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ON SOME CLASSES OF STARLIKE AND CONVEX FUNCTIONS

S. K. Chatterjea and Abir Kumar Adhikary

L introduction & Let S denote the class of functions of the form
. 2 ,
.0 f(z)=2+ 11;2 a, 2,
which are anatytic and univalent for | z | < 1. Then a necessary and sufficient condition

for the function w =1f (z)tomap |z|< 1 onto a star-shaped domain (i. ¢ f
is starlike ) is that

(1) Re {—Z—ffé)z—)w} >0, |z]|<1,

which implies that | a, | < n;n=2,3,... Since the function z | (1-2)* =z + 22°
438+ ...+ nz" + ... maps |z| < | onto a star-shaped domain, the inequalities
| a, | < naresharp. We denote by S* the class of analytic, univalent and starlike
functions in the unit disk.
On the other hand, a necessary and sufficient condition for the functior w =1 (2)
tomap | z| < 1 ontoa convex domain is that
(13) Re { 1+Z—fg,’(—‘j))——} >o, |z|< 1,
which implies that w = f (z) maps |z | < I ontoa convex domain if and only if z f'(2)
maps | z| < 1 ontoa star-shaped domain and furthermore [a, | < L.n = 2 3
Since the functionz [ (1—2) =z + 2* + 28 + ...maps [z | < | onto the halt-plane
Re{w} > — }, the incqualities | a, | < | are sharp.

In the case of a convex function, the{ — theorem of Bieberbach for analytic and
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] onto a convex domain D, then D COntajn,

If the function w = f (z) maps [z ] <

the disk | w | < .
and convex functions in the unit disk.

We denote by K the class of analytic, univalent
. S* the class

If we now consider a number « (0 < « < ] ) and denote by " of thoge
functions f (z) e S* such that

zft (z)
(14) Re {—f(—z—)—}>e<, lz| <1,

thenf(z)e S: is said to be starlike of order «.

A subclass S[:] of Si consisting of those f (z) for which

f'(z)

was considered by C. P. Mc Carty [ 1 ].
K« of analytic, univalent and convex functions

<1_°(-7IZI<]5

We can similarly define the class

of order «.

Let us now denote by S (n) the class of functions.
(16) f(z) = z+ 2 a,z5 (n> 1),
k=n+1

that are analytic and univalent in the unit disk |z | < 1. Then f is said to be

starlike of order « (o< « < 1), denoted by fes* (n), if Re Jz '(2) l S «
< O]

(lz]< 1.

* *
A Subclass S < ](n) of Soc (n) consists of those functions f (z) for which

[

L ()
Lf(z)

(1.7) —1,<1—oc,|z[<l.

Similarly f, defined by (1.6), is said to be con
’ vex of order ted
by f e K« (n) if « (0 < « <), deno

7 "/
(18) Re{1+ %}>4, [z <1,
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One can similarly define K|"~| (n).

Let T be the subclass of - functions, defined by (10, consisting of functions

expressible of the form
Yo [
i 7 Jlay )2, ns
N { 7) i “— Uy . I ,
(1 ' kK- n+l

¥ R ~ . 3 N AT .
then T (m)and € _(n) are defined respectively as  the  subclasses of T that are

¥

[«)

starlike of order « and convex of order «.  One can similarly define T (n) and
. Itmay be noted that class §* is same ag Q¥ ;
C [«] (n) y ¢ it class b* (1) is same as SK . Recently M. S, Kasy
[2] has considered the class Si (2) where a; — ¢ is fixed and | c | —=1. Also H.
Silverman [ 3 ] has considered the class S: (1) and a subclass T':( (1) of S: (1) where
f ¢ T, (1)is expressed in the form
o0
L1y f ) =z—21a, |z
n=2
In a recent paper [ 4 ] the first author has considered some properties of the classes

S (), SE**] (n) and T: (n). Since the classes S (1) and T, (1)are

special cases of the classes Si (n) and Ti (n) respectively, it is not appropriate
[ 5] to derive any conclusion for Sjc (n) or Ti (n) from that for S:L (1) or

T:(l) respectively by setting a, = a, ... =a, = o, because n is not fixed, but
on the other hand n is a positive integral variable in the definition of Si(n) or

T:(n). Furthermore any  property like representation formula, distortion
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*
theorem, etc. of S: (1)or T: (1) comes out as a special case from that of S* (n) ar

*
T _ (n) respectively.

In the present paper we shall discuss some properties of the above classes of starlike ang

convex functions.

2. Some properties of the classes Si and K_

%
Let f e S‘ac . Then we have

zf’
Re {——} >« |z <1
f
zf’
or, Re {——¢}>o.
f

Now by virtue of the relation (33) of [ 6, P. 169 ] we obtain

l1—r zf’ l+r B
(2]) l+r< T - < —1’ IZI—I'<1.
Tn particular, when « = o we obtain from ( 2.1)
1—r Lol 14
< | — | < L lzl=1r< 1,

wh'ch is a well-known [ 7, P 5 ] distortion theorem for univalent function f.

Furthermore (2.1) implies that

“1-r zZf’ 1. zf’ l-r
(2.4) =c+‘1’+‘r< Rel: f ] Rel: t }g*‘ I+t

’

Since Re {,Z.tt;_} > «, we have from (2.3) and (2.4)

l—r1 zf’ o 14r
(2.5) e¢+l~?}‘< Re[ F ]g‘(—rl_r-
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[n other words, we have

I b 0 ‘
O | T[S e 1) | < '[ : }]
:

zf’
since Re ('T“)‘_- r‘—aa? fog | (z) | .

Integrating (2.6) from r, to ry, where 0 — ¢

A

1 < Ty << |, we deduce

«+1 «+1 SR
@1 = / < IM >, < /n”‘"“'

N PR I (e

Making « = o and r, > oin (2.7) we deduce a well-known [ 7] distortion theorem for

univalent function f with r = r,, viz.

I r
28) qrpr < | f(z) | ST

It therefore follows from (2.2) and (2.8) that

l—r e I4r
2.9) (—I:IT‘ < f (Z)lg(_ﬁ,

which is also well-known [ 7 ] for univalent function f.

Next let f ¢ K«. Then we have

Re{l+—Z—t£—}>ac,lZi<l

1

zf

or Re { 7

+(1-«)} >0

By virtue of the same relation (33) of [ 6, p. 169 ] we obtain

. — " 141
(2.10) i_;;_ < iff,—_ + (1-2)| < ltr , lzl=r1<L
Now (2.10) implies that

141 z " I4r
211 («—1)— ljrg Re / r } < (1) 7

and
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(2.12) (« 1 4 J“‘ < Re .\(i,,_l. : Re [7—— < (=« 1) IF
lqu r = l l J l ‘
Since Re {T 4 l}‘ ~ «, we have from (2 11 )and 2.12)
~ I~r fo”l N l-l‘l'
R 13) (x 1) 4 R Re l T J‘ < (= 1)+ 7=
In other words, we have
1 l—r 0 Y 1 1) = 1+
2. - —1 5 _0 ] f @z <— («—1)
(2-14) r [* 2 1+r:, S or og |1'() | r I:( l-—r

log | f'(2)!.

since Re { th L =r

5
J or

Iitegrating (2.14) from o to r, we obtain

r % r
215 L <|r@|<
(141) (1—1)
Now |fiz | |fzf'()d ]<fr‘f’(‘]d <f‘ r
ow {(z | = z)daz < z) | dr <
0 o o (I-r1)

To obtain a lower bound for | f (r e]()) | , we assume without any loss of generality, that

f( re‘g) _ Re'? where R < %, since otherwise there is nothing to prove It then follows

that the straight line segment A from o to Re!® lies entirely in the image of | z | < |

by f (z). Hence X corresponds to a path L in |2 | < 1, which joins z — o to rel® Thus

we have
dw r r <
R— f, ldwi—f I L
r havi L 9z o (T3 cr

Hence we have

= r r <

r —r__d =z | f < S [
(2.16) fo o @) | fo T
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In particular, when « = 0, we obtain from (2, 15) and (2.16)
1 1

— < | I
(2.17) (T+1)° < [ 1"(2) | g(l»——l‘)"!

and

Tr . I
(2.18) m—é F@) | <;—

which are well-known [ 6, pe 225 ] more improved distortion theorems of convex univalent

function f than the distortion theorems of univalent function f (or of starlike univalent
function f by virtue of (2.8) and (2.9) ).

*
Since we know that K,= Si, we have (2.17) and (2.18) for any f ¢ SI , which are well-

2

known results of Zhuo—ren Wu [8].

Again fe K, &=z 1’ ¢ S:; , so that (2.17) follows at once from (2.8).
Similarly f e K. &=z f' € S: , so that (2.14) follows at once from (2.6) and consequen-

tly (2.15) and (2.16) can be rediscovcred.

3. Some properties of the classes SE:L]("). and K[*] (n)

It may be noted that Ming—Po Chen [9] considered the class L/Qy/of functions expressible
of the form :

Gl f(z) —z + 5 a, 7, n > 1,

k=n.|1

satisfying the condition

| 21 (2 |
(3.2) | f(z())_ ’
ot |

fora given «, 0 < « < 1,
above class ,/f/is a starlike function ( of order zero ), because in the introdnction he

the necessary and sufficient condition

for |z, < I. He remarked that every function of the

only introdnced starlike functions defined by



wtterjen and Abir Kumar Adhikary "

S. K. Cl
¢ .y musthe a Starlike

Rc'

|

function of order (1 «).

7 11 } ~ ofor |z 1, butactually cvery function

He derived the Tollowing propertics for the class . /

Property 1 ( Representation theoren )

f(z)c o if and only f

(33) (@) =2zce\p ( '.7 " l $ (1) dt )

Vo0
where & (2) is analytic and satisfies the condition

()] <x0< <l for)z] <l

Property 2 (Distortion theorems )

Forall f(z)e . / the following properties hold :

34) zlepi-«(|z|Mh)< [T@I<(z]exp{«(]z]")n}

and
.

35 (1-«lz yexp{—«(]z|Vh}< [T@ | <(IHaizim)exp ({122}

Now for the class S’E*] (n), we are to change « to (1—« )in the discussion of Ming-Po

Chen, so that « ¢ [0, 1)and we obtain

Property 1" f(z) € SE;] (n) if and only if

(3.6) f(z) = zexp [fz "1 4 (1) dt],
0

where ¢ (z) is analytic and satisfies the condition

d(z) < 1—wa, ae|o0, 1), |z] <]
Property 2" If {(z) GSF:(] (n), then

B7) rzropil«e D21 <T@ <|ziexp{(1-x)(]z]")

and
/38) (]l"lﬁ(. ])]ZI“)CXP{(n(_ ])(Izln)/“}\\/\’r/<7)'

< (1 (=a)y |z )exp{ (1=« ) (2]}
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The proof of Property 2’ can be shortened (unlike Ming-Po Ch )
- en

| -z
Since !jotn_l é (1) dt|l|
| z | _
éf e " llé(t)\ | dt |

|z |

—1
\f (I Tdt) = (1w ()2

as follows

n)/m
(3.7) follows by virtue of Property 1.

Again ( 3.8) follows by applying the triangle inequality to f’ (z) = (1427¢@2))f (2)
and by (3. 7).

We now remark that our representation for fe S [i](n) yields the following representation

of Mc Carty for S [:j (1) as a particular case

Z
(9 feS 5 () —zexp {fqu(t)dt},

where ¢ (z) is analyticfor |z | <1 and |¢(z) | <l—« for [z] <1 and « € [0 1),
*

which dearly shows that it is not possible to derive the representation of S[ . (n) from that

*
of S 1).
Again our distortion theorems for f e S’E <] (n) yields the following distortion theorems of
Mc Carty for SE <] (1) as a particular case :
If f(z)e SE(' «] (1), then

1 z

(3-10) \Zle(c(‘_l)lzl <lf(z)|<|zle( *)l ‘
and

(3.11) (1+(*_1)|Z')e(¢-—1)|z] < (2) ]
<1+ (1-)fz1ye izl
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possible {o derive distortion theoremg f
S of

which again reveals the fact (hat it is not

SE‘] (n) from those of Sf&] (h)
, ¥
Next we notice that e K[«(] (n) <=7 ["e S[*] )

1" and Property 2’ the following properties :

so that we obtain from Property

f(z) ¢ K[&] (n) if and only if

(3.12) 1" (2) = &XP {jé t 1 (1) dt},

Property 3

where & (2) is analytic and satisfies the condition

@l l-x xe[o 1) 21 <]
Property 4 Iff(z) € K[*] (n), then
(3.13) eXP{(°<--1)(IZI“)/n}<If’(Z)l<¢Xp{(1—°¢)(IZI“)/H}-

4. Some properties of the classes Tz (n) and C. (n)

Let fe T: (n). Then from the result of [ 5, p 117 ) we have the following distortion.

-« n+1 | —« 1]
(4.1) IZI-<n—}—l~cc>lZl <lf(Z)I<IZl+(n+l_* jz 1

N H . , *
Now we notice that f < C_ (n) &= 2" ¢ T_ (), s0 that we at once obtain from (4.1)

o 1-« n , 1—o
(42) 1 (M_l_cc)lZ! <|f(2)|<l+(n—;,—_°‘—*>l2ln,

which is (2.12) in the work [ 5, p. 119 ].

The above method of deriving ( 4.2)) indicates that (2.12; of [ 5, p 119] need not be
apef,

derived independently and moreover Lemma 2 of the first author of the present P
] of

hich is utilized i .
which is utilized in deriving ( 2.12 ) of [ 5, p.119 ], follows immediately from Lemma

the first author of the present paper by usi o ich was
paper by using the fact f ¢ C,,( (n) &= zf' € Ti (n, which W&

already pointed out by the first author of the present paper in [ 4 ]
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