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ABSTRACT : In the paper, we introduce a new class of functions called strongly -8 continuous
functions which is stronger than J-continuous functions and investigate their properties.
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1. INTRODUCTION
- A subset A of topological space X is called JB-open [1] or semi-preopen [3] if
- Ac Cl(Int(Cl(A))). A functlon f:X—>7Yis “called ,B continuous [1] if the preimage (V)
of each open set V of Y is ﬁ -open in X. Borsik and Dobos [5] introduced the notion of almost
quasicontinuous functions to obtain decompositions of quasi continuity. Borsik [4], Ewert [6],
and Popa and Noiri [14] independently showed ‘that B-continuity ‘and almost quasicontinuity
are equivalent of each other. Popa and Noiri [15] intoduced and investigated weakly. 3-
continuous functions which are called weakly seml-plecontmuous functions by Ghosh and
Bhattacharyya [7]. Noiri and Popa [12) introduced and mvest1gated almost fB-continuity. The
purpose of the present paper is to introduce and mvestlgate a stronger form of B-continuity

called strongly 6—,6 contmuous functions.

2 PRELIMINA RIES

: Throughout the present paper, X and Y denote topological spaces. Let S be a subset
of X We denote the interior and the closune of a set S by Int (S) and Cl(S) 1espect1vely

A subset S is said to be f-open [1] or semi-preopen [3] (resp. a-open[9]) if S < Cl(Int(CI(S)))
(resp. S < Int (Cl(Int(S)))) The.complement of-a. B-open (resp. semi-preopen) set is called
PB-closed (resp semi-preclosed), The intersection of all semi-preclosed sets containing S is called
the semi-preclosure [3] of S and is denoted by spCI(S). The semi-preinterior of § is defined
by the union of all semi-preopen sets contained in § and:is denoted by spInt(S). The family
of all semi-preopen sets of X is denoted by SPO(X). We set SPO(X,x) = {U : x € U and
U € SPO (X)}. A point x of X is called a 0-cluster point of S if CI(U) N S # ¢ for every
open set U of X containing x. The set of all 6-cluster points of S is called the 6-closure
of S and is denoted by C1(S). A subset § is said to be semi-pre-6-closed [16] if § = CL(S).
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Definition 2.1. A function [ x =Y said to
(1) B-continuous [1] or almost qua:xcontmuaus (51 if f '(V) € SPO(X) for -
st Vor X,
Imost ﬁ»commuaus [12] if for each x < y

(2) Weakly W.uous [15] (resp- @
each open st Vof ¥ containing fix). there exists U € SP?(X ,x) -such thatfw) s

(resp. AU) < Int (@) kT . =1
Definition 22- A function f - X —» Yis said to be strongly 6-B-continuous (s
sta.ﬁc-)xf‘cfaxilxex.andeach flx), there exists U  SPQy .

<och that AspCUD) < V- o |
Definition 23. A funcuonf X > Yis . said to be sfmrigl) —-8-continuous [10] i 5::
each x € X and each open st V of Y contammcr ). there emsts an open neighbourox

Uo{xm:hmﬂﬁ(llfli))cV. _

Remarks 2.5. (1) Strong 6p contmmty is
then strong B-continuity. :

(2) Strong 6-B-continnity and contmmty axe mdependent of each other as the follos
simple exzmples show.

Example 2.6. Let X = {a,b,cl 1= (DX, {ab}}ando (®, X,{c}}. Define  fures
f:(X. 5 — X 0) as follows : f(ﬂ) = a, fib) —ﬂc) = ¢. Then fis st.6.5.c. but it-1s

!'] YIS, - — - =

Example 2.7. Let X = {ab.c} and 7= { ®X{a), {a.b}}, Then the identity fun®

f: (X, 5 — (X, is continuous but not st.6.f.c. at a.

open set Vof Ycontmmnc

3. CHARACTERIZATIONS -
Theorem 3.1 .
Far a function f : X — Y. The fOllow:ng propertles are equive”
(1) f is strongly 6-B-continuous .

2 Wi i e | .
2) (V) is sp-B-open in X for every open set V of Y

3) f(F) is sp- : S i
sp-B-closed in X for every closed set F of Y
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(4) fispCl(A)) < CI(flA)) for every subset A of X;

-1 i
) seCL(f(B) < f'CifB)) for every subset B of Y.

Proof. (1) = (2) : Let V be any open set of Y. Suppose that x € f~'(V): There exists
U € SPO (X.x) such that fispCI(V)) < V. Therefore, we have x e U c spCl(U) C f (V)
This shows that f7'(V) 1s sp-6-open in X.

(2) = (3) : This is obvious.

L0d%y il 5B 7

B)=@):LetA be any subset of X. Since CI(f{A)) is closed in Y, by (3) f" (Cf(f(A)))
is sp-B-closed and we have

spCl(A) < spCl, (7' (RAY) < SPCIG(f"(Cl(f(A))) =f7 €Ay, .
Therefore, we obtain fspCl(A)) c Cl((f(A)) g -_-é A RY

S e

(4) = (5) : Let B be any subset of Y. By (4), we obtain j(spCl ( f”‘;l (B))))
c CI(ft f'(B))) < CI(B) and -hence spCl, ( B c f _.(CI(B)).; .

5) = (1) : Let x € X and V be any’open neighborhood of f{x). Since Y — V:is-closed
in ¥, we have spCl,(f~'(Y = V)) « f(Cl(Y - V)) = f(Y - V). Therefore, £~ (Y = V)
is an sp-B-closed in X and‘ f7'(V) is an sp-B-open set containing x. There exists-U & SPO
(X.x) such that SpCI(U) < (V) ; hence Sf(spCl(U)) < V. This shows that f is lstGB c.

i

Definition 32 A function f: X — Y is said to be faintly B- contmuous [11j if for
each point x € X and each 6-open set V containin f{x), there exists U € SPO (35\) such
that f(U) c V. ’ : <3y vE

Theorem 3.3. Let Y be a regular space. Then, for a function f : X - Y the followmg
properties are equivalent . SRIH

(1) f is faintly B-continuous ;
(2) f is weakly B-continuous LAl
(3) f is almost B-continuous ;
(4) fis B-continuous ;
(5) f is st.8.B.c. .. ‘
Proof It is shown in [11] that (1), (2) and (4) are equivalent. Since it 1sﬁobv10us that
(5) implies (4), we shall show that (4) implies (5).

TN e
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| X and set ¥ contair;i‘ng jgf) ?;nce Y is regy,
4) = (5) : Let x € V. Since f 1s p-continu :

there e(xi)sts arf 3pe’n set W such lll}al f(x{y e\:}z ;aﬁlgmwihat fispCI(D)) < Cl(W)f)uSSl’,ptss;e
ists U € SPO(X,x) such that AU) & 7 *°" that G N W=¢ o
3:::; & ECI(W)(TIJ:Z::: ;xists an open neighborhood G of ;f Su(;hhmace skt D. Sing,
' -1 N U = an v N SpCl(U

y ; . 1(G) e SPO(X) and f (e) i )
f= n; ﬁ-ﬁ::;::;ub;mf ob(lai)“ G A fspel) = @ and y £ f(spCI(U))- Consequently, we pyy,

AspCI(U) < CI(W) < V. This shows that f is st.0.f.c. |
Definition 3.4. A space X is said to be semipre-regular (resp- P-regular [2] or sp-regy,,

[13] if for each semi-preclosed (resp. closed) set F and Zac; pom‘; x € X - F, there exig
disjoint semi-preopen sets U and V such that x € U an c V.
Theorem 3.5. A continuous function [ : X — Y is st.8.p.c. if and only if X is B-reguly,

Proof. Nécessity. Let f: X _, Y be the identity function. Then f 1s continuous ang
st.6.B.c. by our hypothesis. For any open set U of X and any point x of U, we have fi)
= x € U and there exists G € SPO (X,x) such that fispCG) < U. Therefore, we have
xeGc SpCI(G) c U. It follows from Theorem 2.1 of [2] that X is S-regular.

V be an open

Sufficiency, Suppose that f: X = Y is continuous and X is B-regular. For any x ¢
“X and any open néighborhood V' of flx), f7'(V)-is an open set of X containing x. Since
"X is B-regular, there exists U € SPO (X) such that x € U < SpCl(U) c f7'(V) by Theorem
21 of [2].- Therefore, we have: fspCl(1)) .c V. This shows that f is st.6.B.c.
.70 ' Theorem 3.6, Let X be a semipre-regular space. Then f : X — Y is st.6.p.c. if and
_only if f is B-continuous.
. Proof. Suppose that f is B-continuous. Let x € X and V be any open set of ¥ containing
fix). By the B-continuity of f, we have f~'(V) € SPO (X,x) and hence there exists U €

- SPO"(X,x) such that spCI(U) € f~'(V), Therefore, we obtain fispCIU)) < V. This shows
that f is st.0.8.c. The converse is obvious,

4. SOME PROPERTIES

Theorem 4.1. Let f: X — Y be a function a : joi
: nd g : nction
of f. Then, the following properties hold : 8 X > X x Y the graph }

(1) If g is st.6.B.c, then f is s1.0.B.c. and X is B-regular.

(2) If fis st.8.B.c. and X is semipre-regular, then g is st, 6.B.c.

and
()

S an open set ot X X Y containing g
ch that g(spCI(U)) < X x V. Therel®"

“V be an open neighborhood of f(x). Then X x i"ie show that f is s.0.f.c. Let x € X

Since g is st.6.f.c., there exists U € SPO (X.x) su
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we obtain fispCl(V)) < V. Next, we show that X is B-regular. Let U be any open set of
Xand x e U. Since gx) € U X Y and U x Y is open is X X Y, there exists G € SPO

(X»x) such that g(spCI(G) U x Y. Therefore, we obtain x € G spCI(G) < U and hence X
is B-regular by Theorem 2.1 of [2]: ‘ .

(2) Let x € X and W be any open set of X X Y containing g(x). There exist open
sets Uy < X and V < Y such that g(x) = (x/(x)) e U xV c W. Since f is st.0.B.c., there
exists U, € SPO (X,x) such that JspCI(U,)) < V. Since X is semipre-regular and U n U,
€ SPO(X.x), there exists U € SPO (X,x) such that x € U < spCI(U) c U, N U,. Therefore,
we obtain g(spCl(V)) < U, X f(spC(U,)) € U, x V = W. This shows that g is st.0.B.c.

Corollary 4.2. Let X be a semipre-regular space. Then, a functionf: X — Y is 51.0.B.c.
if and only if the graph function g : X > XXVYis st.6.B.c.

Lemma 4.3. (Abd El-MOﬂSBf et; al. [1] Let A and X, be subsets of a space X.
() If A e SPO (X) and Y is c-open in X, then A A Y € SPO (1),
(2) If A € SPO (Y) and Y € SPO (X), then A € SPO X.

Lemma 4.4. Let X be a topological space and A, Y subsets of X such that A c Y

C X and Y is 0-open’in X. Then the following properties hold -

(1) A € SPO(X) if and only A € SPO (X),
(2) spClA) N Y = spCl,(A), where spCl(A) denotes the semipre-closure of A

in the subspace Y.

Proof. (1) Let A € SPO(Y). Since every o-open set is B-open, by Lemma 4.3, we
have A € SPO(X). Conversely, let A € SPO(X). By Lemma 43, A=A N Y e. SPO(Y).

(2) Let x € spCI(A) N Y and V & SPO(Y,x). Then, by (1) V € SPO (X.x) and hence
V.N A # ¢. Therefore, x € spCl,(A). Conversely, let x € spCl,(4) and V € SPO (X.x).
Then by Lemma 4.3 x € V N Y e SPO(Y) and hence ¢£AN(VANY) c An V. Therefore,
we obtain x € spCI(A) N Y. ‘

Theorem 4.5.'1f f:X = Yisst0fc and X, is an o-open subset of X, then the
restriction  f/X, : X, — Y is st.0.B.c.

Proof. For any x € X, and ziny opén neighbourhood V of f(x), there exists U e JSYPO(X,x)
such that f{ispCI(U)) < V since f is st.6.B.c. Put U,=U N X, then by Lemmas 4.3 and
44, U, € SPO(X,x) and sp Clxo(Uo)cspCl(UO). Therefore, we obtain

(X,)(sp Cly, (Uy))) = fisp Cly, (Uy)) < AspCIU)) < ApCI(V)) < V.
This shows that f/ X, is st.6.B.c. i ] L1 ’
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said to be

| Definition 4.6. A function f: X = ¥ is
‘ (1) B-irresolute [8] if (v e SPO(X) for

2) pre-B-open [8] if fiU) € SPO(Y) for each
Lemma 4.7. [f f: X — Y is p-irresolute and V is an sp-0-open in Y, thep v

each V € SPO(Y),
U e SPO(X).

is sp-6-open in X.

Proof. Let V be an sp-6-open set of ¥ and x € f~ (V). There exists W ¢ SPO(y
such that fix) € W < spCI(W) < V. Since f is p-irresolute, we have f~'(W) e SPO(K,
and f _'(SpCl(W)) e SPC(X). Therefore, we obtain x € f"'(W) c spCl( f'](W))
F(spCICW)) < £7(V). This shows that f~'(V) is sp-6-open in X.

Theorem 4.8. Let f: X — Y and g : Y — Z be functions. Then, the following propers;,
hold : ' f

(1) If fis st.6.B.c. and g is continuous, then the composition g o f: X 5y
is st.6.B.c.

(2) If fis ﬁ-frresolute and g is st.é.,B.c. then g o f is s51.6.B.c.

3) Iff: X—)stapre,Bopen bijection and g o f: X — Z is st.0.B.c., then
' gzs 5t.0.B.c.

Proof. (1) Thls is obvious from Theorem 3.1.
. (2) This follows immediately from Theorem 3.1 and Lemma 4.7.
(3) Let W be any open ‘set of Z. Since g o fis st.6.f.c, (gof) (W) is sp-6-open
in X. Since f is pre—ﬂ-open and bijective, f' is B-irresolute and by Lemma 4.7 we have
"(W) f((ge Y (W) is sp- 6-open in Y. Hence, by Theorem 3.1 g is st.6.B.c.

Let {X,:0ce A} be a family of topological spaces, A, a nonempty subset of X, for

each 2¢e€A And X = H{X ;aeA} denote the product space, where A is nonempty.
Lemma 4.9. (Abd El-Monsef [2] Let 5 pe a positive integer and

H, Ay XHam « Then the following properties hold :

(1) A e SPO() if and only if Aaj eSPO(Xa ) for each j = 1, 2, - n
J

@) spCl (Hm Aa) <I1,. spcica,y.
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Theorem 4.10. If a function f,: X, — Y, is s1.0.f.c. for each o.€ A. Then the product
function f:HXa %HYa: defined by Nix ) = (f(x )} for each x = (x ), is st.0.B.c.

Proof. Let x = {x | € HX,, and W be any open set of HYa containing f(x). Then
there exists an open set Va, of foj such that

F@=alxdbe [T Vo x [T, Yac W
Since f, is st.6.B.c. for each @, there exists U, € SPO(X,;,X,;) such that

X, . Then, it follows

o#oj

£,y (sPCUU)) S Vy for j=1,2, ..., n. Now, put U = Hjﬂuaj X
from Lemma 4.9 that U € SPO (IT X ,X). Moreover, we have

fspClU)) < f (H_’,;l spClUq) x Ha:eaj Xa) © HLI Joi(sPCUU )% Ham‘ Yo

| Hj] Vi x[ 1. YecW

‘This shows that f is sz.6.8.c.

5. 5t.6.p.c. FUNCTIONS AND SEPARATIONS AXIOMS

A spacé X is said to be sp-T, or B-T, [8] if for each pair of distinct points. x and
y in X, there exist U € SPO(X,x) and V € SPO(X,y) such that U N V = ®.

Theorem 5.1. If f: X — Y is a st.0.f.c. injection and Y is T, then X is sp-T,.

Proof. Suppose that Y is T,. Let x and y be any distinct points of X. Since f is injective,
fix) # fiy) and there exists either an open neighbourhood V of f(x) not containing f{y) or
an open neighbourhood W of f{y) not containing f(x). If the first case holds, then there exists
U € SPO(X,x) such that f{ispCl(U)) < V. Therefore, we obtain f{y) & f{spCl(U)) and hence
X—spCl(U) e SPO(X,y). If the second case holds, then we obtain the similar result. Therefore,
X is sp-T,.

Theorem 5.2. If f : X — Y is a st.6.B.c. function and Y is Hausdorff, then a subset
E = {(xy) : fix) = fiy) is sp-O-closed in X X X.

Proof. Suppose that (xv,y) ¢ E. It follows that f{x) # fly). Since Y is Hausdorff, there
exist disjoint open sets V and W in Y containing f(x) and f(y), respectively. Since f is s7.0.f.c.,
there exist U € SPO(X,x) and G € SPO(X.y) such that f(spCl(U)) < V and fispCl(G)) <
W. Set D = U x G. It follows that (x,y) € D € SPO(X X X) and spCl(D) N E < [spCl(V)
X spCl(G)] N E = @. Therefore, E is sp-f-closed in X X X.
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B )i x€ X} of X X Y is called the grapy

For a function f: X — ¥ the subset {(xf1x)

| of f and is denoted by G(). : . " : ;
; to be strongly sp.
Definition 5.3, The graph G of a function /&~ Yclisailmgpe?] sot Vi Boo
if for each (x,y) € iX x ¥) - G(f), there exist U € SPO) an fing

y such that (SpCi(U)) x V) N G(A) = ®.

. ; j ly sp-closeqd ;
‘ ometion f @ X — Y is strongly sp-closed iy
Lemma 5.4. The graph G(f) of )“eﬁ(’;cx Y) — G(f), there exist U € SPO(X,x) g

X x Y if and only if for each point (x,y a5
an open set V in Y containing y such that fispCl(U)) O 4 |
Theorem 5.5. If f : X — Y is st0.f.c. and Y is Hausdorff, then G(f) is strongl

sp-closed in X X Y. o

Proof. Let (v,y) € (X X Y) — G(f). It follows that Jx) # - SiI.ICC Y is. Hausc'iorff, there
exist disjoint open sets V and W in ¥ containing f(x) and y, respectively. Since fis s1.6,8c,
there exists U € SPO(X,x) such that f{spCl(U)) <. V. Therefore, f{ spCl(U)) N W = &. ang

G(f) is strongly sp-closed in X X Y. -
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