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ON SOME CLASSES OF UNIVALENT FUNCTIONS

ABIR KUMAR ADHIKARY & S. K. CHATTERIJEA

L. G.S. Salagean [4] defined the classes S, («) of univalent and normalized functions f in the

unit disc U={zeC; |z | <1} by

Dn+1f(z)

S = : = \%

n () {f Re R >, ZeU}

where n e N,=N U {o} and « € [0, 1),

by means of the following differential operators :

D°f(z)=1(z), D'(z)=Df(z) =zf"(z), D*f(z)=D(D*"{(z; ).

It may be of interest to observe that his S,(«) is the well known class Si of starlike functions

of order « and his S;(«) is the well known class K« of convex functions of order «. Further-
more S;(x) C Sy(«) by virtue of his result S,,,(x) C S,(x). Now for Salagean classes Sy(«)

one can deduce that (cf. [1])

1 r D"*1f(z) 1tr B
(1.1) &+m< Re Unf(Z) < oc—i-l—r . IZ‘ —r<1

Dif(zy D(Dz) z (D)
Df(z) ~  Df(z)  D*(»

since

z (D(z)))_ . @ i
Re {W }_r? log | D f(z) |

It therefore follows from (1.1) that
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I I--r
1 l-r\ 9 "D f(2) | g-——(**l“rl})
(1'2] T‘("('—{— Fi r >§ al. log I ¢

In particular, when r— o, onc obtains from (1.2)

1 1--r
1,3 " (twl”r )g—a—— log | f(2) | <— ("H—T’r’),

r I+4r or
which was obtained by us in a previous work [1].

Again, when n=1, one obtains from (1.2)

1 I4r }

1 ] —r a ’ _ —1

(1.4) ~r—{(a¢-—])+l+r }g o log | f* (2) | <— {(oc )+1_r

Integrating (1.4) from o to r, one obtains
re

L&
(L.5) ai\r)z<'f'(z)'<_(w

from which one can derive

T < r roc
(L6) SOW dr < |f(2) | <SO<T—V dr,

which was also obtained by us in the previous work [1].

Since Salagean remarked that all functions in Sa(«), n e N, « ¢ [o,1) are starlike and all
functions in S,(«), n ¢ N, « ¢ [0,1) are convex, we can remark that the same distortion
theorem (1.2) is true for starlike functions and convex functions according as neN, and
neN. ItisevidentthatfeS, «),neNx= 5 . Su(x), n e N,

Next we shall show that the co-efficient result ip connection with S.(«) in theorem 4 of

Salagean follows at once from that i i . *
In connection with SO‘ due to H. Silverman and E-M

Silvia [4]. In fact, we notice that

Sa(«) ={ f: Rf’%)(z()‘z)>oc, Ze U}

where ¢ (z)=Dn (2).
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7 )S‘O a; z' and therefore

Now (@) i

s mn *
s =D @) =2+ j—22j 428 ,neN,

t48

Letus put & 2+ , by zl, where b—jra; and b,=2"a, (| a,| =a). Then from the
J-

coeflicient result of Silverman and Silvia we get

j
1T (k—2«)
14 lbzl k=2 i=3.4. ...
| b | <73 70x G—0n1 R
J
I (k—2«)
14279 k=2

e |a | <372« g-n!ljpm

which is the coefficient result derived by Salagean who offered a proof in about two pages.

In fact, putting n—o0 and n—1 successively in the above coefficient

result of Silverman and
Silvia for $* («) and K,c respectively.

2. S Ruscheweyh [3] defined another classes K, of univalent and

normalized function f in
the unit disc U={zeC; |z <1} by

3)n+1 f(Z)
Kn: {f;Re @nf(z) >%:ZEU}’

where n ¢ N,=N J {o} and @ f =z (221 f)(n) [n L.
It may be of interest to observe that his K, is the well known class S3* of starlike functions
of order 1 and his K, is the well known class K of convex functions of order zero.

Thus Ki=KcK, is a special case of the following result of Ruscheweyh
Kn-H C Kns ne No

Now for Ruscheweyh classes K., one can deduce that (cf. [17)

A,
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na I |1 |/|=r/l

2D e N

Since we know that | 2]

ot N DD )

) no D"

Re Dt ' nr=" dog | 9 )
X nol 0l

11 therefore follows from (: 1 that

we have

l-br

In particular, when n- o, obtains from (2.2)
: £l
- 1 r o 1 yo 4T
23 e )< Z g | f(2) | < +—_)
| ( ~r)\ or gl f@) r (2 T—r

which 1s a parucular case of our previous result [1].

Agzin, when n=1. one obtains from (2.2)

‘,"a _/‘ L 1. I*r a ] l f l—l—l‘
R < N ET: >< or loglf(z\lgT(—-;--,- i

Integrating (2 4) from o to r one obrains

(2.5 A r < !”ZH < WV
(P2 S (=

from which one can derive
.

7 ¢ /1 L ‘ .
(9 J, (J,;)"’d’ “(")l‘/»f

)

r

VI
o (

)7 dr
, | /e
1. ¢, tan \/ 1 VI 1 [ .

) (7 \/l | .
[ ) l "T-‘l_ - :l: l()g - IEI__\\//lI.
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[ may be noted that (2.5) and (2.0) arc well comp

_ i ared with y :
onvex functions of order zero the Tollowing known results for

, L < T |
e g Sl s T

Like §1 we can remark that unctions |
{ mark that all functions in K., n e N, are starlike of ord
) 0 arhke of order 1 and all
2

functions in K, n e N, are convex of order zer
o \ . order zero and therefore the same distortion theore
(2:2) 18 true for starlike functions of order 1 ‘ .

» and convex functions ~
as 2 s of ord
asneN, and n ¢ N. er zero according

Finally we shall point m
out the geometrical stru '
. cture of the elements in K 1 i
we notice that "' R

o=tk | b 200 )y )

n+l o f)

s 29’ (z) >1An

LeK,={l:R o~ 2 teUb

where @ =9 f.

o0
Now f(z) = z 4- 2 a; 7' and therefore
_]=2

P(2)=9" f(z) = [2(1-2) 77| + f(2)

00 *
=z+ 2 (n+1); a,2i €8S neN,,
[Tl o Sy R (T
although S* is not known in the literature except for n = o and n = 1. Indeed,

(1-m)2

when n=o0. & = f ¢S} and whenn=1, P S; or in other words f ¢ K. Yet Ruscheweyh
3

defined the class K_, as the set of functions f with Re f(2)fz >4 z ¢ U. Actually when

*

M= — I, ®¢S,* which is also not known in the literature, So the notation S (1), is
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which furnishes an open probley,

not unnatural in the gecometric function theory - )
it ma i
: ay be of Mteresy

real number «

paper.  When n is replaced by an arbitrary

»*

observe that @ ()= ~ f{7) « S(l /2
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