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H-closed and quasi H-closed (QHC) spaces are extremely well known concepts
of topology, and the same have so far been studied to a great extent. Extensions of
these concepts in bitopological setting have also been investigated by many (e.g. see
[3, 5, 7, 9]). The present paper is a continuation of the latter study, and we have
introduced here certain types of sets which play key roles in characterizing a
bitopological QHC space from an altogether new view point.

Throughout the paper, by a space (X, Q,, Q,) or simply by X we shall mean a
bitopological space [4] X endowed with two arbitrary topologies Q,, and Q,. For a subset
A of (X, Q,, Q,), Q-int A and Q-cl A will respectively stand for the interior and closure
of A in (X, Q), where i = 1, 2. According to Kariofillis [3], a point x in (X, Q, Q) is
said to be in the ij-6-closure of a subset A of X, written as x € ij-6-cl A iff for every
Q-open set U containing Xx, (Ql-cl U) n A # I, where and henceforth in every such
sentence involving both i and j we assume i, j =1, 2 and i #j. A set A in X is called
ij-6-closed iff A = ij-6-cl A. The complement of an ij-8-closed set is called an ij-8-open
set. The ij-6-interior of a set A in X, denoted by ij-8-int A, consists of those points
x of A such that for some Q-open set U containing x, Q-clU < A. A set A is called
ij-6-open iff A = ij-6-int A, or iff (X - A) is ij-8-closed [1, 3]. A Q-open set U will
be called an ij-regularly open set [12] or simply an ij-roset iff U = Q-int Q-cl U and
complements of ij-rosets are called ij-regularly closed sets or simplly ij-rc’ set.

A set A in (X, Q!. Q) is called ij-5-closed [10] iff for each xe (X - A), there is
? Q-open set _U contamlpg x such that (Q-int Q,-cl U N A =@. The set A is called
ij-3-open [10] iff (X — A) is ij-3-closed. The class of all ij-3-open sets in X forms a
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topology Qj, called the ij-semiregularization topology [8, 12] such that @’ < Q, and

the family of all ij-ro sets of (X, Q,, Q,) forms a base for Q,. A property P of a bitopological
space (X, Q,, Q,) is called a pairwise semiregular property [8] provided (X, Q,, Q,) has

P iff (X, Q:, 052) possesses P. We now state a few known results that we shall use

in course of the subsequent deliberations.
Theorem 1. [1, 3, 8, 9, 10] For a bitopological space (X, Q,, Q) the following
hold :

(@) The collection of ij-6-open sets in X forms a topology o(_’ on X such that

Q‘_9 c Qf CQI..
(b) f A c B c X, then ij-6-int A < ij-68-int B and ij-6-cl A < ij-6-cl B.

(©) If A (c X) is Q-closed, then Q-int A = Q° int A = ij-6-int A.

(d) If Ais Q-open in X, then Q-cl A = Q’-cl A = ij-6-cl A.

We now introduce the following definition.

Definition 2. A set A in a space (X, Q,, Q) is called an

(i) ij-6°-set iff A = ij-6-int B, for some BcX,

(i) ij-6°-set iff A = ij-6-cl B, for some BcX.

Note 3. It is easy to see that for any set A in X, ij-8-cl (X —A) = X - (ij-6-
int A). Thus a set A is an ij-8°-set iff (X - A) is an ij-6°-set.

Proposition 4. For any two sets A and B in a space X,

(a) ij-6-cl (A U B) = (ij-6-cl A) U (ij-6-cl B)

(b) ij-6-int (A N B) = (ij-6-int A) N (ij-6-int B).

Proof. (a) Clearly, (ij-6-cl A) U (ij-6-cl B) cij-6-cl (A U B). Now, x ¢ (ij-6-cl A)
v (ij-6-cl B) = there exist Q-open sets U, V containing x such that A n Q-cl U =
BnQ=clV=0 ThenUnV is a Q,-open set containing x such that (A U B) N
Q]-cl (U N V) = 3. Hence x ¢ ij-6-cl (AUB).

(b) Similar to (a) and is omitted.

Corollary 5. The family o, = {ij-6-int A : A X} forms a base for some topology
Q (o) on X.

Again, from Theorem 1 (c) it follows that

Proposition 6. Every ij-roset is an ij-6°-set.

It is known [9] that for any subset A of a space (X, Q,, Q,), ij-6-cl A =n{Q-cl
V:A cVe Ql}. It then follows that ij-6-int A = U {Q-int V:V cA and V is Qj-closed
in X}. Hence we obtain :
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Theorem 7. Every ij-8°-set is the union of ij-rosets and hence is ij-0-open as

well as Q,-open. N
It now readily follows in view of corollary 5, Theorem 7 and proposition 6 that

Theorem 8. For a space (X, Q,, Q), Qo) = Q7 and hence ¢, forms an open

base for the semiregularization topology Q/on X

Theorem 9. [5] A space (X, Q,, Q) is said to be ij-QHC iff every Q-open cover
of X has a finite Q-proximate subcover (i.e., a finite subfamily the union of whose
members is Qi-dense in X).

Theorem 10. A space (X, Q,, Q,) is ij-QHC iff whenever p is a cover of X by
ji-6°-sets such that for each point x of X some member of pu is a Q- neighbourhood
of x, then p has a finite subcover.

Proof. Let 1 be a cover of an ij-QHC space X by ji-8°-sets with the stated property.
For each x € X, there exist a U e p and a Q-open set V_ such that x ¢ V_ cU.
The collection {V_: x € X} is then a Q-open cover of X, and consequently by ij-QHC

n

property of X, there is a finite subset X Xy ceeennns X} of X such that X = U Q cl
k=1
n ' n
Ve, © U Q-cl U,, u ka, since U, 's are Q-closed sets.
k 1 =

Coversely, let the given condition hold for a space X and p be a Q,-open cover
of X. For each x € X, there exists U, € p such that x € U_. By Theorem 1 (d) we
have, V= Q- cl U, =ji-6-cl U and hence V_is a ji-6°-set for each x € X. Then {V
1 X € X} is a cover of X by ji- 6°-sets with the stipulated property. Thus we obtain,

n n

X = ku Ve ku Q -cl U, for a finite subset (X, X,..., x} of X, and this proves
1 1

that X is ij-QHC.

Definition 11. A family .%of sets in a space X, Q,, Q,) is said to possess ij-
6°-FIP iff the ij-6-interior of every finite intersection of members of # is non-void.

Theorem 12. A space (X, Q,, Q,) is ij-QHC iff every family of ij-6°-sets with ji-
8°-FIP has non-null intersection.

Proof. Let X be an ij-QHC space and {F,: @ € A} be a family of ij-6°-sets in
X with ji-6°-FIP. If N F = @, then p = {X - F

QeEn

and hence p is also a Q-open cover of X. Since X is ij-QHC, we have :

o - O € A} is a cover of X by ij-0°-sets

x = - - T .
kL=J1Qj cl (X Fa,,) for a finite subcollection {X -Fa1, X -Fo,2 oo X - Fan} of L.
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n n n
Thus @ = X - UQrel (X=F, ) = NQgint F, =N ji-0-int F,, (by therorem 1 (c)) =
k=1 k=1 k=1

k=1

ji-6-int [n F,,k] [by Proposition 4 (b)], which contradicts that {F: o € A} has ji-6°-

FIP.

Conversely, let the given condition hold in a space X. We first show that
X, @S, Q) is ij-QHC. Since the family of all ij-6°-sets of X forms a base for Q7, it

suffices to show that every cover of X by ij-8°-sets has a finite Q; -proximate subcover.

So let u={U_: a e A} be a cover of X by ij-0°-sets. Then X - U _: o € A} (=4
say) is a family of ij-6°-sets with n% = @&, so that % cannot have ji-6°-FIP. Thus there

n
exists a finite subset {X - Ug, s oo X-U,, } of % such that ji-6-int [ﬂ (X—Uak )}: .
k=1

n n n
Then X = X—ji-6-int [ﬂ (X-Uak )}: ji-e-cll U uak} U ji-6-cl U,, (by proposition
k=1 k=1 k=1

n
4 (a) = U a@j-cl U, (Since U, ’s are Q-open). Hence (X, Q$, Q3) is ij-QHC. Since the
k=1

property of a space being ij-QHC is known [8] to be a pairwise semiregular property,
X, Q,, Q) is ij-QHC.

Definition 13. Let {U : a € D} be a net of ij-6°-sets in a space X with the
directed set (D, 2) as its domain. A point x of X is said to be an ij-8-adherent point
of the net if for each o € D and each Q-open set V containing x, there exists B <
D with B > a such that U, N Q-cl V # &.

Theorem 14. A space X is ij-QHC iff every net of non-null ji-6°-sets has an ij-
6-adherent point.

Proof. Let {U, : a € D} be a net of non-null ji-8°-sets in the ij-QHC space X

For each o € D, let F, = ij-6-cl [ LU {U; : B € D and B > o }]. Then F={F : o c

D} is a family of ij-8°-sets with ji-0°-FIP. By Theorem 12 there is an x ¢ N F Then

aeD

for any Q-open set V containing x and a e DQ -clV)yn[U{U:B e

: D
# @. Thus there is some B € D with > a such thjat (QJ..cIV) AU i (E Henczn?h B>}
{U,: o € D} of ji-6°-sets in X has an ij-8-adherent point in X. ' © net
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Conversely, let % be a collection of ij-6°-sets in X with ji-0°-FIP. Then the family
7 of all finite intersections of members of .#becomes a directed set under the rela.t‘lon
> where F, > F, iff F cF, (F, F, € F'). For each F e # , we assign the set ji-6-
int F which is non-null, as .# has ji-8°-FIP. Then {ji-6-int F : Fe (¥ ,2}isa net.of
non empty ji-6°-sets in X. By hypothesis, some point x of X is an ij-6-adherent point
of this net. We only show that x € N % the rest follows from Theorem j2. Let Fe
4 and V be a Q-open nbd of x. Since Fe 4, there is some G € 4 with G 2
F (i.e., GcF) such that (ji-6-int G) N Q, - cl V # @. Then (ji-6-int F) al Q - cI“V z <.
Thus x € ij-8-cl (ji-6-int F) = Q-cl Q-int F (by Theorem 1, since F being an ij-6°-set,
is Q-closed) c F. Thus xe N4

Let us now set the following definition of another class of sets in a bitopological
space.

Definition 15. A subset A of a space (X, Q,, Q) is said to be ij-a-open if A
c Q-int Q-Cl Q-int A.

Remark 16. Clearly, a Q-open set is ij-a-open and an ij-a-open set is ij-semiopen
(a set A in a space (X, Q,, Q,) is called ij-semiopen [2], iff there exists a Q-open set
U such that U cA c Q-cl U, or equivalently, AcQ, cl Q,-int A).

Definition 17. A point x of a space (X, Q,, Q,) is said to be an ij-a-adherent
point of a set A (c X) if every ij-a-open set U containing x interesects A. The set
of all ij-a-adherent points of A will be called the ij-a-closure of A, to be denoted by
ij-o-cl A.

Lemma 18. For any ji-semiopen set A in a space X, ij-a-cl A = Q, - cl A.

Proof. Clearly, ij-a-cl A cQ-cl A, as Q-open sets are ij-a-open. Now, x ¢ ij-
a-cl A = there is an ij-a-open set V with x € V such that AnV = 0 = Qi-int A
N Qrint V=0 = Q-int An Q-cl Q-int V= = Q -int A NQ-int Q-cl Q-int V=
@ = Q-cl Q-int AN Q-int Q-cl Q-int V =J. Now, x € V < Q-int Q-cl Q-int V =
W (say) € Q suchthat Wn A c Wn Q-cl Q-int A (as A is ji-semiopen) = &. Hence
x ¢ Q-cl A. This proves the lemma.

Theorem 19. A space (X, Q,, Q) is ij-QHC iff every cover u of X by ij-o-open
sets has o finite subcollection p; such that X = Ufji-a-cl U : U ¢ TR

Proof : Let u be a cover of an ij-QHC space X by ij-a-open sets. For each U
€ i Q-intU c U c Q-int Q,-cl Q-int U = V(U) (say).

= Q-cl Q-int U c Q-cl U ¢ Q-cl V(U) < Q-cl Q-int U

= Q-cl V(U) = Q-cl Q-int U = Q,-cl v (1)

By Remark 16, U is ij-semiopen and hence by Lemma 18, ji-a-cl U

€ , JI=0t- = Q-cl U.
Then ji-o-cl U = Q-cl V(U) (by (1)) l % (;)

) Since U c V (U) € Q, for all Uep, {(V(U) : Uep} is a Q-open cover of X. The
ij-QHC property of X then implies that for a finite subcollection . of pu, X =
U {Q-cl V(U) : Ue p} = U {ji-a-cl U : Ue 1o} (by (2). ° ’
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conversely, suppose L is a Q-open cover of a space X for which the given

condition holds. Then_ by Remark 16, u is also a cover of X by ij-a-open sets. Thus
tor a finite subcollection i, of u, X = U {ji-o-cl U : Ue p,}. By Remark 16 and Lemma

18, X

10.

1.

12,

= U {Qj-cl U : Ue p} proving that X is ij-QHC.
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