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INVERSE I'—SEMIGROUP

N. K. SAHA AND A. SETH

Intro duction :

In [1] Sen and Saha defined a I'—semigroup, regular I'—-semigroup and studied some
properties of regular I'—semigroup The aim of this paper is to introduce inverse I'—semi-

group. Along this way, we deduce necessary and sufficient condition for a I'—semigroup to
be inverse I'—semigroup. We show that homomorphic image of an inverse I'—semigroup is

an inverse I'—semigroup.

1. Preliminaries.
Definition :

LetM = {a,b,c,...}and I' = {X,y,z, ...} be two non empty sets. M is called
a I' —semigroup if (i) axb e M and (ii) (axb) yc = ax (byc) foralla,b,c ¢ M and for all
x,yeI. A TI'—semigroup M will be denoted by M(I'). Since the associativity of the

expression (axb) yc = ax (byc) extends to all expressions of any length, henceforth we omit

the bracket in the deduction of proofs of various statements.

Definition :
Let M be a I'— semigroup. A non-empty subset B of M is said to be a I' — sub

semigroup of M if BI' B C B.

Definition :

A right (left) ideal of a I' — semigroup M is a non-empty subset 1 of M such that
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I°Mc I(MIICD. I 1is both a right ideal and left ideal of M then we say that | .
an ideal of M.

Definition :

Let M be a I" — semigroup.  An clement a ¢ M is said to be regularifaca M p,

where al'M7Ia = {axbya: beMandx, yel'}. AT — semigroup M is said to be regular

if every element of M is regular,

Definition :
Let M be a I" —semigroup. An element e ¢ M is said to be an idempotent in M i

there exists an x « I" such that exe = e. In this case we say e is an x-idempotent.

Definition :

Let M be a I' — semigroup and M, be a I')—semigroup. A pair of mappings f:
M—M, and f, : '>T is said to be a homomorphism from (M, ') to (M,, I}) if (axb) f, =
(af,) (xfy) (bfy) for all a, be M and x e I If f; and f, are both surjective then (f,, f,) is said
to be a homomorphism from (M, I') onto (M,, I')).

Definition :

Let M be a I' —semigroup. Leta,beMandxeI" Ifaxb — bxa we say that a, b
are x —commutative. A I' —semigroup M is said to be commutative if axb = bxa for all
a,beMandforall x el
Definition :

Let M bea " —semigroup andae M. et be M and x,y ¢« I" b issaid to be an (x,y)

inverse of a if a — axbya and b = byaxb. In this case we shall write b ¢ Vi’ (a). We may

also write b = a’]
X, y.

If b e V)}: (a) then a and b are necessarily regular clements of M.  On the other hand
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let a = axcya where ¢ e M and X, y e I' be a regular clement of M. Let b — cyaxc. Then

axbya — a and byaxb == b. Thus il'a = axcya be a regular element of M then b is an x, y)

inverse of a where b = cyaxc.
2. Inverse I' - semigroup

Definition :

A regular ' — semigroup M is called an inverse I' — semigroup if | Vi (a) | = 1, for all

ae M and for all X, y e I" whenever V 3(’ (@) # ¢. That is every element a of M has a unique
(X, y) inverse whenever (X, y) inverse of a exists.

Theorem (2, 1) :

Let M be a I'—semigroup. M is an inverse I' —semigroup if and only if (1) M is

regular and (ii) if e and f be any two x-idempotents of M then exf =fxe, where x e I".

Proof. Suppose M is an inverse I' —semigroup. Then by definition M is regular.  Next let

e and f be two x-idempotents of M. Let a ¢ \% exf). Then exfyazexf =exf ... (l) and

azexfya = a .. . (2) Now fyazexfyaze = fyaze by (2). Therefore fyaze is an x-idempotent . . .

(3). Also exfxfyazexexf -- exf by (1) and fyazexexfxfyaze — fyaze by (3). Hence exf

\Y i (fyaze . But fyaze being x-idempotent belongs to Vi (fyaze).  Therefore exf = fyaze

since M is an inverse I' — semigroup. Hence exf is an x-idempotent. Also, fxe is an

x-idempotent of M. Indeed, if b ¢ V:; (fxe), then fxeubvfxe = fxe and bvfxeub = b. Then

eubvfxeubvf —cubdvlf Thus cubvf is an x —idempotent. Also, fxexeubvfxfxe = fxe and eubvfx-

fxexeubvf — eubvf.  Hence fxe ¢ V); (cubvf). But eubvl being x-idempotent belongs to Vt

(cubvf). Hence fxe — cubvf  Thus fxe is an x-idempotent of M. Now exfxfxexexf = exfxexf

— exfand fxexexfxfxe - fxexfxe  fxe. So, [xe e V;‘( (exf). Butexfe V; (exf). Therefore,

exf — fxe.
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, i i se I'— semij
Converscly let (i) and (i) hold.  We shall prove that M is an 1nver &roup,
axb — . axcya = a and ¢
Let b, ¢ e VY (a) where a ¢ M. Then axbya - a and byaxb = b... (4) g e
X

= c... (5). Now cach of axb and axc is y-idempotent of M and each of bya and cyzli is x.
idempotent of M. Also axbyaxc — axcyaxb using (ii). Therefore axc = axb. Similarly
byaxcya = cyaxbya. Therefore  bya - cya. Then b = by (axb) = by (axc) = (bya) xc —
(cya)xe=c. Thus M is an inverse I — semigroup. This completes the proof.

We remember the following definitions ;

Definition : Let A and B be two sets. Then any subset of A x B is called a binary relation

from A to B.

Definition : A binary relation f from A to B is said to be an one-one partial transformation

from A iato B if the following conditions hold
(1) xXy)ef, (xy)ef implies that y = y"

(1) Xy ef, (x,y ) € fimplies that x — x*

The szt of all one-one partial transformations from A into B will be denoted by J ( A, B ).

Lemma (22) : J (A,B)is a I'-semigroup, where I' = J (B,A).

Proof. Let f, g h, . . . belong to J (A,B) and leta, B, y, .
We define fag = { (a,b) ¢ Ax B : there exists a; « A, b
(a,, b) €gy

. . belong to J (B,A).
1 € B such that (a,by) € f, (b

1) € «,
Obviously, f« gisa binary relation from A to B, Let (x, y)

e fxg and (x, y)
1 € Bsuch that (xb)ef, (b
(a5, y)egand (xy )e f«g implies there exist a e A, b

e fag. Now (xy)efug implies there exist a, ¢ A, b b8 ) e «,
2 € B such that ( X,by) ef, (ba,ay € «,
(ayy’) ez Nowfrom (x,b, )¢ fand (x,b,) € £ we get b, =
« imptics that ( b, a, Je«,(b,a,)e«. He

implies that y -y,

2= Therefore (b,.a,) e «, (bs,ay) €
nce a, —a, So, (apy) e g (a,y') eg
Thus (xy) e fag, (xy') « fecg
( %,y ) efagand (x"y) e fag.

(X,bl)ef,(b

implies that y =y’ Next let

Now (x,y ) e fag implies there exist a, e A, b, e B such that
by jew, (aLy)egand (x4y)eflag implies there exjst 3¢ A, b, ¢ B such
that ( x*,b, ) ¢ f, (ba,)ew, ( a5y ) e g. Then (a,y)e g (ayy)eg implies that a, = a,
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So, ( by, 2y ) e &, ( byay) e « implies that b, = b, and conscquently ( x,b, ) e f. (x",by) ef
implies x = x". Hence ( X,y ) e fxg, (x.y) ¢ fag implies that x = x*. Therefore fug e
J(AB). Also, (fxg)pgh = f« (gph). Indeed, (a,b)e (fxg)phif andonly if there
exist a, ¢ A, b, e Bsuch that { (a,b, )efxg}, (b;,a,) ¢ B, (a,,b)eh if and only .if there
exist @, ¢ A, by e B such that {(a,by)ef,(bya,) ea,(a,b;)eg}, (by,a)e ﬁ, (2; ,b)
eh if and onlyif (a,by) ef,(bya,) ex, {(ay,b;) eg, (b,a,) ep, (a, b)eh}if
and only if (a,by) ef, (by, ay) ¢ %, (2, b) e gph if and onlyif (a,b)efx (gph).
Thus ( fxg ) fh=fx (gBh). Hence J (A, B) is a I'—semigroup.

Theorem (2. 3) : J (A, B isan inverse I-semigroup.

Proof. From Lemma ( 2. 2) we know that J ( A, B)isa I'-semigroup, where I'=J (B,A).

First we shall prove that J ( A, B ) is a regular I™-semigroup.

LetfeJ ( A,B). Then f:dom f—ranfis one-one. Let f~' :ranf->dom f be such that

=

i .
= and f f=1

ff~ = lom £ f, where ldom r denotes identity mapping on dom f. It

ran

is immediate that e J ( B,A). Now f—ff~ 'ff ~ 'f shows that fefI'J (AB) I'f. Thus
J (A,B) is regular. Now to prove thatJ (A, B) is an inverse I-semigroup it is sufficient

(from THEOREM 2.1: to show that any two «-idempotent of J (A, B') are < commutative

where « ¢ I So we want to locate «-idempotents of J (A,B).

If an element f ¢ J (A,B) be «-idempotent then x:lX where X = dom f and conversely

if fa-—= IX where X = dom f then f is «-idempotent. Now let f, h be any two «-idem-
potents in J (A B) We shall prove that fuh=h«f... (I).

Now f ac:IX where X=dom fand h « = lY where Y = dom h. Then

dom [ f«h] = dom[ly h] =[XNY] Iy = XNY

ran[fach]:ran[lxh]=[XﬂY]h
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. 1
dom [ h 1) dom | VR B B n,\’]lv YnXx Xny
ran |hx() ran (1, 1] (YN (INOYY) T

We shall now show that INOYY [(NOYY ) h
I posuble et INOY f INOYI D Then [XO Y] e 2 [XOY] he

Then (NOY T (INOY) l\. Then NXAOY o XY, which is absurd. Hence s<h and hwf

\
have same domain and range et ne XNOY. Then n a implies alY alx implies
aha — af« imphes ah — af (since & 15 one-one) implies [nlX ] h - [nlY | fimplies [afe] h —

aba] famphes afah - ah«f So f<h — h«f. Thus (1) is proved. Hence J (A,B) is an inverse

semigroup.

LEMMA (2.4) :© Lct M be an inverse I'—semigroup. If e and f be two idempotents of M

such thatexe — e, fyf = f, exf = eyf, fye = fxe, then exf — fxe.
Proof. let a« \":(exf). Then cxfuavexf = exf and avexfua — a. Now fuavexfyuave

fuzve. So, fuave is an x—idempodent. Also, exfyfuavexexf = exf and fuavexexfyuave -
fusve. Hence exf e Vi(fuave) s« - (1). Again fuavexfuaveyfuave — fuav (exf) vav eyf)
veve = fuav (exf) uav (exf) uave — fuavexfuave = fuave.

Similarly, fuaveyfuavexfuave — fuave. So, fuave eV)):(fuave) + + + (2). From (l)and
(Z) oxf = fuave (since M is an inverse [~ —semigroup). Therefore exf is an X—idempotent

of M. Sumilarly fxe is an x - idempotent of M. Now exfyfxexexf = exfxexf — exf and
frenexfylne = fxexfxe — fxe. Hence fxe ¢ V;(cxi'), But exf e V;(cxf), So, exf = fxe.

Thoe completes the proof.

LEMIIA (25) @ Let M bea regular [ s migroup and T be a [T+ semigroup. Let (1)

be a homomorphism from (M,[ ) onto (T, ). Lete’ be an x idempotent of T. Then

-1
et contains an idempotent of M
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Proof. Let a ¢ M be such that af — e — e'x‘e, where x‘[~*. Letx ¢~ be such that
xg = X’. Now let us consider the element axa. As M is a regular [ —semigroup there
exist ce M and y,ze[~ such that axayczaxa — axa and czaxayc = c. Now aycza is an

x—idempotent in M since ayczaxaycza — aycza
Also, (ayzh) f= 1f) (¥3) (F) (z9) (1) = e'x'e’ (yg) (cf) (zg) e'x’¢’

=(axaf) (yg) (cf) (zg) (axaf) — (axayczaxa)f = (axa)f

=e’,
Heace e*f~1 contains an idempotent of M.
LEMMA (26) : Let M be a regular I' —semigroup and let M’ be a I'*—semigroup. Let
(f, g) be a homom»orphism from (M, I') onto (M*, I"). Then M’ is a regular I —semi-
group.
Proof. Let a’=af be an element of M’ wherea e M. Since M is a regular I' —semi-
group there exist b e M and X,y eI such thata — axbya. Then a‘ = af — (axbya)
f = (af) (xg) (bf) (vg) (af)=a’ (xg) (bf) (yg) a’> Thus a’ is regular. Hence M’ is a regular
I'" —semigroup.
Theorem (2.7) : Let M be an inverse I" —semigroup and M’ be a I —semigroup. Let
(f.g) be a homomorphism from (M, I') onto (M’,I*). Then M’ is an inverse I’ —semigroup.
Moreoyer, in any homomorphism the (x,y) inverse of an element of M is mapped into the

corresponding invarse of thz image of the element.

Proof. By LEMMA (2.6) M- is a regular I"" —semigroup. We shall show that any two

x* —idemotents of M' are x* —commutative, where x* e I'*. Lete,, €, be two x* —idempo-

ten s of M’.
suce that e, and e, are x—idempotents of M and e, f = e’, xg = x", i = 1,2 [by LEMMA

Since ( f,g ) is onto homomorphlsm there exist e; and e, of M and x e I

(2.5)]. As M is an inverse I' —semigroup e, X¢, = e,xe;. Therefore (e,xe,) f = (e,xe)) f.

So e, x* e,= ¢, x* ¢,. Hence M’ is an inverse I —semigroup. Moreover, for ae M,

—1 —1 e T | —-1__ -1
a_ f = (af) xg, VE. Indeed, axa,  'ya =a, 2y yyaxa, S=a, . Therefore, (af) (xg)

_ — —1 —1, 1 —1
(ax’yl f) (yg) (af) =af and (ax’yl f) (ye) (af) (xg) (ay , f)=(@ay , f). Thusa  ~f=(of)

Tlhis completes the proof.
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