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EXISTENCE AND UNIQUENESS OF AN INVARIANT INTEGRAL
ON A MORE GENERAL CLASS OF FUNCTIONS IN A
GENERALIZED TOPOLOGICAL GROUP

S. Ganguy, C. K. Basu AND S. SINHA Roy

ABSTRACT : In this note, we initiate 6-Harr integral on a more general class of functions
than the class of real valued continuous functions with compact support, in a locally
6-H-closed [6], 6-topological group [4]. In this space, which is more general than locally
compact topological group, we establish the existence and essential uniqueness of
6-Haar integral.
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1. INTRODUCTION

Velicko, [7] initiated the concepts of H-sets and 6-open sets and Fomin (2]
introduced weaker forms of continuity under the terminology 6-continuity. Using such
concepts the notion of locally 6-H-closedness [6] and 8-topological group [4] were
introduced. It can be noted that every compact set is an H-set but not conversely;
so it is natural that the class 7/ of all real valued continuous functions with H-set support
is larger than the class of all real valued continuous functions with compact support.
So our objective would be to take these general class of functions under the purview
of integration theory. In this paper we have shown the existence of an invariant integral
on A and that too in a generalized topological group.

2. DEFINITIONS AND PREREQUISITES

For the definition of H-sets, 6-poen sets, 9-continuous function, 6-homeomorphism
an'd Urysohn space we refer to the book of Porter and Woods [5] ;\ topological space
X is said to be Io.cally 8-H--closed [6) if évery point x of X has a é-o er:) set containing
x whose closure is an H-set. A topological space X is said to be e-gompletely regular
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[6] (6-CR, for short) if for any point p and a 0-closed set H in X with p ¢ H, there
exists a continuous function f : X — [0, 1] such that f (p) = 0 and f ( H) = 1 ; X
is called 6-T, [6] if any two distinct points can be separated by 6-open sets. Clearly
every 0-T, space is Urysohn and H-set in a Urysohn space is 6-closed [3]. In [3] it
was established that there exists a space X which is locally 6-H-closed, 6-CR, 6-T,
but non-regular, non-locally compact, non-H-closed. A group X with multiplication map
m and inversion map i, endowed with topology T, is called a 6-topological group [4]
if m and i are 6-continuous and each left as well as each right translation is an open
map. Clearly every topological group is a 6-topological group but not conversely [4].
A real valued function f on X is said to have H-set support if there exists an H-set
K of X outside of which f vanishes.

3. EXISTENCE OF 6-HAAR INTEGRAL

Let X be a locally 6-H-closed 6-T,, 6-CR, 6-topological group, # be collection
of all real valued continuous functions on X with H-set support and #* be the subclass
of # consisting of all fe 4 for which f > 0 and f is not identically zero i.e.

H*={fe H :f20and f = 0}

It can be easily shown that for any a € x, the function x—a'x is 6-continuous and
infact 8-homeomorphism. Further for any a € x and for any real valued function f on
X, the function f_(x) = f (a”'x) is 8-continuous iff f is 6-continuous. Also f_is a function

having H-set support iff f is so.

Definition 3.1. A 06-Haar integral | for X is a +ve linear form on # not identically
zero such that | (f) = | (f) for all f € #H and for all a € X.

Our goal is to show the existence of an non-zero linear functional | on 7 * s.t.
I (f) =1(f) for all f € 3/* and then extend the funtional to the whole of # as follows:

Let f ¢ # then f* and f- e #* and hence I(f*) and | (f-) exist. Define the extension
L () =1 (F*) =1 (F).

The following lemma is the basis for showing the existence of 6-Haar Integral.

Lemma 3.2. For f, h € #*, there exist a,, ..., a of Xand c >0,i=1,2, ..,

c h

n such that f < L
1

i

Proof. Since h € # *, h is not identically zéro on X and hence for some

x € X, h()d > 0, then the set V = {x € X : h(x) > 0} is non-empty 6-open set as
‘x € X and h is 6-continuous. Again X being locally-6-H-closed, there exists a 6-open

set U such that x ¢ U cUc V and is an H-Set ([6]). Now h being 6-continuous,

™M 3

h (U) is an H-set in R, and hence a compact subset of R So h is bounded on u
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and attains its bounds on U and hence there exists n > 0 (where n = g. 1.b. o

on l_J) such that h (x) 2 n on U.

Now f being in # *, there exist an H-set K such that f =0 on X - K. The set

{aU : a e X} is an 6-open covering of the H-set K (each translation being B-homcrphism)'
n

, a_such that Kc U a U. If we take M = 1.ub. of f, ¢ = M

So there exist a,, ... ;
i=1

n
fori=i=1i2 ..,n thenf) < £ c h, (.
i=1

Definition 3.3. For f, g € # * we define

(f:90=91b {3 ¢: fx) < 5 ¢ g, (). ¢, > 0}
=1 i=1

in view of the above lemma, for any two functions f, ge H*, (f: g) exists
and is finite. Also (f : g) > 0 and (f : g) > % where M = 1.u.b of f and m = 1.u.b.
of g. Further it satisfies the following properties.

(i) (f,:g) =(f:g) forany a e x

(i) (cf:g)=c(f:qg)forc>0

(i) f+g:h)<(f:h+(g:h),Vfg he #+

(iv f<g=(f:h)y<(g:h)

(v (fF:h) <(f:g)(g:h)

. 1 (f:g) .
Vi < <(f:h
(vi) (h:f) (h:g) ( )

Let f,e 7 * be fixed and for any f, g e #*, we define | (f) = (‘f_fg_)) Since
0-9

(f:9) <(f:f)(f, : g) it follows that 0 < lg (f) < (f : f) for every f € 4+ Let X, =
[o, : (f, ). Let Y = ; ’;{ . X. Clearly Y is compact. For each 6-open set V containing
€

e let F, = cl {lg € Y : Support of g is in V}. Such a g always exists as X is locally
6-H-closed and 6-CR. So F, is non-empty. T}. he family {F, : V is 6-open set containing
e} has finite intersection property and Y being compect, ‘
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~ {F, : V is 6-open set containing e} # ¢. Let | = (I (), where | (f) is the f-th
co-ordinate of | belongs to the intersection. We shall show that | is the required
functional on # *.

Since | = (1 () e N {F, : V is 6-open set cintaining e} so for any £ > 0 and

f, f , f e #*, the basic open set (I(f,_) -¢ I(f) + € x ... x (If) — ¢ If) + ¢

9 PUBEELH

Contains a point (I_ ) € {|g e Y : Support of g is in V}. Hence for i = 1, 2,
n @ -1l <e ... (B
Since the following properties (i)— (iv) below hold for I, = |, it can easily be
obtained (i)— (iv) for I, = I
@M,=0,1, M >0iff=+0
@iyl () =1, (f
(i) I, (cf) = cl, (), c 2 0
(i) I, (F+ ) <1 (f) + 1, (f).

In order to show | is left invariant non-zero +ve linear functional on 7 it is sufficient
to show that the reverse inequality in (iv) holds for I = I.

For this we need two Propositions :-

Proposition 3.4. If f € 7/, then given any ¢ > 0, there exists a 8-open set U
containing e such that | f(z) - f(g) | < & wherever gz' € U.

Proof. We define U* = {y € x : | flyz) - f(2) | < ¢ forall z X}. Since f e
7, there exists an H-set K such that f = 0 on X - K. As X is locally 6-H-closed, there

exists an 6-open set L containing e such that L is an H-set Now the inversion map
bei.ng 0-homeomorphism, L' is 8-open sat containing e as well as (E)“ is an H-set
(as 6-continuous mapping carries H-set into an H-set). So V. = L n L' < L N
(E)“. X being an 6-T, and hence Urysohn, the H-set L N ([)‘1 is B-closed. V being
closure of an 0-open set implies V = 6-closure of V and as X is Urysohn, 6-closure
of V is 0-closed set. So V is a 6-closed set contained in é H-set L N ([)—‘_ So V
is H-set. Furthermore as the multiplication map is 6-continuous and K x V is and

H-set, then K. V is H-set. Clearly K c KV. Given any g € KV, f being continuous
and hence 06-continuous, there exist 6-open sets Vg containing g and Ug containing

e such that | fiyz) - f(z) | < & wherever y € Ug and z € Vg. Since K\—I, is an H-set,
_ _ n
there exist g,, g,, ... , g, € KV such that KV < U v, - Define U = U,

NN Ug_ N V.
i=1 '
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containing e. We shall show that U < U*. Let v - .
.

is an 6-open set _ |
:h:nx_tj|f ze Kthhen z e Vgl for some i. Since Y € Ugi it follows that | g -
Y ¢ U*. On the otherhand if Z € K e j ! Singy
. c Ky'c KV c KV,— a contradiction), f (y2) <
gz Elffygz-ef (t) rio‘(l)ld< I: pSI):)Zy € U{ Therefore U c U‘t and hence the prODOS‘Tioni
Proposition 3-5. Let f,, f,e #* and €>0. Then there exists a 6-open set U Containing
e such that for all g € % * having support in U, |, (f) + g (B) <1, (f + f) +e
Proof. Clearly f, + f, e *. Let K be the H-set s. t. f, + f, vanishes outsige
Again X being locally 8-H-closed and 0-CR, there exists f. e #H such that f' (k) = 4
Let 3, be arbitrary positive number and let f= _f1 + f, + &,f. Clearly f € 5. We defin,

two functions

| s Vv, then z ¢ K, hence f (z) -
(z)|< €. So

h, (x) = !;((7")’iff(x)¢o

= 0 otherwise

fori =1, 2.
Since h, (x) € 5+ given any §, > 0 by Proposition 3.4, there exist a 6-open set

U containing e s. t.
Ih (2 - h @] <3,

whenever az' € U and a, z € X.
Let g € # be such that its support lies in U and we consider f (x) <3¢ g

(27 2). If z7' z is such that g (27" z) # 0 then z' z € U and therefore,
lh (2 - h @] <,
But f (2) =f (2 h (2) <I¢ g (27" 2) h (2)

5§°i g (z7 2) (h (z) + 8). Therefore
(f,: g) < )I:ci (h, (z) + d,)

Hence (f, : :
Plidr o< zo b @ vh z)+28) <5 C 0+ 2 EsnE
+h, @2) < 1)
This implies, f, : g) + (f, : 9 <(f : g (1 + 23,)
For a fi . Ny - 2
o) +0:' :-:ff)lx:d' n((:)n :ero fo € 2" if we divide the above inequality by (f, : 9 "™
C1 )+ 5 (—f')gTheief:rezld?)f """ ) Also it is easy to show that I, (0 <
1 ° inc
o, are arbitr;ty we can choog s Ig th<a. 25,) (Iu (f) + 1 (f) + 3 |, (t)) o
se 3, and §, in such a manner such that @, 0, 0

o (£) + 8, 1 (f) + 5 1 (
0 12 1% M} <e S .
Hence the p"opositio},." ol (f) + , (f) < I (f, + 1) + ¢ (from relation
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For a given £ > 0 from relation (B) (before Proposition 3.4), we have,
(L, + 6 =1 (f + )] <e
By Proposition 3.5, l, (f) + I, () <1, (f + f) + ¢
Therefore 1 (f) + | (f) < l(f) + 1 (f) + 2¢
< o(fp+ 1) + 3 <I(f +f)+ 4e
Since ¢ is arbitrary, we have
L) + 1 (f) <1 (f +f).
So | is additive.

Therefore | can be extended to # and that extended | will be our required 6-
Haar Integral.

Hence we get a theorem.

Theorem 3:6. Let X be a locally 6-H-closed 6-T,, 8-CR, 6-topological group. Then
there exists a non-trivial 6-Haar integral on #.

4. UNIQUENESS OF 0-HAAR INTEGRAL

Suppose J is any other 6-Haar integral for X. We shall show that J = CI for
a suitable constant C > 0. The following lemma is important and as the proof is quite
similar to the proof of Lemma 15 Art. 76 [1]. we shall omit the Proof.

Lemma 4.1. If K is an H-set of X, and f, f' € #* such that support of f lies
in K and f' = 1 on K then given any ¢ > 0, there exists a 68-open set U containing
e such that

(f:g)Sa(f':g)+ﬂ

J(9)
for every g € # * for which g (x') = g (x), V x € X and which vanishes
outside U.
Theorem 4.2. If J is any B-Haar integral for G, then J = C | for a suitable
C>0.

Proof. Let f.. f e 7 *, where f is fixed and K be the H-sets of X, such that
f vanishes outside K for i = 1, 0. Again as X is locally-8-H-closed, 6-CR and 0-T,,

there exists f; € 4 * such that ff =1 on K fori =1, 0. Let € > 0. Then by Lemma
4.1 there exists a 6-open set V, containing e such that

(f:9 <e(f:9 + ——....... 1)

for every g € 7 * which is such that g (x') = g (x), for all x € X and vanishes
outside V, for i = 1, 0. It is easy to see that

J@) <9 Jd(@ o oo (2
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be the H-set support of f € 7™ since X is locally 6-H-closed 6-Ch
Let C, be the H-s

we choose 6 > 0 sg
0-T,, there exists f’ e # * such that " = 1 on C,. Now that ;

(7 : ) < 1. e-open sets U, containing e such that (

Then by Lemma 4.1, there exists i)
SO (f:9) + %%

for every g € #(* which is such that g (x') = g (x) for all x € X and vanishgg
outside U,.

Hence using (f" : g) < (f* : f)) (f' : 9), we 9“3tl '
(29 J(@D-8E:F)N<JE)
Since 1- & (f* : ') is independent of g and is greater than zero we have

(f':g)J (g < —&) _ M (say), fori=1,0.fU=Un U and M = M
1_5“]" ’fil )
(M,, M) then
(f' 9 J(@ <M e (3)
Soif W=V, nV, nUandifge #*is such that g(x') = g(x) for all x = X
and vanishes outside W, then (1) - (3) holds simultaneously. Therefore

J(f,) < h:g _ eth':g)J(@)+J(f)
elfo:g) J@+J(fy) ~ (fo:g) Jf)

Now from (3),

J) o (g _ EM+JE)

M+do) — (o:e) ~  u,)

From relatlon (B) given before Proposition 3. 4, we get a sequence g e #* such
that g (x') = g, (x) for all x € X and g, vanishes outside W, and I (f) converges
to I (f).

Jif,)
So, — V" _ €M+J(f)
£M+J(f°) s (f)

INTRE (fo)
If we let ¢ > 0 then

J ()

I (f
" J (fo)
ie. J(f) = J(f) If,).
and this holds for every f e s+

SoJf)  =J ()1 for every fe g+
ie. J) = CI (f). '
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