X (resp. }? determined by 't l and 't2 (resp. O' l and 0'2), where mI, and 
rrlf. have property 'B. Then, for a multifunction F : (X, 1: 1, 12) ➔ (Y, v 1, cr2), the following 
properties are equivalent: 

( J) F is (i, ))-upper M-continuous; 

(2) F+ (VJ is mi -open for every mf-open set V of Y,· 

(3) Y-(K) is m~, -clornd for every mi-closed set K of Y. 

Proof. This is an immediate consequence of Theorem 5.1 and Corollary 3.1. 

Remark 5.3. If 111i -~ (i, J)6(X) arid mf =- (i, j)o(Y), then by Theorem 5.1 and Corollaf) 5.1 
we obtain the results established in Theorem 2.3 of [20]. 

Theorem 5.2. Let (X, 1 1, t 2) and (Y) o1, cr2) he bitopvlogica/ spm:es. Lei m'{. (reJp, mf) be 
an m-structure on X (resp. Y) de/ermined by 'C 1 and 'ti (rt!.,p. a 

I 
and O 2 

), where mf has property 
'if. Then,for a multifunction F · (X 't 't ) ➔ ( y ) 1 • . . ·. l nl" · ' I• :t • a 1 • 0'2,, t 1e Jol/ou mg prvper11es an· equna e · 

(1) F is (i, jJ -/uwer M-cunlimwus · 
I 

(2) F (V) - mt Jnt(F (V)) j,,r eve,y 11/f -upen set V of Y,· 
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(3) Fr(A..1 - id( Cl(F
1 

(A.1) for every m~ -closed set K of Y,· 

(4) m'( Cl(P(B)) c F\ mi Cl(B)) for every subset B of Y,· 

(5) F ( mf lnt(B)) c 111'{ lnt(P-(B)) for every subset B of Y,· 

(6) F( m'( C l(A)) c mf Cl(F(A)) for eve1y subset A of X 

97 

Corollary 5.2. Let (X, 'ti, 1 2) and ( Y, cr 1' cr2) be bitopological spaces. Let m'1,,(resp. 

nt{,) be a11 111-structure on X (resp. 1] determined by 't I and 12 (resp . cr I and ·a2), where m~ 

and 111
1
{. hare property '8. Then, for a multifunction F: (X, 'ti, -r2) ➔ (Y, <J i, cr2), thefolloning 

properties are equivalent: 

(1) F is (i, ))-lower !vl-continuous; 

(2) r(V) is m:l( -open for every mi· -open set V of Y,· 

(3) F'(K) is mt-closed for every mf-closed set K of Y. 

Remark S.4. (1) If mt= (i, j)O(X) and mt = (i, j)8(Y), then by Theorem 5.2 and Corollary 

S.2 we obtain the results established in Theorem 2.2 fo [20]. 

(2) In case f: (X, 'ti, 't
2

) ➔ (Y, cr 1, cr2), by Theorem 5.1 (or Theorem 5.2) and Corollary 

S.1 (or Corollary 5.2), we obtain the results established in Theorem 4.1 and Corollary -t.1 of 

[36]). 

6. SOME PROPERTIES OF (i, /)-UPPER/LOWER M-CONTINUITY 

Deftnitio■ 6.1. For a multifunction F : (X, mx) ➔ (}: my), we define a multifunction mCl(F): 

(~ mx) ➔ (Y, my) as follows: (mCl(J•))(x) -- mCl(F(x)) for ~ach x E X 

Lemma 6.1. If F: (X, mx) ➔ (Y, my) is a m11/tff1111ction, then (mC'l(F)) (Y) = rU) for each 

my-0pen set V of Y. 

Proof. Let Vbe any my-0pen set and x E (mCl(F)) (V). Then V n (mCl(J0)(x) = V n mCJ(F(x)) 

-. e. Therefore, there exists y e V n mCl(F(x)). Since }' E mC'l(F(x)) and l' e Ve "'r· by 

Lemma 3.2 V n F(x)-:;. 0 and hence x e F (V). Conversely, let Ve my and x e r(V), then 

t ¢ F(x) n V c mCl(F(x)) n V = (mCl(F))(x) n V und hence x e (mCl(F)) (V). 



98 T/\KASllf NOIRI /\Nl> VALERfU POPI\ 

Theorem 6.1. A 111ult(!unction F : (,\: mx ) -➔ ( Y, my) is lower M ·< ontmuou\ if and only if 

mCI(J•) ,., foH'el' Af-co111hmn11s. 

Proof. Ne, es.HIV. Suppose' that F is lower Af.c.,ontinuou<; I ct x ~ X and V be any mropen 

set of r such that (mCl(/i))(,) n V ~ 0. By Lemma 6.1 we have x (mfl(J<)) (V) = P-(V) 

= P-(J) and hence F(l) n V ;t o. Since Fis lower M-continuo11s, there exi'its Ur= mxcontaining 

x such that F(u) n V -:t- 0 for cacy u E U J Icnce we have (mCl(f ))( u) r, V 1; 0 for each 

u E U. This shm\ s that mCl(f) is lower M-continuous. 

Sufficiency Suppose that mCl(F) is lower M-continuous. Let x E X and V be any mr 

open set of r such that F(x) n V-:t- 0. Then, by Lemma 6.1 we have x E F (V) = (mCl(F)t 

( Jr) and hence (mCl(F))(x) n V -:t- 0. Since mCl(F) is lower M-continuous, there exists U E 

mx containing x such that (mCl(F))(u) n V -:t- 0 for each u E U By Lemma 6.1, we have 

u E (mCl(F))-(JI) = r(V) for each u E U Thus, we have F(u) n V -:t- 0 for each u E U. 

Thus, F is lower M-continuous. 

Remark 6.1. Let (X, 't) and (Y, a) be topological spaces. if mx = SO(X) (resp. PO(X), a(X), 

~(X), y(X) and my = SO(Y) (resp. PO(Y), a(Y), ~(Y), y(Y)), then by Theorem 6.1 we obtain 

the result established in Theorem 2 of [43] (resp. theorem 3.5 of [41] and Theorem 6 of [25], 

Theorem 6 of [44], Theorem 3.6 of [40], Theorem 3.5 of (3]). 

Corollary 6.1. Let (X, 't1, 't2) and (Y, a1, a2) be bitopological spaces. Let lli{ (resp. m?1 
be an m-structure on X (resp. Y,) determined by 't I and 't2 (resp. a 1 and a2). Then, a multtfzmction 

F: (X, 't1, 't2) ➔ (Y, cr 1, cr2) is (i, })-lower M-continuous if and only if mCl(FJ : (X, t 1• -r2) 

➔(Y, a1, cr2) is (i, })-lower M-continuous. 

Proof. This foJlows from Definition 5.5 and Theorem 6.1. 

Definition 6.2. An m-space (X, mx) is said to be m-compact [35] if every cover of X by m_,­

open sets has a finite subcover. A subset K of (X, m,,) is said to be m-compact [44] if every 

cover of K by my-open sets has a finite subcover. 

Theorem 6.2. (Noiri and Popa [35]) Let (Y, my) he: an m-~pace and my an m-structure wiih 

property Z. If F: (X, mx) ➔ (Y, my) is an upper M-conlimwus mult(fzmction such that F(x) 

is m-compact for each x E X and K is an m-compact set of .X then F(K) is m-compact. 

Definition 6.3. Let (,f, 'C 1, -c2) be a bi topological space and m} an m-structure determined 

by t 1 and t 2. a subset K of X is said to be (i, J)-111-<.·ompact if K is m}-compact. 

Corollary 6.2, Let (X, 1 1, -c2) and (Y, a 1, cr2) be bi!Opologica/ spaces and mi (resp. m¥> 
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rm m-structure on \" (re,p. YJ determined by 't I and -r2 (1c:sp. a I ond <J.,). where m~ ha,; property 

'!:. lf F : tX, 'T" r,) > ( Y. o 
1
• cr2) i.s an (i, j)-up/U't M cnnlnwou\ n111!1Jf11nc1ion :wch that 

F(.,) is (i, ]l-111-compact for each ., E X and K is an (i, j) m-c om pact set of X, then F(K) 1s 

(i, j)-111-compact i11 }~ 

Proof. This is an im1rn.--d1ate consequence of Definitions 5.5 and 6.2 and Thorem 6.2. 

Remark 6.2. If / . (.\ t 1• 'T ?) -) ( Y, CJ 1' cr2) is a function, then by Corollary 6 2 we obtain 

the i"'su'.t cst:1bl:shcd m Theorem 5.2 of [36]. 

Definition 6.4. :\ multifunction F : (X, mx) -) (Y, my) is said to be 

(1) upper ~\I-continuous at a point x E X if for each V my containing F(x), there exists 

U E mx containing x such that F(U) c V, 

(:) lower Al-continuous at a point x E X if for each VE my such that F(x) r V :t 

•. there exists [.,1 E mx containing x such that F(u) n V :t 0 for each u E U. 

Definition 6.5. Let (X, mx) be an m-space and A a subset of X. The mx-frontier of A, denoted 

by mfr(A) [46], is defined by mFr(A) = mCl(A)nmCl(X - A) = mCl(A) - mlnt(A). 

Theorem 6.3. The set of all points x E X at which a multifunction F : (X, mx) -) (Y, my) 

is not upper/lower M-continuous is identical with the union of the mx-fronliers of zpper 'lower 

inverse images of my-open sets containing/meeting F(x). 

Proof. Let x be a point of (X, mx) at which F is not upper M-continuous. Then, there exists 

VE my containing F(x) such that U n (X - F +(V)) :t 0 for every U E my containing x. 

By Lemma 3.2. we have x E mCl(X - F+(V)). Since x E P(V), wt: ha,e x E mCl(P(l)) 

and hence x E mfr( F'"( V)). Conversely, let VE my containing F(..:) and x E mFr(P-0)). ~°'"· 
assume that F is upper ]if-continuous at x, then there exists U E m, containing T such that 

F(U) c V; hence Uc F'(V). Therefore, we obtain x E mlnt(~(n). rhis is a contradiction. 

Therefore, Fis not upper M-continuous. Since the proof for lo\H!r .\/-continuous multifunctions 

is similar, it is omitted. 

Corollary 6.3. Let (X, 't 1, -c2) mu/ (Y, O' 1, O') he hilopological .,pa, 't• ,· lmd m1 (rt't'Sp. mf.) 

an m-structure on X (resp. Y) determined by t 1 and ·t 2 (r,•sp. o I and cr ~ ), wh~'re m; ha .. , prop.?rty 

8'. The !J'el of all point.\ x E X which a multUimnio11 I·' : (.\'. 1 1, tz) - ) tr. cr 1, o~) is nor 

(i, j)-upperllow~r M-continuou.\· i.\ identical with Ow 1111io11 ,i tht' mI -fronriers vf upper/lower 

inverse images of nl? -open sets c·o11tai11i11gl111<'t1lin~ F(\). 

Remark 6.3. If f : (X, 't 1, t 2) ➔ ( Y, o 1• o 2) is u function. tht>n by Corollary 6.3 we obtain 

the result established in Theorem 5.4 of 1)6 I, 
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7. NE\V FORMS OF (i, j)-1U-CONTJNUOUS MULTJFUNCTIONS 

· · f t · t olog·1cal spaces . First we recall 8-c los d There are many mod1ficat1on so open sc s 111 op ' e sets 
due to Velirko (501 . Let (X, t) be a topological space and A a SUbsct of X. A point x E X 

is a 8-clustcr pomt of ,1 if Cl(V) n A -t 0 for cvry open set V containing x . The set of all 

8-clustcr points of A is called the 0-closure of A and is denoted by Cla(A ). ff A == Cl8(A}, 

then A is said to be 0-closed [50]. The complement of a 0-closed set is said to be 0-open. 

The union of all 8-open sets contained in A is called the 0-interior of A and is denoted by 

Int8(A). 

Let (X, tr, 1 2) be a bitopological space and A a subset of X. The 8-closure (resp. 0-

closure) of A and the 8-interior (resp. 0-interior) of A with respect to 'ti are denoted by 
1
CJ6(A) 

(resp. 
1
Cl8(A)) and ilnt6(A) (resp. ilnt8(A)). The notions of 8-semiopen sets [39] and 8-preopen 

sets [49] are generalized in [37] and [38] to the setting of bitopological spaces as follows: 

Definition 7.1. A subset A of a bitopological space (X, 't" 't2) is said to be 

(1) (i, j)-o-semi-open [37] if A c jCl(iJnt6(A)), where i # j , j = I, 2, 

(2) (i, j)-o-preopen [38] if A c ilnt(iCl6(A)), where i # j, i, j = 1, 2, 

(3) (i, j)-o-b-open if A c ilnt(iCl0(A)) u iCl(iint6(A)), where i # j, i, j = I, 2, 

(4) (i, j)-o-semipreopen (simply (i, j)-o-sp-open) if there exists an (i, J)-o-preopen set 

U such that U c A c }Cl( U), where i -:t: iCI( U), where i # j, i, J = I, 2. 

Definition 7.2. A subset A of a bitopological space (X, 't 
1
, 1:

2
) is said to be 

(1) (i, J)-8-semi-open if A c JCl(ilnt8(A)), where i -:t: j, i, J = 1, 2, 

(2) (i, J)-8-preopen if A c ilnt (iCl8(A)), where i -:t: j, i, j = 1, 2, 

(3) (i, j)-8-b-open if A c iint(iCl8(A)) u ,·cl(ilnt (A)) wh · -4- • • • = 1 2 e , ere 1 .,.. J. 1, J , , 

(4) (i, J)-S-semip~eopen (simply (i, J)-8-sp-open) if there exists an (i, j)-0-preopen set 
U such that Uc A c JCl(U), where ; -:t: j, i, j = l, 2. 

Let (X, 't 1, 't2) be a bitopological space. The family f ( · •) ~ · ( ( · 
1
·}-

6 (' ·) 0 b . . o 1, J -u-semr-open resp. 1, 
-preopen, _1, J - - -open, (1, J)-o-sp-open, (i, j)-8-semi-open (i •)-S- ( . ')-S-b-open, 

( · ·) e ) t f (X ) . , , J preopen, r, J 
1: J - -sp-open _se_ s o , 't 1, 12 rs denoted by (i, J)oSO(X) (resp. (i, j)OPO(X), (i, j)<>BO(X), 

(1, 1)6SPO(X), (1, 1)8SO(X), (i, j)0PO(X), (i, j)SBO(X), (i, J)aSPO(X)). 

Remark 7.1. Let (X, 1 1, 't2) be a bitopolo j I X) 
(i j)6BO(X) (i j)oSPO(X) ( . ')8SO( g ca space. The families (i, j)oSO(X), (i, })<>PO( ' 

,,;-structurs ~it~ property ~-
1
' 
1 

X), (i, j)SPO(X), (i, J)8BO(X) and (i, j)8SPO(X) are all 
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For a multifunct ion F : ( ✓\ , 1: 1, 1:2) ➔ (Y, a I' cr2) we can define many new types of 

(i, j)-upper/lower Ad-continuous multifunctions. For example, in case m)< (1, ; )8SO(X) (resp. 

(i, J)oPO(X). (i, j)8BO( Y), (i, j)8SPO(X), (i, j)SSO(X), (i, j)SPO(X), (i, j)SBO(X), (1, j)OSPO(X) 

and mr = (i,j)8SO( Y) (resp. (z,j)8PO(Y), (i, j)oBO(Y), (i, j)8SPO(Y), (i. j)0SO(Y), (1,j)SPO(Y), 

(i, j)0BO(Y), (i, J)8SPO( Y)), we can define new types of (i, ;)-upper/ lower M-continuous 

multifunctions as fo llows: 

Definition 7.3. A mu I ti function F : (X, 't 1, -c2) ➔ ( Y, a 1, a2) is said to be 

(1) (i, ))-upper/lower 8-semi-irresolute if F : (X, (i, j)8SO(X)) ➔ (Y, (i, J)8S0( Y)) is 

upper/ lower M-continuous, 

(2) (i,j)-upperllower 8-preirresolute if F: (X, (i, j)8PO(X)) ➔ (Y, (i,j)8PO(Y)) is upper/ 

lower M-continuous, 

(3) (i,j)-upper/lower 8-b-irresolute if F: (X, (i,J)8BO(X)) ➔ (Y, (i,;)oBO(Y)) is upper/ 

lower M-continuous, 

(4) (i, })-upper/lower 8-sp-irresolute if F : (X, (i, J)8SPO(X)) ➔ (Y, (i, j)8SPO(Y)) is 

upper/lower M-continuous. 

Definition 7.4. A multifunction F : (X, 't 1, -c2) ➔ (Y, cr 1, cr2) is said to be 

(1) (i, })-upper/lower 0-semi-irresolute if F : (X, (i, j)0SO(X)) ➔ (Y, (i, j)SSO(Y)) is 

upper/lower M-continuous, 

(2) (i,j}-upper/lower 0-preirresolute if F: (X, (i,j)SPO(X)) ➔ (Y, (i,j)0PO(Y)) is upper: 

lower M-continuous, 

(3) (i,j)-upper/lower 0-b-irresolute if F : (X, (i, j)0BO(.,Y)) ➔ (Y, (i.j)0BO(Y)) is upperl 

lower M-continuous, 

(4) (i, })-upper/lower 0-~p-irresolute if F : (X. (i, J)0SPO(X)) ➔ (Y. (i. J)0SPO(Y)) is 

upper/lower M-continuous. 

Coacl111ion. We can apply the results established in Sections 5 and 6 for the foJlowing 

multi functions: 

(l) the multifunctions defined in Definitions 7.3 and 7.4 und 

(2) any (i, j)-upper/lower M-continuous multifunction F : (X, 'ti' i 2) ➔ (Y. cr1, cr2) 

defined by using any m-structures 111'.{ and 111~ . 
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