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SOME RESULTS ON FIXED POINT THEOREM IN
COMPACT METRIC SPACE.

D. BANDYOPADHYAY

s 1: INTRODUCTION :—

Let (X,d) metric space and T : X — X be an operator. T is said to be a contractjon

mapping if it satisfies
1) d(TX-TY)gqd(X>Y)aVX,y€X,O<q< 1.

and T is said to be a contractive mapping if it satisfies

2) d(T&TW)<<qd(&y),vx,yeX;q=L

A contraction mapping is contractive but the converse is clearly not true.

eand T : X — X satisfies (1) then by Banach’s fixed

If(X,d)bea complete metric spac
¢ butif T : X — Xsatisfy ( 2)then T need not

point theorem, T has a unique fixed poin
have a fixed point.

X, d ) is a compact matric space and T : X — X satisfies (2 ) then T has a

Again if (
m this fact that on a compact metric space the

unique fixed point.
contraction and of contractive mapp

many authors proved fixed
B. Fisher [ 3 ] proved t

fixed point.

Moreover, it follows fro
ings coincide.

notions
point theorems using various

On compact metric Space,
he following theorem using

contractive type of mappings. Of them,
contractive type mapping yielding 2 unique

THEOREM — A : ( Fisher)
If T is a continuous mapping of a compact metric sapee (X, d ) into itself such that

d(T&TV)<:%[d(x,TX)%—d(y,TY)]



52 D. Bandyopadhyay

1

;

|
lorall x, y ¢ X with x £y, then T has a unique fixed point,

S. K. Chatterjea [ 1] proved the following theorem involving G. Hardy and T. Rogers [4)

type contractive mapping yiclding a unique fixed point,
THEOREM ; B : ( Chatterjea ) -
If T is a continuous mapping of a compact metric space ( X, d ) into itself such that

d(Tx, Ty) <a,d(x.y)+u.ﬁ,d(x,Tx)-l—and(yTy)+a4d(X,TY)+asd(y,TX)

5
for all distinct X,y ¢ X, 2, > @ (i=12,..,5)and X a, = I, then T has a unique fixeq
1

point.
In fact, the theorem of Fisher is a particular case of the theorem due to Chatterjea.

In this paper we have tried to make extension of the results of Fisher and Chatteriea.

6 2: FIXED POINT THEOREMS :—
In this section we have proved the following theorems.

THEOREM-1 :

Let (X,d) be a compact metric space and T,, T, be a pair of continuous self

mappings defined on X for which there exists non-negative real numbers q (j=1,2...9

5
with :,qulsuchthat d(Tlx,sz)<q1d(x,y)+q2d(x,Tx)+q3d(y,Ty)
J:

+9,d(x, Ty) + qsd(y, Tx) for all distinct x,ye X, then T, and T, have a unique

common fixed pointin X.

PROOF : We first define a function F:X — R, as follows :

F(Xv=d(x,Tyx ),y x eX. Clearly F is continuous.

Let F(z) = inf{F(x):xeX}, which must exist since X is compact.

Now, if possible, suppose that z T,z and T, T,z - Tyz. Then F (T,T,2)=
d(T,Tyz, T, T,Ty2z)=d(T, T, Tz, T, T,z)

<qud (T, Tyz,Tyz) + qd (T, Tz, T, T, T, z) | Bd(T, 2, T, T, 2)
+q4d(T2TIZ,T2T17«)*I‘Clsd(lerTszle)
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IS [e

~( - g — € F o | y «
= ( 1 4 aU ) ( T“ T‘ ‘ ) = ( 1 - 0y 0y ) d ( T| 7, Tz T] 7. ) ...... (l)
Again, by symmetry, we have
1 — q F(T
( s qQa ) ( 12 T| 7 ) < ( | qy Lln) d ( T' . Tg T, 2y e (”)
Adding (i) and (ii) we get
(G N i q -1 n T
t2—(Q T Pt a3 (Ty Fyz) - 2-(dg 4 qy + g4 (Ir,)}d(Tﬂszle)
S F(T,Tz)<d(Tz.TyTyz) ()
Now. d (Tyz. T, Ty z) < q d(z,Tyz) 4 qud(2,Tyz)+ qd(Tz, T, T,2)
+qud (2 T, Tyz)+q;d(Tyz, T, z)
> (- Q-9:)d(Tz, T, Tyz) < (l-q3-95) F(2)
By symmetry, we have
(1-9:—95) d( Tz, T, T,z <(1-9,—q,) F(2z)
Adding these two we get
{(2—(Qs+ 95 + Qs + Q5)}d(le*T2le)<{2—(qZ+Q3+Q4 +q5) 1 F (@
= d(Tz, Ty Tyz) < F(Z) oovmmmmrmmmminnnes (1)

From (I) and (II) we get F(T, Tiz) < F(z)— which is a contradiction.

Hence T, T,z = T,z and Tyz = z.
Therefore, Tyz = z.

Consequently, z is a common fixed point of T, and T, both.

We shall now show the unicity of the fixed point z.

Suppose that u ( #z ) X is another common fixed point of T, and T,.

Then,d (z,u) = d( Tz, Tu)
L Tyz) + g d(uTw)+ ad(zTu) b % d (v Tiz)

yd(zu)

~qd(zu)+ g d(

—=(q, 9 +3g)d(zu) — (1-Q:
= (g, +4s)d(zu) = 0__a contradiction.
So,d (z,u) -0 =z = W

the unique common fixed point of T, and T,.

Conscquently, z 1s

This completes the proof of the theorenm.



>4 D. Bandyopadhyay

NOTE :

) Ifwetake T, - T, =Tand q; = q, = q; = O and

)
L

Qs = qy = } then we get theorem-A.

1) Ifwetake T, = T, == T we get thcorem-B.

THEOREM -2 : If T be a mapping of a compact metric space ( X, d) into itself Such |

that for soms fixed positive integer m, T™ satisfies the inequality.

4 (T Ty ) < qd(ny) Fad (xTx) + qd (v T7 y) + dd(x T

+qsd (Y, T x )
5
. . . m. .
forall x,y X, x#y where q, > O with 5 q. = | and if T is continuous then T

i=1
has a unique fixed point in X.

PROOF : Inview of Theorem-B, T™ has a unique fixed point z in X, Now, since Tz

= z, we have

Tz=T(T™z)=Te(Tz) = Tz= Tzisafixed point of T™ in X, but T™has a uniqu
fixed point z in X.

Hence, Tz = z.

Therefore, z, being unique, is a unique fixed point of T in X.

NOTE :
We can show, by an example, that Theorem-2 is stronger than Theorem-B.
EXAMPLE :- We take X=R and we define T : R — R as follows ;-
Tx =0if 0<x < 1
= if }<x<1.
So, T&x =0,y xe[0,1].
Clearly, 0 is a unique fixed point of T2 and also of T.
It is easy to verify that the incquality of Theorem-2 js s

atisfied by T2 for m=2 but not by T.
Following is the more general thecrem :
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TrOREM-3 @ If Ty and T, be twe -
THEOREM 1 2 be two MAPPINgs on a compact metric space ( X, d) o itself
quch that for some positive integers T, g, T,

and T, satisly the incquality

oS oy , .

d(Tll Xy T‘.‘ y) ~ qld(x.‘Y)h\' qu(x, Tll x)»‘__ q"d(y’ TUS y) |
S .

Qd(x T, Y)+ad(y, 1] x)

; 5
forall X,y e Xwithx 2y, where q, (i = 1,2,...5) > 0, T g, - |
, _]/ , :
1=
then T, and T, have a unique common fixed point in X.

PROOF : Let x ¢ X be an arbitrary element. We now define a sequence { x, } C X as

follows :
iy S .
X, = T1 X, Xy = Tz Xy, X3 = T1 ) TP s Xon = T2 Xan_ 15
r
Xony1 = T1 X gy grrevenere

Since, X is compact and x,e X, yn > 1, we can always select a subsequence { X, } from the

sequence { X, } such that Lim x = U for some ue X.
ji»>*

If possible, suppose that T,  u #u

"
Then d(u,Tlr u)gd(u,x2nl )+d(x2n, , T, u)

T S
= d(u, x2n ) +d(T] u’T2 le'h___l)
i

Lqd(u T, u)
<d(u,x2n] )—{'q[d(u’xzn]_] ) F Qs ( 1

+ T.} 4 oqpd (X ’ l,r u)
S N d(u, Ty X l) Q€ n, —1
q?.d(xznl__] , T, x2nl 1) e d( 2n, — |
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"
=d (u, Ny ) b ogpd (. Xay ] Y+ qd (U, T, u)+ dy d ( inr I in’ ) +
~ih Ll |

3

.
Qd d (u, N, ) E d Xy 1 T, u).

Now proceeding to the limit as i — oo, we have

(1 —q,—q,) d (u, T,"u) < 0 —— whichisa contradiction.
Hence. we have T, u = u.
_— s
Likewise, we can showthat T, u = u.

We now show the unicity of the fixed point u.

. r :
Suppose, now, that p ( = u ) e X is another common fixed point of T,  and T,® both.

Then
d(pu)=d(T, pT,  u)<qd(pu) + qd(p. T P)+3ad (P, T, p)

+qd (u, T, p) +q;d (p, T u)
=(9 +9q +9g;)d(p,u) =(1 —q, —qg)d(p,u)

= (g, +¢g;) d(p,u) < 0—— which is a contradiction, and thereby yielding p = u.

Consequently, u is a common fixed point of T," and T,® in X.
Now, since, Tlr u=u, we have T, u =T, ( Tlr u o= Tlr (Tyu) —

this implies that T, u is another fixed point of T,r in X, butT1r has only one fixed
point u in X.

Hence, this enables to conclude that T, u = u.

Similarly, we can show that T,u = u.

If z is another common fixed point of T, and T, in X, then clearly it is a common fixed point

of Tlr and TzS in X also. This yields u = z.
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ence, 1 is the unique common fixed point of T, anq T,
d in X,

This completes the proof of the theorem,

§3n Let (X,d) be a metric Space.  Let T.x —> X be g mapping which : .
Jssess the property (A) if it satisfies pmg which is said to
4 (Tx,Ty) < ad (WTx) 4 bd (y,Ty) - ed (x,y)

for all X,y € X, aabac = 09 a‘]‘b—x—C < 1.

According to Kannan (1972) [5], an operator T:X . X is said

. to have the
property (B) on E C X if for every closed subset F of E containing more than

element and is self mapped by T

one
,» there exists an x « F such that

d(x, Tx) <sup d (y, Ty).
yeF

Kannan ( 1972)) [5] studied this property (B) of an operator T in connection

with the existence of fixed point. With the above notions, M. K. Chakraborty [ 2]

proved the following

THEOREM-C :-

Let (X,d) be a compact metric space and let T : X — X be a mapping having
properties (A) and (B) over X. Let for any non-empty subset E of X which is
mapped into itself by T, p,— P imply Tp,—p for any sequence {p.} C E. Then
T has a fixed point in X provided that bzl The fixed point is unique

if c#1.

I ai atisfy Hard
Let (X,d) be a metric space. An operator T: X —> X 18 said to satisfy Hardy

on if d (Tx, Ty) < d(x,y)+

epd (x Tx) +
and Regers [4] type of contracti |
e for all x, y € X where q; (1=

holds
95 d (y. Ty) 4+ q, d (x,Ty) + 9s d(y, Tx) ho

1,2, 3, . 5)} 0,

ST

q < 1. ——(1)
1

. oint in compact metric space
following theorcm in fixed point 1 COmMpe
We shall prove the followl
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3 L
by weaken'ng the condition (i) above, by allowing if q = 1 —— (i) which extenq,

the theorem-C.
We shall call (i)and (ii) together the property (%)

THEOREM :-1 :Let ( X, d) be compact metric space and let T be a sclf mapping defingg
on X satisfying the propertics ( «) and (B) over X. Then if T be such that for any
non-empty subset E of X, mapped into itself by T, p,—> P imply TP, — P wher
{p.} CE then T has a fixed point in X. This fixed point will be unique provigeq

that g, > o or q; > o.

PROOF : We consider the space X(K) of all non-empty c'osed subsets K of X for
which T: K — K.

We now define a partial ordering in X(K) by the following rule :
K <K
« <

1

, K DK .
2 *12 %o

With this definition, the space X(K ) will be a partially ordered set and
hence by Kuratowski-Zorn lemma, there must exists a minimal element in X(K)

which will be non-empty closed and invariant under T. Let it be denoted by K.

We now propose to show that K contains only one element.

If possible, suppose, K consists of more than one element. Then by the

property (B), there exists an x,¢K such that d(x, Tx,) =1 < supd (y, Ty)
yeK o (1)

Now consider the set K, = {xeK: d (x, Tx) < r}. Then by (1) Ki is
a non-empty proper subset of K. We shall first show that T - K, —» K, Take an
: K, - K,.
X € Kl'

Now, d (Tx, T#x) =d (Tx TTX) < qyd (x, Tx) 4 q,d (x, Tx ) + qyd (Tx, TT¥)

+qud (%, TTx) + gz d (T6 ™
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g (T TX) < (1-gy -q5) d (x, Tx),

(1@l R TR AR ) )
ymme“y’ we can write
By $
T )< Oh-u-and(x, Tx). 3)

\ading (2) and (3) and cancelling  the

non-negative constant terms form both
ides, we 8¢t
4 (T, )< d(XTx)<r=> TxeK,

This shows that K, is mapped into itself by T.

\We shall now show that K, is closed.

Choose any sequence {sn} C K, suchthats, —sasn— o where s ¢ K.

Hence by assumsion, Ts, — s.
Now, d (3, Ts) < d (s, Ts, )+ d(Ts, Ts)
<d(S,TSn)+qld(sms)qg+d(s,,,Tsn)+q3d(g,Ts)
- +q,d (8, Ts) +q;d(s,Ts,)

g(l+q5)d(s:TSn)+qld(sllss)+q2r+q3d(S,TS)+
qed (s, Ts .

Now passing to the limit as n — oo we have after rearrangement
(1-03—q, )d (8, Ts) < @ T,  cevvvereeneernn 4)

In a similar way we can write by interchanging the roles of s, and s,
(1-0,—q;) d (5,Ts) < qgr.  wovrvverrnnn. (5)

Adling these two we get

2049440, 4+0.)} d (5,T5) < (¢ +q) T

>d (s,Ts) < (9:+95) r<r,=> seK,
2-(Q2+q5 19, +q5)}

Hence K, is closed.
j Thus g

1isa non-empty closed proper subset of K with T : Ky » K, and so K, « X(K).
This Contradicts the minimality of K in X (K). Hence K contains only on¢ point, which is a

54 point of T iy x.
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Now suppose that u e K is this fixed point of T.

Let v (1) € K be another fixed point of T. Then

d(u.v) = d(Tu,Ty) = qd (u,v) + qud (u,Tu) + qyd (v,Tv) + q.d (u,Ty) + q5d (v,Fu:
< (I-qa-—qy) d (u,v),

= (Q+q)d (uwv) < 0= d (uwv) = 0asq, > 0orqy > 0,
= u —v.

Consequently, T has a unique fixed point in X,

This completes the proof of the theorem.

NOTE : 1Itis to be noted here that if we put q,=0,q; = 0, 9,=a,9;=b and q,=

C then the
theorem-C follows at once,
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