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1. INTRODUCTION Norman Levine [2] defined and studied D-topologies He called a

topological space (X, T) a D-space if Tis a D-topology on X, that is
open set of (X, T) is dense in X.

, if every nonempty
It is the aim of this paper to introduce this concept in

bitopological spaces. In Section 2, the notion of pairwise D-spaces is introduced and it is

shown that a pairwise D-space is not just a pair of D-spaces. Some properties of such
pairwise D-spaces have been investigated and certain theorems of [2] have been generalized.
In Section 3, we define pairwise D-connected bitopological space and the relation of such

concep’ with that of connected bitopological space is studied.

In course of the exposition of the paper, we shall require some definitions which we
state below. By ( X, T, T, ) or simply by X we shall always mean a bitopological space with
two topologies T, and T,, A'l, A'2 shall mean T -interior and Tyinterior respectively of a
subset A of X, whereas by AT, and A", will be denoted respectively the T,-closure and T, closure
of Aiin (X, T,, T,,). A bitopological space (X, T,, Ty) is said to satisfy pairwise T -axiom [4] if

for any two distinct points x, y of X, there exist T,-open set U and T,-open set V such that



34 M. N. MUKHERJEE

is called pairwise Hausdorfl [1]if for any A \A

I

, , v T,)
XeU yg UandyeV, xg Vo (X Tohe i _ _
Yy¢ Uandy e ¢ hbourhood V of x and T,-open ne'ghbour |

T,-open neig

of distinct points x. y of X, therearc . '
A vy o called T, semiopen with reg
subsct A of X8 call ! Pect t

hood W of y such that v . W = @, A o .
— V-Tj, wherei, j=1, 2 and j £ :

T, [5]. if there is a T, open set V such that VA .
. and T, semiopen w.r.t l,‘. A fhn(n(
2 )

called pairwise semiopen if it is T, semiopen W1

i1l be called T, P,—semi cops:
f from ( X, T,. T, ) to a bitopological space ( Y, Py, Py) will b 1 tinyg,

Similarly T, p,

Wt Ty [5], if for each Pp-open set A, [ (A) is Ty semiopen w.rt. Ty wSen;
continuity of f w r.t. T, is defined. T is called pairwise semi continuous if f is TIPI'SGmicOnU_
nuous w.r.t. T, and T,P,-semi continuous w.r.t T, A subset Ain (X, Ty, Ty ) is cajjeq T
regularly open w.r.t. T, [5], if and only if A = (AT 2)'l. Similar goes the definition of T,

regularly open set wr.t. T,.
2. PAIRWISE D-SPACES AND THEIR PROPERTIES

DEFINITION 2.1 Let (X, T,, T,) be a bitopological space. We easily note that evey

nonempty T, opea set of X is T,-dense in X if and only if every nonempty T, open set is T,

dense in X.

We define ( X, T;, T, ) to be a pairwise D-space if and only if every nonempty T,
open set is T, dense in X ( or equivalently, if and only if every nonempty T, open set is T,

dense in X ).
[t follows immediately that

THEOREM 2.2 (X. T, T,) is pairwise D-space if and only is every nonempty T, open &

has nonempty intersection with every nonempty T, open set

REMARK 2.3 It follows from definition that a pairwise D-space can never be pairnis

Hausdorff, though it may satisfy pairwise T,-axiom as s seen from

EXAMPLE 2.4 Let X be an uncountable set and T, be the cofinite topology and T, . the

co-countable topology on X. Then (X, T, T,) is a pairwise D-space and satisfies Ty

axiom.
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REMARK 2.5 A bitopological space ( X, T,, T, ) is pairwisc D-space does not imply that
(X, Ty)or (X, Ty)isaD-space. Also, (X,T,,T,)maynotbea pairwisc D-space even

- 'a \ . «
if (X, T, Yand ( X, T, ) are D-spaces. This is seen in the next example.

EXAMPLE 26 LetX = {a,b,c,d}, T, = {X, ¢, {a}}and T, = { X, $, {b}}. Then
(X, Ty) and ( X, T, ) are D-spaces but ( X, T, T, ) is not a pairwise D-space.

Again, let P, = {X, ¢, {a, b}, {c, d}}andP, ={X, ¢ {a,c} {b,d}} Then
(X, P, P,) is a pairwise D-space whereas neither ( X, P, ) nor (X, P; ) is a D-space.

THEOREM 2.7 Every subspace of a pairwise D-space is also a pairwise D-space.

THEOREM 2.8 (X, T,, T,)is pairwise D-space if and only if X contains no proper

pairwise T, regularly open set w.r.t. T, as well as no proper T, regularly open set w.r.t. T;.

PROOF Let (X, T;, T,) be a pairwise D-space. If A is a proper T, regularly open subset
of X w. . t. T,, then ( AT 2)i = A # X and hence ATz £ X -a contradiction. ~Similarly

X has no proper T, regularly open subset w.r.t. Tj.

We prove a stronger converse that if X has no proper T, regularly open set w.r.t. T, or

no T, regularly open set W.r.t. T,, then (X, Ty, Ty) is a pairwise D-space.

Infact, let (X, Ty, Ty) have no proper T, regularly open subset w.r.t. T, and let it not
be a pairwise D-space. Then there exist nonempty sets A e Ty, Be T, such that A N B = ¢.
Then AT2 N B =¢ and hence (AT2)', N B = ¢. Then ( AT2)i isa proper T, regularly

open set w.r.t. Ty, which goes against the hypothesis.

Pervin [3] defined a bitopological space ( X, T,, T, ) to be connected if and only if X

cannot be expressed as the union of two nonempty disjoint sets A and B such that

(ANBT*)U(AT

if X cannot be exPressed ast

N B)=¢ He proyed that (X, T,, T,) is connected 1f and only

he union of two nonempty disjoint sets A and B such that A is

T,-open and B is T,-open. Thus we immediately have,
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THEOREM 29 A pairwise Despace (X, T,, T, ) is connected.
The next example shows that the converse of the above theorem is falso,

EXAMPLE 210 LetX — (o, b, dy, T, - { X, {bc}tand
Te=INGS{bYL {dL{bdy

Then (X, T, Ty ) is obviously connected but not a pairwise D-space.

THEOREM : 211 Pairwise semi-continuous and hence pairwise continuous image of 2

hairwise D-space is also so.

COROLLARY : 212 Every pairwise semi-continuous function (and hence every pajryis.

continuous function) from a pairwise D-space into any pairwise Hausdorff space is constant,

THEOREM : 213 Let (X T T2 ) s ael } be a family of bitopological space (where

Iis some index set ) and ( X, T!, T2 ) be their cartesian product, ie., X=X, and T!, T* ar:

respectively generated by T1.’s and T2s. (X, T, T2 ) is a pairwise D-space if and only if

cach ( X,, T,, T,? ) is a pairwise D-space.

PROOF. Since the projection map P, (X, T') —» (X, T,') is continuous and open for

cachaelandi =1, 2, by virtue of Theorem 2 11 the necessity follows,

Conversely, suppose ( X,, T, T2, ) is a pairwise D-space, for each a e Tand V bea

nonempty T'-open setin X and x e V. Then there exist indices Ay, Ay, oony oAy ((say) and

U e T’a such that

| i

x

k
1
N
t:rl] l’d, ( Ua’ ) V.

i

K S—
Then X N {Pﬂ ! (X, )} = ] P I(Uu, ".)',
i |

Y |
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Nl, I(“ ) I l m " ¢ s Ty /
a, o " (”Hl)l” Cy 1" X, T v X,

THEOREM 214 () Let o (Xy T Ty (Y, Py Py beonedo-one andd prirwine

N : 4 D ) Yo i o b ) . .
open and (Y. Py Py )is apairwise Daspace, then (X, Ty, 1y ) in alio 80

() Letf o (NG Ty Ty > (Y, Py Py) be surjective and {17 (Vy: Vel T for

b} A y N B a] P BTN o .
1.2, then (X, Ty, Ty ) is a pairwise D-space i and only it (Y, P, Py) i no,

REMARK 215 The conclusion of Theorem 2,14 (a) may nol be (ruc in cnse either 1
X T / ) * ' M T H N ] I ']
(X, Ty) —>( Y, P )or (X, Ty) > (Y, Py)isopen but not both, This is seen from

EXAMPLE 216 Lct X Y {a, b, c, d },
T, = { X, &, {a}, {b}, fa, bl paycd fa,e, by} Ty fh X, (b,

P, ={X, ¢ (b}, {a,b}} and P, = { X, ¢, {b}, { b, dy )

Consider the identity map 1 (X, T, To)— (Y, Py, Py). Then 2 ( X, T,) > (Y, P,)

is open but f : (X, T,) — (Y, P, )isnot open. (Y, P, P, ) is a pairwisc D-space,

whereas ( X, Ty, T, ) is not so.

DEFINITION 2.17 A subsct Aol (X, T, Ty)is called a pairwise D-subsct of X il and

only if ( A, (T4 (Ty)a)is a pairwisc D-spacc.

THEOREM 2.18 Let A C Yo X, T,T) Then A is a pairwise D-subsct of X il and

only if it is a pairwisc D-subsct of (Y, (T, )vs (T2)Y):

PROOF. FEasy and left.

THEOREM 2.19 IfAis a pairwise D-subsct of ( X, Ty, Ty), then AT, O A, s also a

pairwise D-subsct of X

PROOF. IfB — AT, | Ay is nol & puairwise D-subsct, then there will exist two
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nonempty disjoint sets U and V such that U e ( T,)s and V e (Ty)s - ThenU N A (+ 4

and VO A ( =& ) are respectively (T, )a and (T,)a open such that (U A,

N (VN A) = ¢ which proves that A is not a pairwise D-space.

REMARK 220 If A is a pairwise D-subset of (X, T;, T,) then neither At nor Ar, may

be pairwise D-subset as is seen from

EXAMPLE 2.21 LetX ={a,b,c,d, f},

T,.={4 X.{a}, {b}, {a,b}, {a,b,c}}and

T.={s X.{a} {f} {af} {ac}{acf}}

and consider the set A = { a, ¢ } of the bitopological space ( X, Ty, Ty, ).

Now, (Ty)a={A,é,{a}}and (T )a={A, ¢ {a}} A is obviously a pairwise
D-subset of X.

Now, AT, ={a,c,d,f} =B (say) and A, = {a,b,c,d} =D (say) (T,)s
— (B, 4, {a}), {a,c}}and (T,)s = {B, ¢ {a}{f}{af} {ac} {acf}}
(T,)o=1{D,¢ {al{b}{ab}{abec}ijand(T)o={D, ¢ {a}{ac}}

Clearly neither B nor D is a pairwise D-subset of X.

REMARK 2.22 Union of two pairwise D-subsets of a bitopological space may not be 2

pairwise D-subset as is seen form

EXAMPLE 2.23 Consider ( X, T;, T, ) of Example 2.21. Let A = {a,c}and B = {b, d}
It has been shown in Example 2 21 that A is a pairwise D-subset. Now, (T,)s = {B, ¢
{by}and (T,); =1{4¢, Bt Clearly B is also a pairwise D-subset of X. But A U B=
{a,b,c, d}isnota pairwise D-subset as shown in Example 2.21,

THEOREM 2.24 If A and Bare pairwise D-subsets of ( X, T,, T, ) and if either (A N B
#¢and (BN AY) o~ ¢ or AN B, o~ gand AL, | B £ 4, then A U B is a pairwist
D-subset of X.
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PROOF. Denying the theorem, we get a pair of nonempty sets U and V in X such that
UeT, VeTu (UNV)N(AUB) ¢ butUn(AUB)#pandV N (AUB)
~ 4. Since A and B are pairwise D-subsets, U and V cannot both interscct A or both
intersect B.  Suppose U N A — ¢. SinceU N (AU B) # ¢ we have U N B # ¢ and
thenV N B=¢andV N A= ¢ If the first assumption of the theorm holds then U N B
g open subsets of B such that (U N B) N (A%

If the second assumption

and A, N Bare nonempty (T, )g and ( T;)
N B)C U N A = ¢, proving that B is not a pairwise D-subset.
of the theorem holds, then B, N A and V | A are nonempty and respectively (T, )a and
(T,)a open subsets such that (B,nA)n(vnA)cvnB=

irwise D-subset. The case when V.1 A = ¢ can similarly be tackled.

¢, proving that A is

nota pa

THEOREM 2.25 Union of a chain of pairwise D-subsets of a bitopological space is also 2

pairwise D-subset.

THEOREM 2.26 Every pairwise D-subset A of a bitopological space is contained in a

maximal pairwise D-subsets of the space.

PROOF. Follows from Theorem 2 25 and Zorn’s lemma.

COROLLARY 227 Every bitopological space is the union of its maximal pairwise

D-subsets.
REMARK 228 Ina bitopological space, maximal pairwise D-subspaces need not be either

T,-open ( or T,-closed ) or T, open ( of T,-closed ). Also maximal pairwise D-subsets need

not be disjoint. These are secn from

gical space (X, Ty, Ty ) of Example 2.21. It can be

EXAMPLE 229 Consider the bitopolo
{a, c}isM = {a.c,d}. But

checked that the maximal pairw se D-subset containing A =

M is neither T,-open nor T,-closed nor T,-open not T,-closed.

tB—~{cd}isa pairwise D-subset.  If B* denoted the maximal

Again the subse
g B, then B* C M and hence B* N M # ¢.

pairwise D-subset of X containin
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3. PAIRWISE D-CONNECTEDNESS

DEFINITION 3.1 Let (X, T, Ty) be a bitopological space. Two nonempty Subses Ay
are said to form a pairwise D-seperation of X ( where A is T,-closed and B is Tz-CIOSQd) i
and only if X — A UBand (AYyNB)U(AQNBY,)= ¢ (X, Ty, Ty) s said ¢, be

pairwise D-connected if and only if there exists no pairwise D-separation of X,

THEOREM 3.2 A pairwise D-connected space ( X, T,, T, ) is connected but the Convers,

1s false.

PROOF. Let X be not connected. Then there exist nonempty T,-open set A and T,-open
set Bsuchthat X = A (J Band A NB=¢ ThenC =X-A=Band D - X.B _ A
are nonempty sets, respectively T, closed and T,-closed and are such that X — C U D and
(CigﬂD)U(CnDil):(CnD)U(CnD):BnA:¢. Hence C and D

form a pairwise D-separation of X and the first part of the theorem is proved.

To show that the converse is indeed false, we consider the following example,

Let X = {a, b, c, d}, T, = {X, ¢ {a}, {a, b},{a,d},{a,b,d}}and
T, ={X, ¢ {a},{b}, {a,b}} Then (X, T,, T, ) is connected.

Now, let A = {b,c}and B — {a,c,d}. Then A, B are respectively T,-closed and
To-closed such that (A4 N B)={b}nB—4 AnQ By —{bc}n{ad)=¢ and
X = A U B. Hence A, B form a pairwise D-separation of X and then X is not pairwis

D-connected.

THEOREM 3.3 If A, B form a pairwise D-separatjon of (X, T, T,)and Y is a pairwist

D-subset of X, then either Y CAorY cCB.

PROOF. IfY ¢ Aand Y & B, then Y 0 ( X.A Jand Y N (X-B) are nonempty disjoin!
setsin 'Y, respectively ( T, ) vy open and ( T, )y open. Also
C(X-A)nN (X-B) = X-A Y B =X-X — .
Hence either Y < Aor Y B,

LY N(XA)]n[Yn(XB)

Then Y is not 4 pairwise D-subset of X
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LEMMA 34 (X, T,, T,)is pairwise D-space if and only if there doesnot exist any pair of
qonempty sets A, B respectively Ty-closed and Ty-closed such that X — A U B

THEOREM 3.5 (X, T,, T, ) is a pairwise D-space if and only if X is pairwise D-connected.
pPROOF. Necessity follows from Lemma 3.4.

Conversely, let ( X, Ty, T, ) be not a pairwise D-space. Then by Theorem 28, therc
exists a nonempty proper T, regularly open set A w.r.t. T,. Then (AT,), = A. Let G
_X-Aand H = AT, G and H are nonempty sets respectively T,-closed and T,-closed.
Also, G, N H=(X-AT,) N AT, =¢and G N H = (X-A) N A = 4.

Then G and H form a pairwise D-scparation of X, proving that X is not pairwise

D-connected.

REMARK 3.6 It is shown in [ 3 ] that a space ( X, T;, T, ) is connected iff every pairwise
continuous map of X into the bitopological 2-space ( Y, D;, D,) is constant, whereY =
{0,1}, D, ={Y,¢, {0} }and D, = {Y, ¢. {1}}. Nowby Theorem 3.5 and 2.11 we
can easily see that if X is pairwisz D-connected, then even every pairwise semi-continuous map
of X into the bitopological 2 space is constant. But by taking X = [a,b,c,d], T, =
(X, . {a}, {a,b} {ad}) {abd}yandTy — {X, ¢ {a} {bh {a b} ] (see
converse part of Theorem 32 ) we observe that every pairw'ise continuous function from

(X, T,, T,) into the bitopological 2-space is constant, although X is not pairwise

D-connected.

NOTE This paper was communicated to Kyungpook Mathematical Journal in early January,

1983 Since the paper has neither been accepted nor rejected till now in spite of repeated

T®minders, the author has preferred to publish, in the departmental journal, a shortened

version of the paper deleting most of the proofs.
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