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PRODUCT PSEUDO ALGEBRAIC SPACES
G. C. Drka .

ABSTRACT : If (X,T,) and (Y,T;) be two p-topological spaces, then T' = (A, X A, : A, € T, A,
e T,}1s defined to b‘e a Product p-topology on X X Y. Finally Product p-topological space and Product
p-a space are established and some of its properties are discussed here.

Key words an‘d phrases : PS¢Ud0 topological space, Product pseudo topological space and Product
pseudo algebraic space are denoted by p-topological space, Product p-topological space and Product
p-a space. _

1. INTRODUCTION

The aim of this paper is to introduce the notion of Pseudo algebraic spaces. A pseudo
algebraic space is defined to be a non-empty set having two types of structures—a Pseudo
topological structure and a Pseudo algebraic structure. We have introduced the notion of sub
p-a spaces, keeping it in mind that notions of topological subspaces and subgroups go together.
We have introduced a special kind of mapping from one p-a space to another. These mappings
are counter-part of homomorphism in algebra and continuous functions in topology. We call
these mappings p-a homomorphisms. One of the purposes of the topic is to study the elementary
properties of these p-a homomorphisms and form a basis for further study of p-a spaces.

Our special interest would be on Product p-topological space. We have introduced a
p-a structure on Product p-topological space. A Product p-topological space equipped with

a p-a structure is called a Product p-a space.

2. PRELIMINARIES
Definition 2.1. Let X be a non-empty set and T a class of subsets of X such that
i) XeT
(ii) there exists an A, € T such that A, < A for every AeT
(iii) any finite intersection of members of T is a member of T.

The class T is called a Pseudo topology (p-topology) and the pair (X,T) is called a
P-topological space. When there is no scope for confusion, X may be simply called a
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p-topological space. The members of T are called Pseudo open set (p-open sets) of X. A
set A, with the property (ii) is called a minimal p-open set. In a p-topological space, there

is one and only one minimal p-open set, Therefore, a minimal p-open set is referred as the
minimal p-open set.

Definition 2.2. A p-topological space (X,T) is said to have a Pseudo algebraic structure
(p-a structure) if there exists a Pseudo algebraic function,

a: PX x PX — PX ( PXis the power set of X)
satisfying the following conditions.
(i) o(a(A,B), C) = oA, a(B,C)), AB,C, € PX
(i) «(AB) e T if o(AB) = a(B,A) for A, B e T
(iii) if A, € A, B, = B then a(A,, B) C (AB)
(iv) a(A,A) = a(AA), A € PX, wﬁere A, is the minimal p-open set.

We say that the triple (X,T, o) is a p-topologlcal space with a p-a structure o or simply
a Pseudo algebraic space (p-a space).

Definition 2.3. A subset A in a p- a space (X,T, o) is called a normal set if a(A,Y)
= a(Y,A), V'Y e PX

Definition 2.4. The p-topology T of a p-a space (X,T, o) is said to be normal if every
p-open set is normal and a p-a space is said to be normal if its p-topology is normal.

Definition 2.5. The p-topology T" on Y which is a non-empty subset of X defined
by

={ An Y :Ae T} is called the relative p-topology on Y and the p-topological
space (Y, T’) is called a sub p-topological space of (X,T).

Definition 2.6. A sub p-topological space (Y,T") is called a sub p-a space of a p-a
space (X,T, o) with a p-a structure o’ if o induces & p-a function o’ on PY such that

(i) o’(AB) = a(A,B), AB € P¥
(ii) o'(A,B) e T if /(A,B) = o'(B,A) for AB e T
and (iii) o'(A’,A) = a(A,A"), A € PY, where A’ is the minimal p-open set in T"

Definition 2.7. Let (X,T) and (Y,T") be two p-topological spaces. Let f be a maping

from X to Y. We say that the mapping f is p-continuous if f™'(A") € T whenever A" €
T" and is called p-open if f(A) e T" whenever A € T.

Definition 2.8. Let (X, T,a) and (Y,T',8) be two p-a spaces.
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A function f : X = Y is called a p-a homomorphism if it is such that
(i) f is both p-open and p-continuous
(i) f(«(AB) = B(A)EB)), A, B ¢ P

and (i) o(f7'(A", fT(B") = f(B(A"B"), A", B' ¢ PV,

3. PRODUCT PSEUDO ALGEBRAIC SPACES
Now we establish the Product p-topological space and Product p-a space.

Proposition 3.1. Let (X,T)) and (Y.T,) be two p-topological spaces. Let T = (A, x
A, :A €T, A e T} Then T" is a p-topology on X x Y.

Proof.
i) XeT, YeT,=XxYeT
(i) Let A, and B, be the minimal p-open sets of T, and T, respectively.
Then A, x B, € T'. is the minimal p-open set of T".
(i) Let A, x A, B, x B, e T' |
- (A/xA)Nn B, xB)=(A NnB)x (A, NnB)e T
since Aje T, B, e T,= A nB eT,
andAze T, B, € T2=>Asz2e T,
T is a p-topology on X x Y.
Remark 3.2. T" is called the Product p- topology on X XY and (X x Y, T") is called
the Product p-topological space.
Proposition 3.3. Let (X,T,,o,) and (Y,T,,a,) be two p-a spaces where o, and o, are

P-a structure on X and Y respectively.
; Let T ={.A, x A, Aje T A, e T} be a p-topology on X x Y.

Let or : PXxY x PXxY — PXxY be such that
a'(A, x A, B, x B, = o,(A,B) % o,(A,.B,)
Then (X x Y, T', o) is a p-a space.
Proof. We show that o is a p-a structure on X x Y
(i) o'(a’(A, x A,, B, x B), C, x C,)
= o'(o,(A,B)) X o,(A,B,), C, X C)
= o,(,((A,B)), C)) X 0,(0,((A,B,).C,)
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= OLI(AI,OL,(BPCI)) X uz(Azgaz(ByCz))
= (A, x A, o,(B,C) X 0,(B,C,)
- o(A, x A, &’(B, x B, (CXC))
(i) o(A,x AB x B) = o (A.B)x aA,B)

ocl(Bl,A,) X az(Bz,Az)

i

(B, x B,A X A)
7 oc"(-Al x A,B, x B) € T
(i) Let A, ¢ C, A, C C, and B, < D, B, c D, then
a'(A, x A,B x B) = a,(A,B)) % a.(A,B,)
c o,(C,D)x o(C,D,)
= o(C,x C, D,x D))
(iv) (A, x BA x B) = a,(A,A)x o(B,B,)

where A, B are the minimal p-open sets of T, and
T, respectively and A x B, € P,

= oA, A) X a(B,B)

= on'(Al X Bl, AO X BO)
. o is a p-a structure on X x Y.
X xy, T*,a‘ ) is a p-a space.

Remarks 3.4. o is a called the Product p-a structure and ( X x Y, T", o) is called
the Product p-a space,

Example 3.5. Let (X,T,,0.) and (Y, T, ) be two p-a spaces where (X,T,) and (Y,T,)
are two p-topological spaces.

Let o (A;B)) = A U B, and o (A,B) = A U B, where A.B €T and A,B, € T,

Let T" = {A x A, : A e T, Ay € T, } be the Product p-topology on X x Y.
Let o : PX*Y x PXxY — PXxY be such that

a(A, X AZ,Bl x B) =0o/(A,B)x o,(A,B,)

= (A, UB) x (A, UB)
Then ( X x Y, T',o ) is the Product p-a space.
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Example 3.6. Let (G, T,0,) and G,,T,,o.,) be two p-a spaces where G, and G, are any
two groups and T,, T, are usual p-topologies on G, and G, and ¢,,0,, are usual p-a structures

on G, and G, respectively.
Let T'= { A xA; 1 A e T, A e T,) be the
Product p-topology on X x Y.

Gx0a

Let @ :PO% xP " —P%*% be such that

o(A, X Ay By X B, = o/(A,B)) x 0,A,B,)
= (AB)x (AB)
Then (G, x G, T",o) is the Product p-a space.

4. SUB p-a SPACE OF PRODUCT p-a SPACE

Proposition 4.1. Let (X,T,0,) and (V,T,,00) be two p-a spaces where (X,T,) and (Y,T,)
are p-topological spaces and a0, are usual p-a structures on X,Y respectively.

Let X=XXB,,B, is the minimal p-open set in T,

T={AxB,:A€eT}

and @ =(AxB,,BxBy)=0,(A,B)xB,

Then (X,T,,&,) is a sub p-a space of (X x Y, T", ') where T and o are the Product

p-topology and Product p-a structure respectively on X X Y.

Proof. First we Show that T, is a p-topology on X.

) X =X x B, e T, since X € T. B, is the minimal p-open set in T,
(ii) Let A, be the minimal p-open set in T, Then A, x By is the minimal p-

open set in T,.

A, X B(; be any two elements of T, where A A, € T,

(iii) Let A, x By,
Then (A, x B) n (A, x B)) = (A N A) X B, e T,

since A, A, e T, = A N Ae T,

- T is a p-topology on X.

Now we show that (X,T,,&) is a sub p-a space of X xY, T, o).
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Let @, .pX xP¥ — PX be such that.
() @,(Ax B, B xB) = o,(A,B) x B, AB e T, and B is the minimal
p-open set in T,
(i) @ (A x B, B x B)= o(AB) x B,
= o,(B,A) x B,
= @ (B x B, A x B)
. @((AxB,BxB)e T
(i) (A, x B, Ax By) = o,(A,A) x B where A is the minimal p-open ,

set in T,
= a,(AA) X B)°
='a,(AxB A xB)

. (X, T,,al) is a sub p-a space of X x Y T o).

Proposition 4.2. Let (X, Tl,oz ) and (Y,T,,o) be two p-a spaces where (X, T)) and (Y,T,)

. are p-topological spaces, o and o, are p-a structures on X and Y respectively. Let (X,T,,&,)
be a sub p-a space of (X x Y, T", ") where T and o' are the product p-topology and Product
p-a structure respectively on X x Y.

Let f : (X,T,0,) » (X, T,,%) be an onto mapping such that
f({x}) = {x} x B, where B, is the minimal p-open set in T,
Then f is a p-a homomorphism.
Proof. (i) f(x) = X x B, € Twhenever X e T,
-~ f is p-open,
fHX)=f"(XxBy)=XeT whenever XeT
. f is p-continuous. '
. f is both p-open and p-continuous,
(i) f(o,(AB)) = a,(A,B) x B, AB ¢ T,
= oq(A x B, B X.B,)
= @,(f(A), {(B))
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and o, (f'(A),f7'(B))

1l

o, (f™' (A X B,),f™ (B x B,))
o,(A,B)

]

£ (o(A,B) x B,)

f7(& (A x B,B x B,))
= (@ (A,B))
~ fis a p-a homomorphism.
Remarks 4.3. (X,T,,&) may be identified by (X,Tc,).

(X,T,,a,) is called the projection of (X x Y, T", o) by (Y, T,,c)

Similarly we may speak about the projection

(Y,T,,a) of (X x Y, T, o) by (X,T, o).
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