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ABSTRACT : In the paper we study the growth of composite entire and meromorphic functions which
improve some known results.
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1. INTRODUCTION AND DEFINITIONS

Let f and g be two transcendental entire functions defined in the open corﬁpléx plane

C. It is well known [2] that lim TCr, fog). and lim ——== T(r, fog) =oo, Smgh [8J: proved some

ro= T(r,f) roe= T(r,8)
comparative growth properties of log T(r, fog) and T(r, f). He [8] also ralsed the questlon
of investigating the comparative growth -of log T(r, fog) and T(r, g) which he was unable
to solve. However, some results on the comparative growth of log T(r,fog) and T(r,g) are
proved in [4]. In the paper we further investigate the above question of Singh [8] and study
the comparative growth of log T(r, fog) with T(x,f){log T(r, f)}* and T(r,g){lo T(r,g )}k where
f is taken to be meromorphlc, g is entire and k > 0. '

If f and g are of p051t1Ve lower order then Song and Yang [10] proved that

{2) (2] f
lim log M(r, fog)_l. log'“ M(r, fog)

= lim = oo, where
e log@M(r, f)  ro= log®M(r, g)

log¥) x = log(log"* ™" x) for k = 1,2,3, ... and log®x = x.
Also in the sequel we use the following notation :
expx = exp (exp*'x) for k = 1,2,3, ... and expx = x:

Since M(r, f) and M(r, g) are increasing function of r, Smgh and Baloria [9] asked
whether for sufficiently large R = R(r) e _
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log'® M(r, fog) mM(r fog)
T
llmsup og mM(R ff <°‘f and llr’rLSlJP lo [2]M(R g)

R (

Singh and Baloria [9], Lahiri and Sharma [61, Liao and Yang [7] worked on this Questiy,

2
In-the paper we throw-some. light-on the comparative growth of log™MI(r, fog) and 1o, Mr

g) where f and g are any. two entire functions. We also study aboutf the estimation of low,
order of a composite meromorphlc function” ‘whose ‘left“factor is odzero order. We ¢, oy
explain the standard notations and definitions C of the thCOYY of entire and meromorphic functiop
as those are availabe in [11] and [3]. ‘

Definitions 1.1. The order p, and lower order A, of a meromorphic functjqy is

dEﬁned aS R Ot o BT S = ity : NSO KA

T log T(r, f) flogT("f)
P T ogr .?m_l Lt logr

If f is entire, one can easﬂy verlfy that

M(r, f{ and l o Jog® M@ )

r—e Ogl" B (| F r—-)oo slogr

- Definition - 1.2. [7]. Let-f be a meromorphlc functlon of order zero. Then p_and },
are deﬁned as follows : .

Py = llmsup'—-—--*g ( f) and- k‘ = hm nfw- ;

(2

A log i Lo lo g[2]

g 3.'If f _ES"?éhtire then 7 cle"arly i

{3}
=" llmmflog A[/;(r f)

—) 00
L log r

- = i M, f)
s _‘"I‘_f.l“’. 1gm ond 357

Defimtlon 1.3. The type o, of an entlre funetmn f is defmed as .

p, = llmsup—i%r’.ﬂ

0 < ) < oo, )
r—yo0 r f p' y

s LEMMAS

In this section we present some’ lemmas which will be needed in‘the sequel:

Lemma 2.1, [2] If f and- g
GRE RS oy i g are entire functions, - for all- sufficienctly large Value.

M(r, fog)2 MGMG, g-1gO)L 1),
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Lemma 2.2, If f is meromorphic and g is entire. then for-all sufficiently large, values
of 1, ' .
Lemma 2.3. [5). If f is a non constant entire -fﬁnséibn of ‘finite order then

liminf log M(r, ) -
r-= T(r, f){log T(r, f)}

Lemma 2.4. Let f be an entire function such that 0 < p, < oo, If cr and 6 be the
respective types of f and f® then o{’ <(2*)” o, where K = 0, 1, 2, 3, ...... .

=0 where k > 0.

Proof. It is known from G. Valiron {[11], p.35] that
| . bt
;{M(r,f)—l‘f(O)l}S‘M(r,'f)S-M.(2r, f)z

r

Noting that p(“ =p; we get from the second part of the mequahty forr 21,

[ U e

M(r f(k)) < M(f)kr,f)
i log M(r, f) _ logM(2 r, f) ( ),,,
g R : [
lo Mr ()) gl 0.'M2kf,
or, limsup: g. ,,(“f <(2k)p‘r hfrflwp g(2k(r)pf‘ /)

I‘—)°°' -_rA g "

or, (f") S(Z")p 4 o, whxch proves the lemma

Lemma 2.5. Let f be meromorphic and g be entire such th'll 7& < oo, If 7\ = oo then

for every positive number A,

log T(r, fo8) _  where k =0, 1,2, 3, ...... :

lim (k)) E

r—ee 1ogmM(r 8

Proof. Let us assume that the conclusion of the lemma does not hold.

Then there exists a constant B > 0 such that

lim lczzg] T(r,Bf_og(i) : = |1 < oo, provided the limit_exists. Then for all larger r, ..
roe log “M(r”, ) e '

lOgT(r, fog)<(u+£) log[2] M(rB’» g(k)) o b T S : ‘ % L Sasled EAutees (1)
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e of vdlues of Ty tending 0 -infinity,
(A, +g)Blogr |
Q)

uence of values of r tendmg to infi
inity

Again, for ‘a sequenc
log!” M(r",8™) < (A (0 +g)Blogr =

Thus combmmg (1) and (2) we get for a seq

log T(r, fog) < (U + E) (7£+ g) B log 1

“which implies that Moy < Thls is a contradlctlon

Thus the lemma is proved. |
3. THEOREMS
results of the paper.

In this section we present the main
nd g be non constant entire such that
P, and

Theorem 3.1. Let f be meromorphic:a
p, are finite. Then

logT(r, fog) -~ _ Bty : -
hm inf
i (log T(r, aF Olwhere k>0
, ; ;
roof. By Lemma 2.2 and T(r, g) < log* M(r g) we get for all suffu:u:ntly large values

of r,
log T(rfog) < log T(M(r,g), D + ‘-Iog {1 + 0(1)}

or, log T(rfog) < .(pf- + €) log M(r,g) + log {1 + 0(1)}

logT(f,fog) | (b,'+é)logM(f g)+log{1+0(1)}
_ g{1+0(1)
T(r,g){logT(r, g)}k < TG, g){logT(r g)} } ... (3)

_Now by Lemma 23 it follows from (3)

limin logT(r fog) _
== T(r,g)(logT(r,g)}

This proves the theorem.

Remark 3.2. Considerj
.2, Considering f = g = :
: 7 8 = exp z one can easily verify that no term in the

log 7(r, fog)
T(r,e){logT(r,g)}* can be removed.

denominator of

Remark' 3.3. The condition p < o in Theo 3
rem.

the following exam i
g example. -1 is necessary which is evident from

Example 3.4. Let f = exp®
d - and k = 1
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Then and p, = e and P, = 0.

e’

(27r3 r)y2

Since T(r, fog) ~ and

T(r, g) £ log M(r, g) = log r it follows ’lhat

logT(r,fog) r—+logr+0(1) |
T(rg){logT(r.g)* ~ logr{log™r) =

which implies that g s ‘_ , e

IOgT(r»fog) —oa
r—yo0 T(r,g){logT(r,g)}L .

Theorem 3.5. Let f and g be two entire functions such that p. and p are finite.

Also Tet & > p.. Then liminf ——obr %8 _ _
; roe T(r, f){logT(r, £)}

Proof. Since lg< p, we can choose g(>0) in such a way that p;+ € < krée.- By Lemma
2.2 and T(r, g) < log"M(r,g) we obtain fro all sufficiently large values of r,

log T(rfog) < (p, + €) log M(r,g) + log{l + O()}

logT(r, fog) - -
T(r, f){logT(r, )}

or,

logM(r, f) logM(r,8) ' .l‘og{l'+o(1)}
< (+9 T(r, f){logT(r, )} logM(r, f) % T(r, H{log T(r, Y

L@

Agéin forr all sufficiently lafge values of T,
log M(r,g) < r’¢** and log M(r,f) > P F,

Thus from (4) we obtain.

log T(r, fog)
‘T(r,f){logT(r,.f)}". .

logM(r,f) " log{l+0(1))
S @t O T eg T NI P TN logT(r )

k
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o lOgT(r'ng)
or, ll?llin’T( f)[logT(r’f)} |
pg+8
logM(f»f) SN hm T
< o+ OMRIITE R logT(n D) T -4

Now by Lemma 2.3, the theorem follows from (5).

Remarks 3.6. The following example shows that the condition 7‘; > p, in Theore,
3.5 necessary.

Example 3.7. Let f = exp z, § = €XP (z%) and k = 1.
Then A.= p, = 1 and p, = 2., o
Now 3T (2r,fog) 2 log M(r,fog) = exp(r?)

= g s LRI &3 2-"-._7 SARYLE ALTE AN
or, logT(r,fog)Z%—+0(1)

and T(r,f):_.r._
Thus it follows thiat ~57 ¥ s s

logT(r,fog) i o (!241)-"‘ 0(1)
T(r. ){logT(r, Y~ (£)(logr+0Q))

3 B logT(r, fog)
ST pnyeg T(r f)“ogT(r f)}k

Theorem 38 Let f and
<o, Also et 0 < 6 <o Theg be two entire funct:ons such that 0 <A <ecoand 0 <P

limsup 08 M(r, fog) A,
o logM(r,g®) = S5,

Where K = O’ 11 2, 3:

------

Proof. Let 0 < £ < mjp {

oot A, 8 '
infinity we obtain. ). Then for 4 sequence of values of r tending

B> o egl v 0
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Again from Lemma 2.1 we get for all sufficiently large values of r,
log"™! M(r, fog) > (A, - £) log s+ (A, - £)log M(4,g) | )
Now for a sequence of values of r tending to infinity it follows from (6) and (7)
log™ M(r, fog) > (A, ~€) log s + (A, ~ £)(o, - £)(3)" - (8)
Again by Lemma 2.4 we get for all large values of r,
log M(r,g™) < (6% +£)rt < (2 &,, vort e (9)

So from (8) and (9) it follows for a sequence of values of r tending to infinity,

log® M(r, fog) P 8)108 ¢t oo, - o)3)"

- . (10
log M(r,g") ‘ (2 ” o, +e)r’s (19
Since &(>0) is arbitrary we get from (10).
log™ M(r, fog) . 4;
hmsup logM(r g(k)) 2 2(k+1)'P5’ - (13)

This proves the theorem.

Theorem 3.9. Let f be meromorphic and g be entire such that 0<A;

ags‘pfug<°° and

0<A,<p, <eo. Then for any bos'ifi:Ve' number A,

log T'(r, fog) fm,
L% < liminf
Ap, ~ ro= logT(r ,g(”) AA,

< limsup log 7, fog) <P yhere k = 0, 1, 2

yeyes logT()',g(k)) AA&, y by &y i .

Proof. From the definition of order and lower order we have for arbitary positive €

and for all large values of r,

w ~ ©) log T | .. (1)
and log T(r*,gW) < A(pg“" +€) logr = A(pg +¢€) log r : e (12)

log T(r,fog) > (A

"~ Now from (11) and (12) it follows for all large values of r,
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A, —E
log T(r,fo8) o “f —
“;7777 Apy +E)

As € (> 0) is arbitary, W¢ obtain
log T(r,f08) - Ay , S
it R g A, 03

Again for a sequence of values of r tendmg to infinity,

log T(r, fog) < (A +€)1087 (14)
and for all large values of 1, |
log T(+*,g™*) > A4 —e)loor o ; | - (15)

So combining (14) and (15) we get for a sequence of values of r tending to infinity,

log T(r.fog) _ Aps*€.
A (k) <
log T~ AR, =€)

Since € (> 0) is arbitrary it followsvthalt,

liminf 28 L fo;f)) A1g o .. (16)
re  log T(r ,g ) A}t

Also for a sequence of values of r tendlng to infinify,
log T(rA,g(k))<A(/1£, +&)logr . (17
Now from (11) and (17) we obtain for a sequence of values of r tending to infinity,

log T(r, fog) $ Aoy — €
log T(r*,¢") ™ A2, +£)

Choosing €50 We get

. ] ' ' : ,
limsup —& T(r,{f%,) > Loy A o . 8)
r—oo lOg T(r ,g(k)) AZ, (I

Also for all large valyes of r

log T : : : ,
g (r,f08)<(pﬁ)g+£)]0gr N (19)

O e e o e



e e I N TR <k 51 T S SV W

FURTHER GROWTH PROPERTIES OF COMPOSITE ENTIRE AND MEROMORPHIC FUNCTIONS 27

So from (15) and (19) it follows for all Jarge values of T,

lOg T(r,.fog) < pﬁ)g+8
log T(r*,g) ~ A(A, -¢)

As € (> 0) is arbitrary we obtain -

log T(r, fog) _ Py S
S e T(r "6 A,f e = 0

Thus the theorem follows from (13), (16) (18) and (20)

Theorem 3.10. Let f be meromorphic and g.be entire such that 0< A, <p, <eo and

0<p, <e. Then for any positive number A,

liminf 10g T(r,fog) pfr)g < Up Og T(r fog)
r—oo lOg T(r ,g(L)) Apg r—co log T(r 9g(k))

where k = 0, 1, 2,

Proof. From the definition of order we get for a sequence of values of r tending to
infinity,

“log T(rf‘,g”‘))>A(pg-—8)logr o _ 4 .. (2D
Now from (19) and (21) it follows fori a sequence of values of r tending to infinity,

log T(r, fog) _ Pry*E€
A (k) <
log T(r",g™) A(p,—€)

As € (> 0) is arbitrary we obtain,

lOg T(r fog) pﬁ)g

liminf . (22
ltr—l»li] log T(r ,g(”) Ap, 22
Again, for a sequence of values of r tending to infirlity,
‘ log T(r, fog)>(p,,, —€)logr. =~ o .. (23)

So 4c'omb‘ining (12) and (23) we get for a sequence of values of r tending to infinity,

log T(r,fo8) | Prg—&
log T(r*,6"™) ~ A(p, +é)
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Since € (> 0) is arbitrary it follows that,

log T(r,fog) 5 Prs LBk
limsvup—-2*'7':("’“"(’)—)'2 Ap, - i (24)

r—eo

Thus the theorem follows from (22) and (24).

e the lower order of a comPOSite meromorphic funcyj,,

In the next theorem we estima
whose left factor is of zero order.® v | ,
Theorem 3.11. Let f be a meromm phic function of order zero and g be an entire functiop
such that A, <. If Ay <oo then Ajoy <°°
Proof. By Lemma 2.2 and the’ inequality’ T(r.g) < log’ Mg -
we obtain for all sufficiently large values of T, - '
log T(r, fog) ¢ logT (M(r,8) f)+0(1)
logm M(r,g) logm M(r,g)

log T(r, fog) e
: 1 f <)’ < oo S 25
- lﬂw logmM(” g). 4 B e T =

by the given condition.

Now by Lemma 2.5 and (25) it follows that - A, <ee. This proves the theorem.

ACKNOWLEDGEMENT
The author is grateful to the referee for his/ her valuable suggestions towards the
improvement of the paper. ?
REFERENCES

1. W. Bergweiler, On the Nevanlinna characteristic of a composnte function, Complex
Variables 10(1988), pp. 225-236.

2. L (.jlume, The composition of entire and meromorphic fune'tions,‘ Mathematical essay®
dedicated to A. J. Maeintyre, Ohio University Press (1970), pp..75-92.

3. W. K. Hayman, Meromorphic Functions, The Clarendon Press, Oxford (1964).

4, 1. Lahiri; Growth of composite integral functlons Indian J. Pure Appl Math 200)

September (1989), pp 899-907.

5, ILahlrl Generalised pro
op. 9-16. proximate order of meromorphlc functlons Mat. Vesnik, 41

(1989),



FURTHER GROWTH PROPERTIES OF COMPOSITE ENTIRE AND MEROMORPHIC FUNCTIONS 29

6. L I_',ah'iri and D. K. Sharma, Growth of composite entire and meromorphic functions,
Indian J. Pure Appl. Math 26(5), May (1995), pp. 451-458.

7. L. Liao and C. C. Yang, On the growth of composite entire functions, Yokohama Math.
J., Vol. 46(1999), pp. 97-107. .

8. A. P. Singh, Growth of composite entire functions, Kodai Math., J. 8(1985),
pp. 99-102.

9. A.P. Singh and M. S. Baloria, On maximum modulus and maximum term of composition
of entire functions, Indian J. Pure Appl. Math. 22(12), December (1991),

pp. 1019-1026.

10. G. D. Song and C. C. Yang, Further growth properties of composition of entire and
meromorphic functions, Indian J. Pure Appl. Math. 15(1), January (1984), pp. 67-82.

1. G. Valiron, Lectures on the General Theory of Integral Functions, Chelsea Publishing
Company (1949).

Department of Mathematics
Krishnath College
Berhampore

Murshidabad

Pin 742 101

West Bengal, India



