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ON A GENERALIZATION OF HILBERT’S INEQUALITY

YANG BicHENG AND LOKENATH DEBNATH

ABSTRACT : In this paper, by introducing a parameter A, we give a generalization of Hilbert’s
inequality, we also consider its equivalent form and the corresponding integral form.
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1. INTRODUCTION

<. 2 . g2 P
If 0<y, as<ce, and 0<Y, b} <eo, then

m+n

o = N
22 Anby <n{2aﬁzb3} : . (LD
=1 =1 .

where the constant 7 is best possible (see Hardy et. al. [1]). (1.1) is well known as Hilbert’s
inequality, which is important in analysis and apphcatlons (see Mitrinovic [2]). Its equivalent

form is

i[z—ﬁ:’) <7 261 . (12)
m+n ;

n=l \Um=1 n=1

where the constant T is best possible. The corresponding integral form of (1.1) and (1.2)

are .

If 0<j:f2(t)dt<oo,' and 0<j0 g2 (1)dt < oo, then

x+y

ﬁmcixdy<ﬁ{] f (x)dxj gz(x)dx}yz; .. (1.3)
00 '
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it "x) dy<? [, FHeods,

x+y 5 (1'4)

z;ﬁd m? ..ﬁre still Dest 'poss'sil“)ie;
Gao [3;4] and Pachpatte (5] made" some improvements of (L
A, Yang [6] gave a generahzatlon of (1 3) as ). By

where the constant T
In recent years,
introducing paramater

(x)80) 4
Ijj(rxx—i-i)y 4

] i 4
<B(%,%){Jxl—kf2(x)dxj -1 2(x)dX} ,(0<}\.<1) | ' : : .. (15)

0 - .0

A
where the constant B(% —2—) is B-fanction B(p,q) for p = g = A2,

Recently, Kuang [7] proved the following inequality

f(x)g(y)
([

___7_:__ - T %o Y
lsm(n/u) {I f (x)‘lxj x g (x)dx} , [5<A<1) ... (1.6)
for A = 1, both (1.5) and (1. 6) reduce’ to: (1 3).

In this paper we use methods similar to those of Gao and Yang [4] and Kuang [8]
to generalize (1.1) with a best possible constant factor. We also consider its equivalent form

which is more general than (1.6).

2, THE EXTENDED SERIES FORM

Lemma 2.1. For A > 0, define the weight function a)l(v) and the weight coefficien!
as ®,(n) respectively by -

]
|-

1
oo . A -A-
(0,1 =J0 (x)"+yl)_‘(.)xir] dx"y € ( 0, oo)’ - (2])
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By = (7 1 Phen , et e 22
3 m* +nt\ m? ' '

m=1 m

=—

Then we have a)a(y)=y"’17r//'L, y € ( 0, o), and for ‘ 0<A<2

@,(n)<a,;(n), n € N.

A .
Proof. Substituting t = * A 1, we find
R e
2,0) = %J.o.v (l+r)(%) yt* dt

=1y [ dnthid=1y".

. 11
Since, for 0'2 ks 27k 5L 507 then 3 = = A(ﬁ;)l * is strictly decreasing
A2 - x"+nt\x -
on (0,). Hence, we have d),l(n) < w(n) ne N. Thg lemma is proved. |
Lemma 2.2, For'?»‘> 0 and 0 < € < M2, we have 4
- 1 et 1 (1
| ==k TIZ(Z) dudx = O(1)(g—0%).. )

Proof. Since 0 < € < A/2, then we have

1 ¢
© 1 /a1 (172
0 < J.l x‘”J.o 1+u(u) - dudx

1, €
1 faf1\2"21
< Il ;—,;J.O (;) dudx

=1 r/a _]_ ZA
< L ;J:) (u) dudx
= 4] “x " Hdx= 16/
. ]

This shows that (2.3) is valid. The lemma is: proved.
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l l 2 o 1), 2
Theorem 2.3. If 0 < A s O<Zn-— < and 0<Z b,n <o then

%
o aby LR 1-2,2N -2 2
Zzl'm‘l“-l-n;L </1{,.§ Z}n "} ’ - (24

m=1 n=

where the constant (n/?c} is best possible. In particular, for b = 112, 2, we hgy,

/2 ;
Zz ayb, <2n{2«fﬁa,,z\f—b,,} ; e (25)

i ++n -

m=1 n=l1

L) 0 ) S ¥

m=1 n=1 n=l1 n=1

where the constants 2T and w2 are best possible.

~ Proof. By Cauchy’s irﬁequlity and Lemma 2.1, we obtain

1 1 . 1 1

3 (mAJz—fz b (P
2“z(m +n )/zk | (m’1+n’l)/ nJ

m=) n=1

111/
2l4°°°° 51 4

J-ENTS

m
m=1 n= l( m=1 n=1

11

e el

m=1| n=
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)
= {2 0),1('71)“';12 W, (ll)b” }

n=l|

8

0 Z
< {za)l(iz)af 20),1(”)’),?}

m=| n=|

1
{i . nl AbZ}/z

=1 n—l

»la

Inequality (2.4) is thus proved.
11, ¢

—_——— i .
For £ € (0, A/2), setting &nz(%)l - (n N), then we have
- \n

-] oo

1-1~2 _ 1
2” an _Z +e and

n=1 n=l h

n=1n n=2 h
<l+r dx—1+-1—.
i 1+¢ £
Hence, we find
> 0 a2 1+0(1)—-—(1+o(1)) (s—>0+), s (27)

n=l

1

U

In view of (2.3), and J‘:L(

) du—7c+0(1) (e—=>0"), we have
1+u

O (L)“H
szl +n - el nel m* +n* \mn

o L 1-4+%
o 1 1 ]
> ) (—) dy | dx
J“ '!. Xo+y A\ Xy

(Putting u= -"Xz )
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(i ___1._(—1-) dudx
hoxe Iyl +ulu

i 1+ '
o) ”__L_(-l—) dudx
Ljl FEJO 1+u\u '
= ] )ﬁ*_l.__(l)%ﬁdudx
o Jl ;c—':‘?»[o 1+u\u

: b
11 __L_(.l.) 2 du—O(l)}
Al edo 1+ul\u _

-

]

1

o)

I
I

_ 11 _om = Fa+od ol .08
- YL@+ 0(1))] (1ol (£-0") 8

Suppose there exists a positive integer K < %, such that (2.6) is valid by changing
% to K. Hence by (2.7) and (2.8), we get

-——(1+o(1))<22 Am % <1<Zn' A ='—K(1+o(1)) (e—>0").

—lnl

It follows that %S K, which contradicts the fact that}K < % Hence the constant

% in (2.6) is best possibel. The theorem is proved. E - B

Theorem 24. If 0 < A £ 2, 0<z n'"a? <o, then

n=|

i"“(im " J ( )Zn -Agt, * . 29)

n=l m=1 n=l

1 { ; | 2 . . .
Inequality (2.9) is equivalent to (2.6). The constant (%) in (2.9) is best possible.
In particular, for A = 112, 2, we have

2 (i )2 ‘Zth ’ .. @10
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(Zm) <—Z R . @1

m=1 n=l I‘l

Ms

2 4 ,
where the constants 47° and T 4 are best possible.

Proof. Since z n'"*a% >0, there exists k, € N, such that for k> k, Z ——-———|a’"| >0.

m=l m* 4 p*
Putting b (k) = n “’12”'_] ml -':|n 7 (k > k) then, by (2 6), we have
: 1-41.2 : A-1 Iam| ’
0 xrh® = 2]
- 33k
n=1 m=1 m +n
o [& K Ve
< _{Enl-lazznl—lbz(k)} :
A n=1 n=1
and then : ,
A— l ; b/ - 1-4 2 |
1-472 1 m T 'ttt . .. (212
;n b2 (k)= Zn (Zm +n*) <(l) ;n a,,: | (2.12)

Hence we find 0< Y. n'*b2(e), and for , k— o=, by (2.6), we still have the inequality
(2.12), and

e o 2 . o0 2 2 o
2 [Z mxa_': n"‘A‘] = Z"H(X /lxa_ml A] 5 (%) 2””“.2.-
n=l m=1 ; =

Inequality (2.9) is valid.
On the other hand, if (2.9) is valid, by- Cauchy’s inequality, we obtain

S50 Bl tenelof

n=l m=1
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23 ,
m —A"
= Z”l ](zm +nt Jan. bf' | 213y

el n=1

By (2.9), we have (2.6). Inequality (2.9) is equivalent to (2.6).

< : . i
If the constant (%) in (2.9) is not best possible, using (2.13), we may get the sam;

result that the constant % in (2.6) is not best possible, which is a contradiction. This provyes

the theorem. %

3. THE EXTENDED INTEGRAL FORM

Theorem 3.1 If 4 > 0, 0<j fi-4 2 (r)dr<oo

and O<J. £ 2(t)dt<oc> then

J J.o f(x)g(y) I dy'

x* +yt
< %{L XA F2(x) dx_[o x"t gt (x) dx} 2; . (3.1
oA
J‘)y-[‘)xﬂ'l ]dy
w\ = '
< (—l-) J.O,x]')'f2(x) dx, ... 32

where t} ‘ T . ) : '
e the constants /A and (%) are best possible. Inequalities (3.1) and (3.2) are

equivalent,
Proof. By using Cauchy’s ineqality, we obtain

J =f (x)g(y)
0

°x+y
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LT ]
J‘ J‘ _fx) (fgj Al fm (P P i
0 (,\ +y )/2 (x;.+ya)y2 )

1 1

fix) (x*\ers
< —_ dyd
JJ. (x* +y* )/2( A] .

2 A ] yz
v D A CO I A
X — 7| T d : ... (33

If (3.3) becomes eqality, then there exists numbers A and B, such that (see Kuang
(8], p. 29)

1

I T J &l
AR (EL PR gt (PR oo o
A(x +y )A( AJ = B A)yz( ,1) a.e. in (0, =) X (0, o).

It follows that x>~* fz(x) y2 A 2(y) = const. a.e. in (0, o) X (0, o), which contradicts
the fact that 0<sz""’1L F2(t) dt <. Hence (3.3) becomes a strict ineqality, and then
0
!

00 o . /2
J' f(x)g(y) didy < { J.o @, (x)£2(x) dx J'O ©; (g () d),}

o x* +y
By Lemma 2.1, we obtain (3.1).

If the constant % in (3.1) is not best possible, then there exists a positive number

K < %, such that (3.1) is valid by changing (%) to K. For se(%), setting f(r) as:

F) =0, for te ©1); F) = " for t e [1, =), by (28), we have

r e f0f0)
voy= [ [Ty
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T k
<kj0 % Afz(x)dx=—(.e—->o+).

It follows that % < k, which contradicts the fact that k < % Hence the constant 77

in (3.1) is best possible.

and

. fx)
There exists T, > 0, such that, for T>T, Io G +y )dx>0 Writing
el
= d , YE 0 oo
g»nT) '[0 Gy by i (0,),

we use (3.1) to obtain

[Ty (|f()| )y
0 ,\+y

J r If(x)lg(y, D trdy

x+y

T
[y gD dy

T

T b |4
_):{Jo x"lfz(x) dx‘[:y]"lgz(y,T) d'y} : and

e Ty dy = [y (jo xlf f}’} )dy

A

A

( ) x"‘fz(x)dx. . (34)

Hence, we have O<j g (y,oo) dy<oeo, For T — oo, still by (3.1), we have (3.4),

Joy Uﬂ xf(+ dx) dy < J'O y Uo x|f(x)| ]d ; (%)zj:x"'lfz(x)dx-

Inequality (3.2) is valid. Following the result (2.12) in Teorem 2.3, we may show that

(3.1) and (3.2) are equivalent. From the equivalence of (3.1) and (3.2), it follows that the
constant (%) in (3.2) is best possible. The theorem is proved. | o
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R-em.arks 3.2. For A = 1 (2.4) reduces to (1.1), so (2.4) is a new generalization of
(1.1). L?'tmzlarl.y, (2.5), (3.1) and (3.2) are new generalizations of (1.2), (1.3) and (1.4)
respectively. Since the constant factor %, in (3.1) for A e (0, o), is best possible. Inequality
(3.1) is more general than (1.6).
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