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ABSTRACT: In this paper the concepts of orthodox T-regular semigrouos 
orthogroup -semigroups, and rectangular I-groups are introduced and studied 
Some characterizations of these T-semigroups are obtained. Also the structure theorm 

of orthogroup -semigroups is given. These notions are generalization of the 

coresponding ones in semigroups. 
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1. PRELIMINARIES 

A set M is said to be aT-semigroup (due to Sen and Saha [1]) if the following 
conditions are satisfied 

() M {a,b,c..) and T= {a,ß,y..} are two nonempty sets. 

(i) acb e M for all a, b e M and all a e .. 

(ii) (acb)Bc = ao«{bBc) for all a, b, c e M and all a, B e T. 

Let M be a T-semigroup and a an element of T. We define the proau 
a.b aob, then (M, ) is a semigroup, denoted by M., called a related semigroup 
M. If some one (so every, due to [1)) related semigroup of M is a group, the say M is a T-group. An element a of M is said to be regular if a e alMra, 

araMTa = {(aob)ßa: = be M, a,ß e T). A T- semigroup is said to be regular T 

of 

we 

element of M is regular (due to [1]. Binary relations L K A and On 

t 

M 

every 

(due 
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o [71). which are analogous of Green's relations in a semigroup, are defined as ollows 

() a Ib iff (a) = (b), 

(ii) af b iff (a), 

(i) a R b iff (a), = (b), 

iv) a b iff af b and ab 
() a b iff there exists c e M such that af c and cR b. 

Where (a), = a r M u {a}, (a), MTau {a), (a) = a r MuMrau MTa>Mu{a}. 
Throughout this paper E, denotes the set fe eae = e, e e M} and V° (a) denotes 
the set {b : be M, aobßa = a and bßaob = b} for all a e M and all a. B e T. An 
element of E. is said to be an o-idempotent of M. 

The following known results will be used in this paper. A -semigroup is said 
to be a r-regular semigroup if its every related semigroup is regular. 

Lemma. 11. (due to [3]) A regular T semigroup is a T- regular semigroup 

if and only if V (e) and V" (e) * ¢ for all a, B e and for all e e E 
Lemma. 12. (due to [3]) In ar- semigroup M for all a e M and all a, B e 

r, V. (a) * o if and if M is regular, and V. (e) * o and V" (e) o for all e e E 
Let M be aT-semigroup, define the binary operation on M x r(TXM, respectively) 

by 

(b) 

(a, o), (b, B) e M x ) (a, a(b, B) = (a a b, B) 

(( (o, a), (B, b) e r x M) (o, a) (B, b) = (a, aßb) respectively), 

then M xrTx M, respectively) is a semigroup (due to [4]). The semigroups 
Mxr and x M are called left and right operator semigroups of M, respectively. 

Lemma. 13. (due to [4]) Let M be a regular I-semigroup, then M is an orthodox 
T- semigroup if and only if the set Reg (M x ) of regular elements of M x are 
orthodox subsemigroups of M x T and T x M, respectively. 

Lemmal. 14. (due to [3]) Let M be a regular T-semigroup then for all (a, a) 
e M x , v (a, a) = u {tx,B): x e V (a). 

BE,V." (a) * 

2, ORTHODOX REGULAR SEMIGROUP 

According to Sen and Saha [2] a r-semigroup M is said to be an orthodox 
-semigroup if M is a regular -semigroup and (E, a Ey u (E, a E) s E, holds 
for all a, B e T. r-orthodoOx semigroup, i. e. its every related semigroup M. (a e 
is an orthodox semigroup, had been introduced and the following three examples 
are given by Zhao Xian Zhong in [3]. 

Example 2.1. Let Q" denote all non-zero rational numbers and T denote al 
positive integers. Define that aab is the product of three numbers al, a, and b, then 
Q is both an orthodox -semigroup and a -orthodox semigroup. 
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Example 2.2. Let M be the set of all positive integers. Suppose that r = M 

define aob = [a, a, b] = the I. c. m of a, a and b, for all a, bE M and all a e 

Then M is an orthodox -semigroup but M is not a T-orthodox semigroup. 

Example 2.3. Suppose that I = A = {1,2), G = {e.g.g.g) is the cyclic groug 

of order four generated by g, and 

P (P a -
are two 2 x 2 matrices on G. Take M = GxIx A, r = {a, B} and define (a, i, i,a 

(6, j, a) = (ap,b, i, H) and (a, i, 2) B (b, j, H) = (aq,b, i, ), Then M is a -orthodox 

semigroup, but M is not an orthodox T-semigroup. 
t is illustrated by the above examples that the class of T-orthodox semigroups 

and the class of orthodox T-semigroups are not contained within each other, and 
the intersection of these two classes is not empty. Now we ask: what is this 

intersection? The answer will be given in the following. 

Definition 2.4. AT-semigroup M is said to be an orthodox T-regular semigroup 
if M is an orthodox T-semigroup and its every related semigroup M (a e ) is regular. 

Proposition 2.5. A r-semigroup M is an orthodox r-regular semigroup if and 

only if M is both an orthodox I-semigroup and -orthodox semigroup. 

Proof Omitted. 

The following proposition 2.6 will be directly obtained from Lemma 1.3. 

Proposition 2.6. A r-semigroup M is an othodox r-regular semigroup if and 
only if its right operator semigroup DxM and its left operator semigroup MxT are 

orthodox. 

Proof: Omitted. 

Lemma 2.7. f M is an orothodox -regular semigroup, then E, B E, = E, B 

E= E, holds for all a, B e T. 

Proof For any a, ß e T. and any e e E there exists x e M such that 

xE V (e) by lemma 1.1. This implies e = ecoxße and eaxe E hence, E, cE.BE. Since 

M is an orthodox T--semigroup, we have EBE, E and so E, = E,BE The proof 
of E, = EBE, is similar. 

Lemma 2.8. Let M be a regular T-semigroup. If for all a, Be T, E.BE, = EBE,= E. holds, then M is an orthodox regular semigroup. 

Proof: M is obviously an orthodox T-semigroup. To prove the remaining half, 
suppose that for any a, e , EBE, = EBE= E. Then for any (but fixed) e e E there exist x e E, and y e E such that xßy = e. Hence in particular eßy = e and 

e = eßyce)= eß(yae)de. By yae ¬ EaE= Ewe have that (yaejaeßB(yae)= 
e and 

(yae)Plyae) = yae. This implies yae e V (e) and V (e) * . 
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Similarly, we have V (e) * ®. Now from lemma 1.1, it follows that M is ar 

regular semigroup. 

The following thorem follows from 2.7 and lemma 2.8. 
Theorem 2.9. A regular T-semigroup is an orthodox -regular semigroup i 

and only if for all a, ß e T, E.BE, = E,BE, = E 
Let us now prove the following proposition which will provide the recipe for 

manufacturing the class of orthodox T-semigroups. 
Proposition 2.10. Let (S, o) be an orthodox semigroup. Suppose that M = S, 

and is a nonempty subset of S, and aob is the product of three elements a, , 
b in the semigroup (S, o). Then we have 

() M is an orthodox T-semigroup. 

(i) If S contains the identity e and is an -class containing e in S, then 

M is an orthodox T-regular semigroup. 
Proof ) M is obviously a r-semigroup. To prove the remaining half, notice 

that for amy a, B e T, a e E and be Eg we have ac,cua, bß, Bb e E(S), where 
E(S) denotes the set of idempotents of S. Since S is orthodox, we now find that (acdb) 
Bfactb) = (aa) (b5)) (ac) (bB)) b = (acbßjb = aa(bßb) = ab. Similarly, (baa)ß(aca) = 

baa. Thus EEcE, and E,oE,c E Hence M is an orthodox -semigroup as required. 

Gii) It is only needed that M is a T-regular semigroup, by (i). For any a e M, 
there exist x e M and a, BeT such that a = aoxßa, since M is a regular T semigroup. 
Now, note that the -class H is a subgroup in S and T = H, we have a = 

að8" coxp8"6a = aðzða for all der, where z = 8 oxpo" and &' is the inverse of ð 

in group H. Hence M, is regular for all deT, that is, M is a T-regular semigroup as 

required. 

3. ORTHOGROUP -SEMIGROUPS 

Let M be a T-semigroup. If for some aer, the related semigroup M, (ae) is 
a group, then every related semigroup is a group (due to Sen [1), and M is called 
ar-group. So the left operator semigroup Tx M is a union of groups. Moreover, 
we can show that Tx M is simple. Hence T x M is a completely simple semigroup. 
In this section we want to generalize these results. 

Definition 3.1. A T-semigroup M is said to be an orthogroup T-semigroup 
if M is an orthodox -regular semigroup and for some aeT, the related semigroup 

M is a union of groups. 
It is clear that every T-group is an orthogroup -emigroup. But it will be shown 

in example 3.7 that not every orthodox T=regular semigroup is an orthogroup r-

semigroup. 
Let M be a r-semigroup, if for some de, the related semigroup M, is a union 

of groups, M, is not necessarily a union of groups for each BeT. For example, suppose 
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be 
that T is the set fa, B, and M is a -semigroup 

with the related semigroun 

oup. Then 

Aa 

Mis 
a o-group G u {o), and the related semigroup M, being a null semigroup. Thang 

a union of groups, but the M, is not a union of groups. We prove that evan. 

semigroup of an orthogroup -semigroup is a union of groups. To do this the fnded rela 
wing 

results are needed. 

Lemma 3.2 Let M be a T-regular semigroup and M x | denote its left onar. 

semigroup. Then for all (a, a) e M x T we have 

0) L(a, a) = {(x, a): xeL) = (a), 

(Gi) R (a, a) = {(. B): yeR, BeT} = (R,.a), 

(ii) H (a, a) = {(z, a): zeH} = (H, a) 
where L (a, a) (R (a, a), H (a, a)) denotes L-class (R-class, H-class) containin 

the element (a, o) of M x r, L, (R, H) denotes L-class (R-Class, H-class) containing 

the element a in M. 

Proof. Omitted 

left operator 

Lemma 3.3 Let M be an othodox T-regular semigroup, and M x Tdenotes its 

left operator semigroup, and B denotes the set of idempotents of M xT. Then we have 

0 u (V (e), B) tfor all (e, a) e B 
per 

Gi) For all (e, a), (f, B) eB, if (. P) eR (e, a, then (. B) e J. where edenotes 

J-class containing (e, o) in B and R (e, a denotes R-class containing (e, o) in 
M x T. 

Proof, ) By Lemma 1.3 and Lemma 1.4 B is a band, and so J V (e, (e, a) 
= U(V#(e), B), since M is Tregular semigroup. 

el 

(i) If (f, B) e R (e, o), then there exist (x, B) and (y, a) e M x such that e a) (x, B) = (t, B), and (f, B) (y, o)= (e, a). Hence in particular eox = f and fpy Moreover, eof = f and ffe= e. Notice that e e E. and E., thus we have fjeat 
and eafße = e, that is, f e V (e). By (), (4, B) e J as required. a) 

Proposition 3.4. The left operator semigroup M x T of an othogrou semigroup M is a union of groups. 

Proof. Let M be an ortho group -semigroup, an8 Mxr denote its let nula semigroup, and B denote the set of idempotents of M x r. Since M is semigroup, every N-class of M contains at least one a-jedmpotent, say e, which 
belongs to the set ( (x, a): xe M} for all ae) by lemma 3.2. Now, SUp 

wh 

and 

is a T-regu 
eae 

= e) for all ofe T. So every K-class of M x T contains at least one idempte 
,e. 

that 

for some (but fixed) 8 e T, the related semigroup M, is a un 

ose 

union of groups, 
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(e, o), (f. B) e B as well as (e, o) (f, B) in Mx r. As above there exists (c, ð) E 
B such that (c, 8) e R and so (c, 8)J® (f, B) by Lemma 3.8 (i). Since M, is a union 
of groups, there exists (d, ô) e B such that (d, 5) e R (e, o) and (d, 8) E L (C, ö). 
Hence (e, o) J® (d, 8) by Lemma 3.4 (i), and (d, 5) J° (c, 5), M, being a union of groups. 
So (e, a) J (f, B), because M is an orthodox T semigroup, M x T is an orthodox semigroup 
by lemma 1.3. Now notice we have proved that (e, o), (f, B) e B and (e, o) I (t, B) 
imply (e, o) J°(f, B), thus MxT is a union of groups by proposition vl. 3.3 of Howie 

J.M. [6]. 

Ar-semigroup M is said to be a T-union of groups if its every related 
semigroups is a union of groups. 

Lemma 3.5 A T-semigroup M is a -union of groups if and only if its left 

(right, respectively) operator semigroups is a union of groups. 

Proof. Omitted 

Now, the following theorem can be directly obtained by Lemma 3.4 and Lemma 

3.5. 

Theorem 3.6. A -semigroup M is an orthogroup T-semigroup if and only 

if it is both an orthodox -semigroup and a r-union of groups. 

Proof. Omitted. 

Finally, We shall illustrate that not every othodox T-regular semigroup is an 

orthogroup -semigroup by the following example. 

Example 3.7. let M be the direct product TXG of the bicyclic semigroup and 
a group G with |G|> 1. Suppose, the T is the -class containing the identity e of 

M, and acb is the product of three elements a, a, b of the semigroup M for all, a 
beM and all aer, then M is an othodox T regular semigroup by proposition 2.10 
(). But if a denotes the identity e of M, then the related semigroup M, with the identity 

is not union of groups, so M is not an orthogroup -semigroup. 

4. RECTANGULAR -GROUPS 

We consider here orthodox completely simple r-semigroup. As we shall see 

they are quite special. In the context, the following concept plays a basic role. 

A -rectangular band means a -semigroup such that its every related 
semigroup is rectangular band. Also it is clear that for all a, be M and all a. Be r. 
aab aßb holds in a r-rectangular band M. So it is often convenient to say rectangular 
band instead of r-rectangular band. 

Definition 4.1. A -semigroup is said to be a rectangular -group if it is 

isomorphic to the direct product of a rectangular band and a T-group. 

By Seth A. [5] every completely simple -semigroup admits a Rees matrix 

representation with a set of sandwitch matrices. 
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Proposition 4.2 The following conditions on M = M (G. I. A. P) are equivalent. 

M is an orthodox -semigroup. 
(i) For any i, j e l, ue A, P (P). Q= (9 e P 

P 9 P e and q 9P P e 

where e is the identity of G. 

Proof: irstly, notice that E, = {(P, i, A); i e l, Ae A} 

Ea i, u): jel, ue A}. For any (,i, ) e E, and any (a". i,. u) e 
Eowe have that 

P, 2 Qq i = (P (", i, ) eE, and (a . 4) Qq,", i, ) = 

99 P, ) eEa if and only if P"9 P= 9 P P e. 

Thus () if and only if (i) holds. 

Theorem 4.3. A T-semigroup M is an orthodox completely simpleT-semigroup 
if and only if it is a rectangular T -group. 

Proof:A rectangular T-group is obviously orthodox completely simple r 
semigroup by proposition 4.2. Suppose that M is an Orthodox completely simple 
T-semigroup. Given aer, by theorem 2.5. of J. M. Howise [6]Ø: H,xIx A > M 
given by (a,i, A)Ø = e,caof, is an isomorphism from the Rees matrix semigroup M 

[HIA ; P] onto M, where e, and f are o-identity of H, and H respectively. Since 
M. is a union of groups for all xer, every -class in M is a sub T-group of M 
if we define (, 4) BG, 4) = (, ) for all (, A) el xA arid all Ber, then Ix A becomes 
a rectangular band. So H, x Ix A is a rectangular -group. Now we show that o is an isomorphism from H x Ix A onto T-semigroup M. Since for any (a,j,A), (b,i,H), EHx I >x A and, Ber, 

we have 

((a,i,) B (b,iu)o 
(aßb, i,u)p 

e,ala,Bb)af 
= (eca)al0BI) Bbaf, (,and 1, being oindentity and B-indentity in -group H, respectively) 
= (e,uaja.of,Bi) Bbof, 

= (e,aa)alf,Bi) Bbof, 

(eca)at,Br, Bly pbaf, 0, being indentity in H) 
= (ecaof,)B", BI) Bbof 
= (eaaaf)B", Bea) Bbaf, 
(e,uaaf)B(e,abof,) 
(a, i, ) o B(b, j, up, as required. 
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Theorem 4.4. An orthogroup T-semigroup is a semilattice of rectangular 

groups. 
Proof: An orthogroup T-semigroup M is a -union of groups. It means its 

every related semigroup M,(ae ) is a union of groups. So we can say the Green's 
relationsJ on M, (for all ae N are same, and M is a semilattice of completely simple 
r-semigroups. Moreover, note that every related semigroup M, of M is orthodox. So 

we have M is a semilattice of Orthodox completely simple r-semigroup. Hence M 
is a semilattice of rectangular -groups by theorem 4.3. 

The authors would like to thank Professor Guo Y. Q. for his kind help and 
encouragement for the preparetion of this paper. 
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