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ON RELATIVE DEFECTS OF MEROMORPHIC FUNCTIONS

SanyiB KumarR DaATTA

ABSTRACT : In the paper we consider two different meromorphic functions having common roots
and find some relations involving the relative defects. We also study the relationship between the usual
defect and the relative defect of a meromorphic function corresponding to distinct zeros and distinct
_poles with the Nevanlinna defect.
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1. INTRODUCTION AND NOTATIONS
Let f, and f, be two non-constant meromorphic functions defined in the open complex
plane C. Let n,(r,a) denoted the number of common roots in the disk |z] < r of the two equations
f =aand f, =a where a is any complex number and #,(r,a) denotes the number of distinct

common roots in the disk [z|<r of the two equations f, = a and f, = a. A, P. Singh [3]

found some relations on relative defects corresponding to the common roots of two
meromorphic functions. In the paper we further investigate the results of Singh [3] and prove
some new results on relative defects of the common roots of f, = a and f, = a.

To start our paper we require the following :

Let No(r,a) = J iy (1,0) : no(O,a)dt +719(0,a)logr
0

N, (r,a) = N(r )+ N(r.—)~2Ro(r,a).
. f; _'a 2 —-a

Also let m¥(r,a), N,,*(r,a) etc. denote the corfesponding quantities with respect to
% and £,*, where k is any non negative integer.
Now we set the following quantities :

6 . vaz(rya)
12(a) = l—hr?_)iup T(r,f,)+T(r,f2)
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k) : N, P (ra)
0,,a) = l_hr?_,iuPT(r,ﬁ)-i-lT(r,ﬁ)

; Ny(r,a)
A I T

e - -l supTalF@)”
@) = s 1(r, )+ T(r, ;)

| L ONL®a)
(k) = 1-1 L e
0,,"(a) i I(rnf))+T(r5)

il Nyra)
Ogla) . =1 ']H?_,iuPT(r,ﬁ)#T(r,jg)‘ .

Let o e CU{eo} For a non-constant meromorphic function f, the Nevanlinna defect o(a,
f) of o is defined in the following manner : :

e 2 (GO e ST )

ki N(r,a; ) . %o BOSVIEDEDT M miadinlel o, .
The term 1-lim sup ;:r f{' ) 1s called the usual defect of o corresponding to distinct

The following definition ijs well known,

Definition 1.1. The relative defect of ‘g with respect to f

c i imol
zeros is defined as S | orresponding to simple
O f) = 1-tim sup N/
' r—oo T(r,f) Fraesy? 2’ 3a e

ons of Nevanlinna theory because

S(r,f) denotes any quantity satisfying S(r,f) = o{T(r,0)
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45 100 through all values of r if f is of flmte order and

exc i
cnite linear measiire otherwise, | ept possibly for a set of r of

2. LEMMA
In this section we present a lemma which will be needed in the sequel.

The following lemma is due to Millox {p.55, [11}.

p
Lemma 2.1.[1]. Let k be a positive integer and y = 2“

i=0

f” where a are meromorphic

functions such that T(r,a) = S(rf) Then m(r 7) S(r, f)

3. THEOREMS

In this section we present the main results of the paper.

Theorem 3.1. Let f, and f, be any two meromorphic functions such that N(r,f;) =

S(rf) and N(r, ) = S(x,f). Also let a (1 = 1, 2, ...p) and b G=1,2,..q) be two sets
of distinct finite non zero complex numbers Then for any posmve integer k.

12(0)+q5,2(0)+2@,2(a )+2@,2‘“(b )+

i=1 j=1

{Go(a)+q5 (a)+2@0(a )+2@(“(b )}<3+7P+5q

i=1

Proof. From Nevanlinna’s first fundamental theorem and by Lemma 2.1 we get,

(k)
T(r,f)=T(r, —J;)+0(1)<N(r,f)+m(r f}—)-km(r j“))+o(1)

.- | 1
Thus T(r, f)< N(r,%;) +T(r,7m) ~ N(r,?(—k—)-)+ S(r.f)

ie, T(r,f)<N(r, ';>+T(r,f‘“> dad fm)+S(f ) R ()

Again by Nevanlinna’s second fundamental theorem,
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qT(r, f*) S N(r, f‘“)+2N(», fm )+N(r, f(k,>+S(r )i

Therefore from (1) and (2) we obtain,

- . 1
T )% N, £+ W) = N ) + 3 N~ f(,,)

f Jj=1

+qN<r,-}‘;)+s<r, f)

Since N(r,f®)=N(r,f) and N(r,?%,;)—)—qN(‘r,-J;-}E)SO it follows from (3),

qT(r, f)<}_“,N<r D )+N<r f)+qN(r 7)+S(: f)

Jj=l1

In view of Nevanlinna’s second fundamental theorem,

: o AV g p ,
PTUNSNG N+ F(rm)+ Y Rty 450 )
S i=1 f"'ai

Adding (4) and (5) it follows that,

(p+)T(r, < N(r L LAWY “p“‘lj
QT(r, f)< N(r, P +aNG, f>+21v<r,f)+§1v(r, )

ey |
— 1
+ZN(r’f(k) )'*‘S(":f)

Applying this inequality for f and f, we get,
P+ QT(f) + T(r,f))

< { NerLy+ (e 1y

] 1 1 5y
7 7 }+q{N(”f,HN(r’E)}+2{N(r’f')+1v(’3fz)}

i{ﬁ(n

i=1
J=1 %)

+ S(r’f,)' + S(l‘,fz)

g
fi=g )+ N(r, \—)}+Z{N(,.’______

o))

. (3)

(4

. 6

.. (6)
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+Z{N12(7‘ 0)+2N (r,a,)) +2{(N12(r b. )+2N0(r b, )}+S(r £)+8(r, £)
1 2
Y (Fa(ra) + 2Ry (ra))+ 3
+ S(ra)+ ra)l+ ) (N
o 1.2 0 Jz:}{ (rb )+2N (rb +S8(r, )+ S(r, £,) (D

Now dividing both sides of (7) by T(rf) + T(rf,) and taking limit superior we get

e

(p+9)<{1-0,,(0)}+2{1-6y(a)} +¢f1 - 6)2(0)}+24{1 - 5,(a))

+Z{1— ,2(a)}+22{1 e(a)}+2{1 G)”‘)(b)}+22{1 05,

j=

ie., p+q<3-0,,(0)—20,(a)+3g—gé, ,(0)- 2q50(a) +3p—

2@12(51)} 22@ (a,)+3q- 2@‘% )} - 22@“)(19)

=1

ie., ©,,(0)+4g4, 2(0)+Ze,.,(a )+Z®§"2’(b )+

i=1 j=

p q
2(04(a) +g8y(@) + X, Ogla)+ Y, 057 (b)}< 3 + 2p + 5q

i=1 j=1

This proves the theorem.
Theorem 3.2. For any two meromorphic function f, and f, with N (rf) = S(r.f)) and

N(f) = S(f,)

q P
) (()) +- B(p. 6, (a;
@§"2’(0)+§,@§"2’(b )+42512(a )+2{0; (0) ;@0 ( 1)+q,§1 o(a)}

<3+ 3q+ ZPCI
where a. (i = 1, 2, P) and b G = ] 2, ... q) be any two sets of distinct finite
a (1=1,4 ......
lon zero complex numbers and k is any positive mteger

P 1
e

Proof. Let us consider F =Z F-a
i=1 d
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Then by Lemma 1 we obtain,

im(r, 7 1 )

i=1

)S m(r, F)+0O(1)

p
ie., Zm(rj, 7 ! )< m(r, Ff(k)) + m( r, f%k))-'- o)

a;

p ) '
ie., 2 m(r, ; ! )S im(r, ff_ )+ m(r, %) +0(1)

Adding to EN( e )to both sides of (8) we get,
a

| P 1 p
Z}T( _a_)_ [ = +2N(r, )+S(r 1
. “ 1
ie, PaT@f) < qTE®) + g N(r——) + St . O
i=1 -4
Again by Nevanlinna’s second fundamental theorem and in view of N (r, f*Y=N(r,f)
we obtain,
. q
aT(r fOYS N )+ Ny + 3 | 7 L +8
’ ’ - ’ e 10
I ; 7o S .. (10

Now from (9) and (10) it follows that,

pq T(r,H) < N(r,f) +N(r,?}k—))+ qiN(r, i 1 - J+
i=1 N

i

=

q
2N (r £ }+S(rf) Lo
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Applying (11) for f, and f, we get in view of
{T(rf) + T(r,f)}

el 1 - 1 4| 1 :
<IN|r—= [+ N| ry—— [} + . 1
e o St )
SRR
+ q; N ”fi_ai +N r'fz’—aﬁ + S(rf) + S(rf,). o

{ N (r,0)+2N0(r, O)}+{N“‘)(r b, )+2N”"(r b))

N(tf) = S(rf,) and N(r,f) = S(rf)

+qZ{N,2(ra)+2N (ra)}+S(rf)+S(r h) f nos iz, (12)

=1

Dividing both sides of (12) by T(r,f)) ‘+J-T(r,f2)-'and takingrlimit superior e -obtain,

pg<{l- @}’;)(0)}+2{1 e<’<’(0)}+2{1 9‘“(17)}

Jj=l1

g e P p
+2) (1-0F (b)) +4Y (1-8,5(a)}+29 Y (1-8y(a)).
j=1 i=1 i=1 T

q
ie. pg<3-0%8(0)+200(0)+3g- Y 0B(5)- Y 0¥b,)

Jj=1 Jj=1

p P
+3pg - qz51,2(a,~) — 242 8y (a;)
i=1 =1

y q
ie., e1(0)+Y ek, )+q25, 2 (@) + ‘ A

J=

{@(k)(o)_i_Z@(U(b )+q25 (a )} 3 + 3(] + 2p(]

j=l

Thus the theorem is proved.
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Theorem 3.3. Let a (i =1, 2, ...p) and b, = (1, 2, ... q) be any two sets of finite
non zero distinct complex numbers. Then for any two meromorphlc functions f, and f, with

N(rf) = Sirf), N(rf) = S@f)

. p
Ol (0)+20%(0)+©,,(0)+20, (r,0)+q512(0)+2q50(0)+(1+q)25(a,-)

i=1

I
+ 2(1+q)2®0(a)+22®(k)(bj)+429g‘)(b}-)S6 +2p + 8q + 2pq
j=1

where k is any positive integer.
Proof. Adding (6) and (11) we get,
(e +q + pg T

<L 3]V(r,f)+ﬁ(r,jf—l(k7)+ N(r,-%;)+qN[r,T}]

+(1+q)ZN( )+22N(, o )-i—S(r,f) ... (13)

=1

Applying this inequality for f, and f, it follows that,
(p + q + pO{TEL) + TE))

SuCORC S RUEIRE )
+Q{N(r,-1")+N(r,i)}+(l+q)i N[T, 1 +N|r 1 ‘
h £ i=1 fi—a f—a;
1 5 1
+2§{N(r, fl(k)#bj)"r N(r,-fln—)_—bjl} L ¢ S(l‘,fl) + S(r,fz)

= (N8 (r,0)+ 2N (r,0)} +{N, ,(r,0) + 2Ny (r,0)} +

q{N, 2(r;,0) + 2Ny (r,0)} + (1 + q)i{Nm(r,a,-) +2Ny(r,a;)}
i=1
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g
£2)Y (NO(r b Y42 N®

,-Z:‘{ 12 (hb;)+2Ny (b)) + S(r.f) + S(rf) » (14

On dividing both sides of (14) by T(r’fl) + T(rf,) and taking limit superior we get,

p +q+ pa SU-OO)1+2(1-00(0)) + {1 - 0L (0)) +2(1 - 01 (1-0))

+q{1—6|.2(0)}+2q{1-6o(0)}+<1+q>{p—"26<a,.>}
i=1

p q q
+2(1+ q){ p- Z@o(a,)} +2{q =Y 0w, )}+{4q - iegk’(b,- )}
i=1 j=I ' j=1

ie., @§f§(0)+2®f)k)(0)+®,'2(0)+2@0(r,0)+q5,'2(0)+2q60(0)

q q
0 (b,)+4Y 0P (b))
=1

J=

4 . p
+(1+4) Y 8(a)+2(1+9)Y Og(a;)+2
i=1 ' i=l j
<6+2p+8g+2pqg.
This proves the theorem.

The next theorem is based on the relationship between the usual defect and the relative
defect of a meromorphic function corresponding to distinct zeros and distinct poles with the
Nevanlinna defect.

Theorem 3.4. Let f ba a meromorphic function and a (i = 1, 2, ...p), b =1, 2,
... q) are finite distinct complex numbers such that a # 0, b, # 0. Then for any positive

integer K,

30 (=,0)+©(0, /) +0(0,f) g 50.0) +

P q
(1+q)25(auf)+22®(,k)(bj,f) <2q+S5.
i=l j=

= 1
7o)

T(r.f)

Proof. From (13) we obtain

P+q+pq<3 limsup N(r’f)+lim sup

r—)oco r, =0
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+lim sup———=%=+¢glim sup——=}
BT T |

N[r, !
+(1+ q)zp: lim sup -4
{ ' =] [ T(r7f) '

= 1
. N(?‘,—f‘(k) Y ]
+221im sup .
S e TP

e, p + q + pq

S0, N} +{1-002(0, )} +{1-0(0, )} +4(1-8(0, 1)) +

Iy q '
(1+q){p“§b(a,-,f)}+2{q—Z®5k’(b,-,f)}

j=1

. le, 30(, H+0Y(0, )+, H+qd0, )+

1 P 3k Lafer g
(1+q)§5(a,,f)+22(§)(,“(bj,f)S2q+5 ... (15)

o - ' ] J=1
+-This proves the theorem, - -

The following corollary is a consequence of Theorem 3.4.

] . . p .
Corollary 3.5. If f is an entire function such that 25(a,-, f)=1, then for any positive
' i=1

integer k,

q
0w (0, £)+6(0,f)+q 80.0+2) 0V (b, f<q+1,

jel

where a, and bj have the same meaning as in Theorem 3.4.

y

Proof. Since f is entire function O(eo, f)=1,
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p
Now in view of lea(ai’f)=l and @(es, f)=1 it follows from (15),

3+07(0, ) +©(0, f) + 4 80, /)+(1+q)

q
2,00, £)<2g+5

i=|

from which the corollary follows.
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