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COMMON FIXED POINTS FOR FUZZY MAPPINGS
WITH THEIR ASSOCIATED MULTIMAPPINGS

g 1 2 . .
M. S. RATIIORE , MAMTA SINGH %, SArITA RATHORES3, NaAvaL SincH *

ABSTRACT : In this paper we obtain a result on fixed points of fuzzy mappings with their associated
multimappings which extends the result of [15] and [3].

1. INTRODUCTION

Several fixed point theorems for fuzzy mappings have been obtained by researchers
[, 2, 4-7, 9-14]. Heilpern [7] obtained a fixed point theorem for contractive type fuzzy
mappings in metric space. Also Lee and Cho [9] studied fixed point theorems for contractive
type fuzzy mappings which are fuzzy analogue of fixed point theorems for contractive type
multivalued mappings (see [8]). Lee et al. [10-13] discussed common fixed points of a sequence
of fuzzy mappings, especially they [13] showed existence of common fixed points for a pair
of fuzzy mappings.

2. PRELIMINARIES

We state some useful notations, definitions and results.

Definition 2.1. Let (X,d) be any metric linear space. A fuzzy set in X is a function
with domain X and values in [0,1]. |

' Definition 2.2. If A is a fuzzy set and X € X, the function values A(x) (or RA(X)
is called the grade of membership of x in A.

Definition 2.3, The o-level set of a fuzzy set A, denoted by

A= (x: A o) if @€ (01) and A, = (x i AK)>0h

Definition 2.4. A fuzzy set A is said to be an approximate quantity iff A, is compact

and convex in X for each o € [0,1] and supA(x)=1.
xeX

uantities, C(X) the set of compact

We denote by W(X) the sub collection of approximate q
A,B) = infxeA. yeB d(x’ y) :

Subs;
s of X, (C(X),H) the Hausdorff metric space and D(
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Definition 2.5, Let X be an arbitrary set and Y be any metric linear space. F is sajg
to be a fuzzy mapping iff F is a mapping from the set X into W(Y) i.e. F(x) € W(Y) for
each x ¢ X.

Definition 2.6. [16] A point p € X is called a fixed point of a fuzy mapping F .
X - WX if Fp(P) 2> Fp(x), for all x € X.

Deﬁhiiion 2.7.[16] If F : X — W(X) be a fuzzy mapping. Then, an associated multi
mapping F":X — CB(X) is defined by

F" (x)={yeX:F,(y)= max F, (u)}

Definition 2.8. [7] D,(A,B)= inf d(x,y)

xeA, yeB,

H,(A,B)=dist(A,,B,);
D(A,B) =supH_(A,B);
[24

The following Lemma is due to. Heilpern.

Lemma 2.9. [7] If- {x,} < A, then D_ (x,,B) < H,(A,B) for each B € W(X).
Lémma 2.10. FX(p)2F}(x) iff pe F*(p) for all x € X.

Ray [15] proved the following.

Theorem 2.11. Let (X,d) be a complete metric space, R* the set of all non negative
-real numbers and w : R* — R* is a continuous function such that 0 < w(r) < r, for all r
in R* -{0}. Then self mappings f, g and h of X have a unique common fixed point if

(i)  d(fx,gy) < d(hx,hy) — w(d(hx,hy)),
(i1) h is continuous,
(i)  f(X) U gX) < hX).

Change [3] proved the following theorem.

Theorem 2.12. Let F, G : X — W(X) be two fuzzy mappings and F*,G* be their
associated multimappings respectively. Suppose that for any x,y € X, the following holds

H(F"(x), G*"(¥)) < ¢(d(x,y),d(x, F"(x)),d(x,G*(y)),d(y, F*(»)})

where the function ¢ satisfies the following conditions

(i) ¢:[0,00)° —[0,0) is non decreasing for each variable and ¢ is upper semi continuous,
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where ¢ (t) is a function from [0,e0)’ into [0,e0)

(i) ¢ (tttatbt) < ¢ (t), for all ¢t > 0,
=0;,a,b=01,2:a +b =2.

such that ¢(t) < t for all t > 0, ¢(0)
Let B> 1, x, € X, x, € F* (x,) and dcfiﬁe a non-negative rcal sequence as following ;
b = b+ OB, -t D k=1,2, .., ty = 0; t, > d(x,x,).
If (t.} converges, then F* and G”* have a unique common fixed point.

3. MAIN RESULT

We prove the following,

Theorem 3.1. Let (X,d) be a complete metric space. Let FG : X — W(X) be two

fuzzy mappings and F”*, G" be their associated multimappings defined from X into C(X)
(the set of compact subsets of X) satisfying

(i) H*(F*x,G"Y)<max{D*(x,F"x),D*(3,G"y), D(x,F*x)D(y,G"y)
(5)d(x,y)[D(x,G"y)+ D(y, F"x)]}
—w(max{D?(x, F*x),D*(y,G"y), D(x, F"x)D(y,G"y),

(M)d(x,y)[D(x,G"y)+ D(y, F"x)]}
for all x,y € X; w : R* — R* a non-decreasing continuous function such that

0 <w{ <r, for all r > 0 and w(0) = 0.

Then there exists a common fixed point of F* and G”. Also F and G have a common
fixed point.

Proof. Let x, € X. Since C(X) is compact. So we can construct a sequence

{x } such that x,,, €F"x, and x,,,€G"x,,, Vn= 0,12 ... with

d(xy,, %y, 1) = D(Xy,, F"%,,) and d(Xy,,1,%2,42) = D(X3,41,G"%4,,,) and

A(Xy,41, X942) S H(F"x,,,G"Xy,4)

Using inequality (i), we have

d*(x,,x,) € H*(F"xy,G"x,)
smax{Dz(xo,F"xo),Dz(x,,G"x,),D(xO,F"xO)D(x],G"xl),

(1%)d(xg, % )[ D(xy, Q"x, )+ D(x,, F*x,)1}
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_w(max{D*(xy, F*x,), D*(x,,G"x,), D(xy, F* x,)D(x,,G"x,),

(4)d(xg, 2, )[ D%, G5, ) + D(x,, F x5)]}
= max{d” (xg, %,),d*(x,,%,),d (X, %, )d (x;, %, ), (B)d(xg, %, ) (x5, X,)}
—w(max{d® (xg, %,),d% (%, %), d(x0,%,)d(x,,%,), (4)d(x0, 3, )d(x0, %,)})

< max{d® (xg, x,),d” (x;, %, ),d(x0, %, )d(x,, X,),

(VZ)d(xO’xl )d (x4, %) + d(x;,x,)}

_W(max{dg(xo,xl ), d* (X1, X5), d(xovxl )d(x, ' X5),

(yz)d(xoaxl)[d(xovx1)+d(x1’x2 )IE))

-~ (1)
If d(xl,xz) > d(xo,xl), then we have
d*(x,,x,) < d*(x,,x,) - w(d2(xl,x2)),
leading to a contradiction. Therefore, d(x,,x,) < d(x,,x,) and by (1)
d*(x,,x,) < dz(xo,x]) — w(d(x,,x,)) .. (2)
Further using (i), we have

d*(x,,x,)

< HYG"x,, F"x))

= H¥ F"x,,G"x)) _

< max{D*(x,, F*x,), D*(x, ,Gx, ), D(x,, F"x,)D(x,,G"x,)
(2)d(x2,%)[D(xy,G*x,) + D(x,, F*x,))

—w(max{D?(x,, F*x,),D*(x,,G"x,), D(x,, F*x,)D(x,,G"x,)
(02)d(xy,%)[D(x,,G" x,) + D(x,, F*x,)})

= max{d” (x,x3),d% (x,,x,), d(x,  x, )d(x,,x,),
(A)d(x),x,)d(x,,x5))

—wlmax{d® (x,x5),d” (6, x,), d ()l (x,,

X,5),

(%)d(x] 1 Xy )d(x1 » X3 ) })

This implies with same arguments as above

d*(x,,x,) < d(x,,x,) - w(d*(x,,x,))

RE)
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Similarly,
d’(x;,x,) < d¥(x,,x,) — w(d*(x,,x,)) C))
d*(x,x ,,) < d*(x pX) — w(d? (X,_»X))) .. 3)
Adding (2) to (5), we have
n-1
w(dz(x,,xm)<d (xg,%;) = d*(x X5 n“)SdZ('xo,x,)
i=0
This implies, Zw(dz(x,,x,+,)<oo and 11mw(d2(xn,x,,+1)) 0 ()

i=0

Since {d*(x,,x,,,) is a decreasing sequence of non-negative terms, therefore (6) implies

that limd?(x,,x,,,)=0 and so limd(x,,x,,,)=0

n—yec n—ec

Suppose that {x } is not a Cauchy sequence, then there is an £ > 0 such that for each
even integer 2K, there are even integers 2m > 2n > 2K such that d(x, .x,) > & ... (D)

Also for each even integer 2k, we can find the least even integer 2m, exceeding 2n
such that

d(x:,_", X, ,) € ... (8

then € < d(x,_,x,) < d(X, Xy, + dxX, %, ) + dx,_, X, )
This implies d(x,,,X,) —> € as k — eo.

Using triangular property of metric space, we have

| d(x,..X,,,) — d(x,.x,) | < d(x
[ d(x - d(x

2n? "n+l)’

X | £ d(x

2m’ 2m+l)’
| d(me,X2n+2) - d(xzm’x2n+x) I S d(xznn’xzmz)'

and | d(x - d(x

2m+1? 2n+l) 2n+l)

2m?

X

Zm’X2n+2) 2m+l’x2n+l) l s d(x2n+l’ 2n+2)

which implies on letting lim k — e,

d(x ) = &, dx ) = g, d(x — €

am X ame a1 %2041 2m’ 2"+7—)

and d(x ) = &

2m+l’ 2n+2

Now using (i), we have

2 2 A
d (x2m+l'x2n+2)SH (FAxan’G. x2n+l)
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< max{D2(x2,,,, F X5 ) Dz(x2n+] G Xy,

D(x5, F" X, ) D (X941, G X900 )

(U)X, %y, DX, G Xgiy) + D (X501, F X,)1 )

—w max{D*(Xy,, %y, ), D (Xgs1» G Xppar):

D(xp,, F" %5, )D(X5,11,G" X5,41)s

(Ad(x,,,,%,, ND(x,,,, .GAx2n+1 )+ D(x,,,1, FA-xzm )1}
or dz(x2m+l y X242 ) < max {dz(xzm » X m+1 )’dz (x2n+l ? x2n+2 ) ’

A(Xy > X )A(X 415 X2042)

DA (X5 %0, A (X5, Xp000) + A1, X1 10)])

~w(max{d’ (X205 Xoma) )’dz(x2n+] s X242 )

d(x,,,, X YA (X, s Xon42)s

(/)d(xomsxon)[d(xzmyxv,,.l_z) +d(l')n+1ax')m+| )1}
which implies on letting k — oo,
e < e — w(ed)

which is a contra.diction. Thus {x } is a Cauchy sequence. Since X is complete, so
{x,} converges to a point u ¢ X. Thus, we have |

D*(xy,,y, G u) < HY(Fx,,, G*u)
< max{D*(x,,, F*x, ), D*(u, G"u), D(x,,, F*x,,)D(u, G™u),
(V2)d(xy,,u)[D(x,,,G ) + D(u, F*x, )]}
—w(max{Dz(xZ,, Fxy,), D (u, G"u), D(x,,, F*x, YD(u, G™u),
(A ) Dy, G )+ D(u, Fx, )])
< max{a’z(xz,”,;cz,ﬁl ),Dz(u,G"u),d(xz,,,xz,,H)D(u,G"u),
(2)d(xy,,1)[D(xy,, G u) + D(u, F2x, D).

Taking limit n — o, we have
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DG S max {00 (i, G, 0,0) - w(max (0, D?(u, *11),0,0))
DG S DGR - D (i, G y)

which implios that e O™y,

Similaly, wo can prove that e 1%, Henee e I"unG*u,

Using Lemma 2,10, it is obvious that e FfuA G,

Covollary 3.2, Let {I7) be a sequence of fuzzy mappings of X to W (X) and {(F)
the sequence of ity associnted multimappings from X to C(X).
Suppose, for any positive integers i, j i i » j and x,y @ X, following condition holds.

HA AN S max (D (v, 177, D W EP YL DO, ) Dy, 1),
(A DY E ) D(y, BN
=wmax (D% (BN, D (0, 70 y), DCx, B8 ) Dy, Ity),
DA IIDCx FP )+ D(y, 7))

where w @ RY — R is a non-decreasing continuous function such that 0 < W (r) <
notor all v > 0 and w(0) = 0. Then there exists a fixed point of {7}

Corollary 3.5, Let (X, d) be complete metric space and (), {G} the sequence of

fuzzy mapping of X to W(X) and (17" (G} be the sequences of their associated multi-

mapping of X to C(X) (the set of compuet subsets of X) converging pointwise to the associated

multimappings /Y, G* of fuzzy mapping ¥ and G respectively, Satislying
(BN GRY) S max (D (v, B ), DA (y, G ), DO, BN DGRy
(A, MDY, G y) = Dy, 15030 )
=wmax (D (v, 520D, G, DO M) Dy, Gy
(e, DX, G y) - DOy BN

Then 7 and G* have a unigue common fixed point,

Proofi Lot x, @ X, Define the sequence {x,)] with

' y JOA . “q A L
N €@ ln\‘\)n and Napn € (’n V204l Vi, 2,



94

M. S. RATHORE, MAMTA SINGH, SARITA RATHORE, NAVAL SINGH

such that d(xy,.1 Xpu2) S H(E Xy, Gy Xani)-
Now, for x,y € X, we have
ID(y,F’x)— D(y, F"x)| < HE x,Fx) ;
ID(y,Gy) = D(»,G"y)I < H(Gpy,G"y)
ID(x,F2x) = D(x, F*x)| < H(F*x,F"x) and
ID(x,GAy)— D(x,G"y)| < H(Gy,G"y).

Now, since H is continuous and {F;},{G;} cnverge pointwise to F* and G"

respectively, hence we get

. Bose, R. K. and Sahani, D. : Fuzzy mappin

. Chitra, A. : A note on the fixed points of fuzzy m

H*(F"x,G"y) < max{D*(x, F*x),D*(y,G"y), D(x, F*x)D(y,G"y),

(A)d(x,y)[D(x,G"y)+ D(y, F"x)]}
—w(max{D2(x-,‘F"x),D2(y,G"y),D(x;F"x)D(y,G"y),
(A)d(x,y)[D(x,G"y) + D(y, F*x)]}
Now rest part of the proof is similar to the proof of the theorem 2.11.
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