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1. INTRODUCTION Norman Levine [2] defined and studied D-topologies He called a 
topological space (X, T) a D-space if T is a D-topology on X, that is, if every nonempty 
open set of (X,T) is dense in X. It is the aim of this paper to introduce this concept in 
bitopological spaces. In Section 2, the notion of pairwise D-spaces is introduced and it is 
shown that a pairwise D-space is not just a pair of D-spaces. Some properties of such 
pairwise D-spaces have been investigated and certain theorems of [2] have been generalized. 
In Section 3, we define pairwise D-connected bitopological space and the relation of such 

In course of the exposition of the paper, we shall require some definitions which we 

state below. By ( X, T, T,) or simply by X we shall always mean a bitopological space with 
two topologies T, and T, A'l, A'2 shall mean T,-interior and T,interior respectively of a 
subset A of X, whereas by Äl, and Ä', will be denoted respectively the T,-closure and T, closure 

concep: with that of connected bitopological space is studied. 

of A in (X, T, T,). A bitopological space (X, T, T) is said to satisfy pairwise T,-axiom (4] if 
for any two distinct points x, y of X, there exist T,-open set U and T,-open set V such that 
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Xe U, y U and ye V, xg V. (X, T,, T, ) is called pairwise Hausdorff [Il if for any pair 

hood W of y such that Vn W o, A subset A of X is called T semiopen with respect to 
of distinct ponts x, y of X, there arc T-opcn ncighbourhood V of x and T-open 

neighbour. 
I, [5], if there is a T, open sct V such that VcACV-Tj, where i, j1, 2 and i#j. A i 

called pairwise Semiopen if it is T, semiopcn w.r.t. T, and T, semiopen w.r.t T,. A functig 
f from ( X, TË T, ) to a bitopological space ( Y, P,, P, ) will be called T, P-semi 

continuoU 
Wr.t. T, [), if for cach P-open set A, I-' (A) is T, semiopen w.r.t. T,. Similarly T,Psem 

continuity of fw r.t. T, is defined. fis called pairwise semi continuous if f is TP- semicont. 
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nuous w.r.t. T, and T,P,-semi continuous w.r.t T,. A subset A in (X, 1 2) is called 

regularly open w.r.t. T, [5], if and only if A = (AT 2)'1. Similar goes the definition of T 

regularly open set w.r.t. T,. 

2. PAIRWISE D-SPACES AND THEIR PROPERTIES 

DEFINITION 2. 1 Let (X, T, T, ) be a bitopological space. We easily note that every 

nonempty T, open set of X is T,-dense in X if and only if every nonempty T, open set is I, 

We define ( X, T,, T, ) to be a pairwise D-space if and only if every nonempty T, 
open set is T, dense in X ( or equivalently, if and only if every nonempty T, open set is I, 
dense in X ). 

It follows immediately that 

THEOREM 2.2 (X. T,, T, ) is pairwise D-space if and only is every nonempty 1 Opelt 
has nonempty intersection with every nonempty T, open set 

REMARK 2.3 It follows from definition that a pairwise D-space can never be pairu ise 

Hausdorf, though it may satisfy pairwise T,-axiom as is seen from 

axiom. 

EXAMPLE 2.4 Let X be an uncountable set and T, be the cofinite topology and T, - the 

co-countable topology on X. Then ( X, T, T; ) is a pairwise D-space and Satisfies T; 

dense in X. 
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REMARK 2.5 A bitopological space ( X, T,, T, ) is pairwise D-space does not imply that 
(X, T, ) or ( X, T,) is a D-space. Also, (X,T,. T, ) may not be a pairwise D-space even 

if ( X, T, and (X, T, ) are D-spaces. This is seen in the next example. 

EXAMPLE 2.6 Lt X = fa, b, c, d}, T, ={X, , { a }} and T, = { X, ¢, { b} 

(X, T, ) and ( X, T, ) are D-spaces but ( X, I,, T, ) is not a pairwise D-space. 
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Then 

Again, let P, - {X, d, (a, b}, {c, d} } and P, - (X, $,{ a, c}. {b, d }}. Then 
(X, P, P, ) is a pairwise D-space whereas neither ( X, P,) nor ( X, P, ) is a D-space. 

THEOREM 2.8 (X, T, T, ) is pairwise D-space if and only if X contains no proper 

pairwise T, regularly open set w.r.t. T, as well as no proper T, regularly open set w.r.t. T,. 

X has no proper T, regularly open subset w.r.t. T,. 

PROOF Let ( X, T,, T, ) be a pairwise D-space. IfA is a proper T, regularly open subset 

Similarly 
of X w. r. t. T,, then ( AT 2) = A # X and hence A T2 X -a contradiction. 

We prove a stronger converse that if X has no proper T, regularly open set w.r.t. T, or 

no T, regularly open set w.r.t. T,, then ( X, T, T, ) is a pairwise D-space. 

Infact, let ( X, T,, T, ) have no proper T, regularly open subset w.r.t. T, and let it not 

be a pairwise D-space. Then there exist nonempty sets A e T,, Be T, such that AnB= d. 

Then ÃT2 n B = and hence ( A T )'nB . Then (AT)is a proper T, regularly 

Pervin [3] defined a bitopological space (X, T;, T) to be connected if and only if x 

cannot be expressed as the union of two nonempty disjoint sets A and B such that 

(An BT 2 ) U(AT'N B) = . He proyed that (X, I, T; ) is connected if and only 

if X cannot be expressed as the union of twO nonempty disjoint sets A and B such that A is 

l;-open and B is T,-open. Thus we immediately have, 

THEOREM 2.7 Every subspace of a pairwise D-space is also a pairwise D-space. 

open set w.r.t. T,, Which goes against the hypothesis. 
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THEOREM 29 A pairwisc D-spacc ( X, T,, T, ) is connccted. 

The nexl CxaMple shows that the converse of the above thcorcm is falso. 

EXA MPLE 2.10 Let X ={a, b, c, d }, T, -(X, 4, { b, c}} and 
T,(X. d. {b}, (d}.{b, d}} 

Then ( X, T,, T, ) is obviously connected but not a pairwise D-spaco. 

THEOREM : 2.11 Pairwise semi-continuous and hence pairwise continuous image of a 
pairwise D-spacc is also so. 
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COROLLARY : 2 12 Every pairwise semi continuous function (and hence every pairwise 
continuous function) from a pairwise D-space into any pairwise Hausdorff space is constant. 

THEOREM : 2.13 Let ( X¡, T', T): a eI} be a family of bitopological space (where I is some index set ) and (X, T', T² ) be their cartesian product, i.e., X=mX, and T', T' are 
respectively generated by T''s and T's. (X, T', T² ) is a pairwise D-space if and only i 

PROOF. Since the projection map P, : (X, T')’(X, T,') is continuous and open for 

e T 

Conversely, suppose ( X, T, T, ) is a pairwise D-space, for each a eI and V be a 
nonemply T'-open set in X and Xe V. Then there exist indices a,, a., ... , 

Then X 

a, 
such that 

k 

k T2 

ax ( say) and 

each ( X, T', T,) is a pairwise D-space. 

each a e I and i = 1,2, by virtue of Theorem 2 11 the necessity followS. 



THEOREM 2.14 
open and ( Y, P 

ON PAIRWIS! D-SPACES 

P 

(1) Let :(X, T,, T,)» ((Y, P, 
P, ) is a pairwise D-spacc, then ( X, T,, 

Cy" c X. 

EXAMPLE 2.16 Let X = Y =f a, b, c, d }, 

(b) Let f : (X. T, T,) -º(Y P, P,) be sucjeetive nnd { (V): Vrl,) 
1, 2, then ( X, T,, T, ) is a pairwise D space if and only if ( Y, P, P) is s0. 

Thu y X. 

P; ) be onetome md pair wine 

P, ={X, ¢, {b}, { a, b} } and P, ={ X, h, {b, {b, d }}. 

T,) is nlso so. 

REMARK 2.15 The conclusion of Thcorem 2. 14 (a) may not be truc in casc cilher T: 

T, ={X, , {a}, {b), { a, b }{a, c }, { a, c, b}}, T,{ h, X, {b; }, 

PROOF. Easy and left. 

T, for i 

Consider the identity map f: (X, T, T¡)’( Y, P, P; ). Then f: (X, T, ) -’ (Y, P, ) 

(Y, P, P, ) is a pairwise D-space, is open but f: (X, T, ) ’(Y, P) is not open. 

whereas (X, T,, T, ) is not so. 

DEFINITION 2.17 A subset A of (X, T,, T, ) is called a pairwise D-subset of X if and 

only if ( A, (T)A, (T)A) is a pairwise D-spacc. 

THEOREM 2.18 Let AcYc X, T, T; ). Then A is a pairwise D-subsct of X if and 

only if it is a pairwise D-subsct of ( Y, ( T, )y, (T, )Y ). 

THEOREM 2.19 IfA is a pairwise D-subset of ( X, T, T, ), then AT, n A, is also a 

pairwise D-subset of X 

PROOF. If B ÂL, O AT, is not a pairwise D-subsct, then there will cxist two 

(X, T, ) ’(Y, P, ) or f:(X, T,) -(Y, P, ) is open but not both. This is seen rom 
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nonempty disjoint sets U and V such that U e ( T, )B and Ve (T)B. 

and V nA (# ) are respcctively .(T, )A and (T, )A open such that (UnA) nVn A) = o which proves that A is not a pairwise D-space. 

REMARK 2.20 If A is a pairwise D-subset of (X,T, T; ) then neither AT, nor A, mav. 

be pairwise D-subset as is seen from 

EXAMPLE 2.21 Let X ={ a, b, c, d, f}, 

T,, = (d. X. ( a }. (b}, (a, b }. { a, b, c}} and 

I, =(6. X, { a }. (f}, {a, f}, { a, c}, { a, c, f}} 

and consider the set A ={a, c} of the bitopological space ( X, T,, Tg ). 

Then U nA (d) 

Now, ( T, )A = {A, 6, { a }} and ( T, )A ={A, , { a }}. A is obviously a pairwise 

D-subset of X. 

Now,  = (a, c, d, f }= B (say ) and Ar; = (a, b, c, d }= D (say) (T, )e 
= {B, d, {a }, {a, c) } and (T; )e = (B, ¢, {a }.{ f}{a, f }, { a, c }, {a, c, f}}:; 
(I, )p = {D, , {a }, {b}.{ a, b }. { a, b, c }} and ( T, )p =(D, ¢,{ a }, { a, c }}. 

Clearly neither B nor D is a pairwise D-subset of X. 

REMARK 2.22 Union of two pairwise D-subsets of a bitopological space may not be a 
pairwise D-subset as is seen form 

EXAMPLE 2.23 Consider (X. T,, T, ) of Exanple 2.21. Let A =a, c} and B = {b, d} 
It has been shown in Example 2 21 that A is a pairwise D-subset. Now, (T, )8 = {B, . 
{b}} and ( T, )a ={, B}. Clearly B is also a pairwise D-subset of X. 

# and(Bn A2)h, or A n B', 

D-subset of X. 

But A U B = 

THEOREM 2.24 If A and Bare pairwise D-subsets of (X, T,, T.) and if either (A N B) 

and A', n B , then A J B is a pairwise 

{a, b, c, d} is not a pairwise D-subset as shown in Example 2.21. 
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Denyng the theorcm, we get a pair of noncmpty sets U and 

UeTË Ve T (Un V)0(AU B) = , but U n (AUB) 
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V in X such that 

and V n( AUB) 

. Since A and B are pairwise D-subsets, U and V cannot both interscct A or both 

intersect B. Suppose UOA =. Since UnA U B) t h, we have U n B 

PROOF. Follows from Theorem 2 25 and Zorn's lemma. 

and 

then V n B= and Vn A # . If the first assumption of the theorm holds then U n B 

n B) CUN A = , proving that B is not a pairwise D-subset. If the second assumption 

of the theorem holds, then B', A and VoA are nonempty and respectively (T,)A and 

(T, )A open subsets such that ( BnA)O (VoA)CVO B = , proving that A is 

not a pairwise D-subset. The case when VnA = can similarly be tackled. 

THEOREM 2.25 Union of a chain of pairwise D-subsets of a bitopological space is also a 

pairwise D-subset. 

THEOREM 2.26 Every pairwise D-subset A of a bitopological space is contained in a 

maximal pairwise D-subsets of the space. 

COROLLARY 2.27 Every bitopological space is the union of its maximal pairwise 

D-subsets. 

REMARK 2.28 In a bitopological space, maximal pairwise D-subspaces need not be either 

T,-open (or T,-closed ) or T, open ( or T,-closed ). Also maximal pairwise D. subsets need 

not be disjoint. These are seen from 

EXAMPLE 2 29 Consider the bitopological space ( X, T,, T, ) of Example 2.21. It can be 

But 

checked that the maximal pairw se D-subset containing A ={a, c} is M = {a. c, d }. 

M is neither T,-open nor T-closed nor T,-open nor T,-closed. 

If B* denoted the maximal 

Again the subset B { C, d} is a pairwise D-subset. 

pairwise D-subset of X containing B, then B*C M and hence B* n M h. 

and A'; n Bare nonempty (T, )B and ( T, Da open subsets of B such that ( U n B) ^ ( A'; 
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3. PAIRWISE D-CONNECTEDNESS 

DEFINITION 3.1 Let ( X, T,, T, ) be a bitopological space. Two nonempty subscts A 
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are said to form a pairwise D-seperation of X ( where A is T,-closed and B is Tclosed ) i and only if X = A UB and ( A', n B)U (An B,) = . (X, T l2) is said to 
pairwise D-connected if and only if there exists no pairwise D-separation of X. 

THEOREM 3.2 A pairwise D-connected space ( X, T,, T; ) is connected but the converes 
is false. 

PROOF. Let X be not connected. Then there exist nonempty T,-open set A and T,-open 
set B such that X= A U B and An B = . Then C= X-A = B and D = X-B A 
are nonempty sets, respectively T, closed and T,-closed and are such that X = C UD and 
(C, n D) U(Cn D')= (Cn D)U(CnD) = B A = . Hence C and D 
form 

To show that the converse is indeed false, we consider the following example. 
Let X = {a, b, C, d }, T = (X, , { a}, {a, b}, {a, d}, {a, b, d}} and 

I, ={X, ¢, { a }, {b}, {a, b}}. Then ( X, T,, T, ) is connected. 
Now, let A = (b, c} and B ={a, c, d}. Then A, B are respectively T,-closed and 

T,-closed such that (A', n B) ={b}n B= , A n B, = (b, c}na, d } = ¢ and X= A UB. Hence A, B form a pairwise D-separation of X and then X is not pairwISe 
D-connected. 

THEOREM 3.3 If A, B form a pairwise D-separation of (X, T,, T, ) and Y is a pairwise 
D-subset of X, then either Y C A or Y cB. 

PROOF. If Y t A and Y 
sets in Y, respectively ( T, ) y 

B, then Y n(X-A) and Y n (X-B) are noncmpty dsjo 
open and (T, )y open. Also | YnX-A)OIYN X-D )) C(X-A ) O (X-B) = X-A U B = X-X = . Then Y is not a pairwise D-subset of X. 

Hence either Y CA or Y B. 

a pairwise D-separation of X and the first part of the theorem is proved. 
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LEMMA 3.4 (X, T, T, ) is pairwise D-space if and only if there doesnot cxist any pair of 

nonempty sets A, B respectively T,-closed and T-closcd such that X = AUB. 

THEOREM 3.5 (X, T,. T, ) is a pairwise D-space if and only if X is pairwise D-connected. 

PROOF. Necessity follows from Lemma 3.4. 
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Conversely, let ( X, T T,) be not a pairwise D-space. Then by Theorem 2 8, there 
exists a nonempty proper T; regularly open set A w.r.t. T,. Then ( , = A. Let G 

= X-A and H = A, G and H are nonempty sets respectively T-closed and T-closed. 

D-connected. 

Then G and H form a pairwise D-scparation of X, proving that X is not pairwise 

Can 

REMARK 3.6 It is shown in [ 3 ] that a space ( X, T,. T,) is connected iff every pairwise 
continuous map of X into the bitopological 2-space ( Y, D,, D,) is constant, where Y = 

{0, 1 }, D, ={ Y, ¢, { 0 }} and D, ={ Y, . { 1}}. Now by Theorem 3.5 and 2.11 we 

easily see that if X is pairwise D-connected, then even every pairwise semi-continuous map 

of X into the bitopological 2 space is constant. But by taking X = [a, b, c, d ], T, 

{X, ¢, { a }, {a, b}, { a, d }, { a, b, d }} and T, = {X, , {a}. {b}. {a, b}} ( see 

Converse part of Theorem 3 2 ) we observe that every pairwise continuous function from 

(X, T, T, ) into the bitopological 2-space is constant, although X is not pairwise 

D-connected. 

NOTE This paper was communicated to Kyungpook Mathematical Journal in early January. 

1983. Since the paper has neither been accepted nor rejected till now in spite of repeated 

ininders, the author has preferred to publish, in the departmental journal, a shortened 

version of the paper deleting most of the proofs. 

Also, G', n H= (X-A", )n A',= and Gn H= ( X-A) nA = . 
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